Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 39 (1993)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: JACOBI FORMS AND SIEGEL MODULAR FORMS: RECENT
RESULTS AND PROBLEMS

Autor: Kohnen, Winfried

Kapitel: 1.2. Jacobi forms

DOI: https://doi.org/10.5169/seals-60416

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 14.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-60416
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

122 W. KOHNEN

tions F: 2%, — C satisfying F(M<Z>) = det(CZ + D)*F(Z) for all

M = (C D) e I';. Such a function has a Fourier expansion

F(Z) — E a(T)eznitr(TZ)
T=T">0
where T runs over all positive semi-definite half-integral (2, 2)-matrices. We

write S;(I';) for the subspace of cusp forms (require a(7) = 0 for 7T % 0).
For F, G € S,(I';) we denote by

<F,G> = s F(Z)G(Z) (det V), -3dXdY (X =Re(Z), Y =1Im(2))
the Petersson scalar product of F and G.
For basic facts on Siegel modular forms we refer to [12, 17].

1.2. JACOBI FORMS

We write 27 for the complex upper half-plane. We let H(R) be the
Heisenberg group, i.e. the set of triples ((A, n), k) € R? X R with group law
O, w, ) (A ,u)c)=((A+A,p+p’), kK +k +Au"—A'n), and denote
by G’ : = SL,(R) X H(R) the Jacobi group where SL,(R) operates on H(R)
from the right by (A, 1), ¥)M = (A, p)M, x). The group G’ acts on 5% x C

by
a b B at+b z+At+p
(o Y O R e e v

We set T, := SL,(Z), T :=T,x H(Z) and for ke Z and m € N,
denote by Ji . the space of Jacobi forms of weight k and index m on F{, i.e.
the space of holomorphic functions ¢: 77 X C — C satisfying the transforma-
tion formula

c(z+ AT+ p)?
ct+d

d(y o (t,2) = (cTt + d)*exp (Znim ( — A27 — Zkz)) ¢ (1, 2)

b
for all vy = ((a a’) , ((X, w, K)) € I‘{ and having a Fourier expansion
c

¢ (1,2) = ) c(n, r)q"tc’

n,reZ,r2<4mn

where g = e?™, { = e?"z. We write J}"), for the subspace of cusp forms

(require c(n, r) = 0 for r? = 4mn). Note that the coefficients c(n, r) depend
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only on the discriminant D : = r2 — 4mn and the residue class r(mod 2m).
The Petersson scalar product on Ji'5 is normalized by

<p,y> = S d(t, 2V (T, 2) exp (— 4nmy?/v)v*~3dudvdxdy

J
Fl\a’//x C

t=u+iv, 2=x+1y) .

For basic facts about Jacobi forms we refer to [9].

§2. THE MAASS SPACE

2.1. RESULTS

Let F be a Siegel modular form of integral weight k£ on I'; and write the
Fourier expansion of F in the form

o, T Z
(1) F(Z)= ¥ On(t,2)ermim (Z=( ) € %@).

mz0 zZ 7T

Using the injection

a 0 b
5 a b | A U TR '
@  T{~T, ((c d),«x,u),x)) ~ e 0 4 -2
0 0 O 1

a b
where (A, 1) = (A, p) ( a’) , and the transformation formula of F it is
c
easy to see that the functions ¢,, are in J; . The expansion (1) is referred to
as the Fourier-Jacobi expansion of F.
Thus for any m € Ny we obtain a linear map

(3) P Mi(I2) = T m s F> O

Note that py is equal to the Siegel ®-operator.
We shall be interested in the case m = 1. For k odd, p; is the zero map;

in fact, any Jacobi form of odd weight and index one must vanish identically
as is easily seen.

For k even, p; was studied in detail by Maass [28, 29] who showed the
existence of a natural map V: J, ; = M,(I';) such that the composite p; o V
is the identity. More precisely, let ¢ € Ji,; with Fourier coefficients c(n, r)
(n,r e Z;r? < 4n) and for m € N, define
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