
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 38 (1992)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: PERMUTATION GROUPS GENERATED BY A TRANSPOSITION AND
ANOTHER ELEMENT

Autor: Janusz, Gerald J.

Kurzfassung

DOI: https://doi.org/10.5169/seals-59481

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 16.10.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-59481
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


L'Enseignement Mathématique, t. 38 (1992), p. 41-53

PERMUTATION GROUPS GENERATED BY A TRANSPOSITION

AND ANOTHER ELEMENT

by Gerald J. Janusz

Abstract: The subgroup of the symmetric group Sym(«) generated by a

transposition and another element is described explicitly using data easily

obtained from the two elements. The proofs use a graph that is defined for

any subgroup of Sym(«) that contains a transposition. Application is made

to prove that a rational, irreducible polynomial of degree n having exactly

n - 2 real roots is not solvable by radicals provided that n is not divisible by

2 or 3.

In the begining study of the symmetric group Sym(Q) of all permutations

on a set Q the student learns the standard fact that every permutation can be

expressed as a product of transpositions; otherwise put, Sym(Q) is generated

by its transpositions. In some expositions, other generating sets are mentioned.

For example for a prime p, it is not difficult to show that the symmetric group
Sym(p) on p symbols is generated by a /?-cycle and a transposition. In fact

any p-cyc\e and any transposition will generate Sym (p).
A well-known theorem of Galois theory folklore (see [1, Theorem 4.16])

uses this information about the generation of the symmetric group to prove
the existence of polynomials not solvable by radicals. In this theorem one
considers a polynomial/(x) of prime degree p ^ 5 having rational coefficients.
Assume thatf (x) is irreducible over the rational numbers and has exactly p — 2

real roots. Then the Galois group of the splitting field of /(x) over the rational
field is not solvable. In fact the Galois group is isomorphic to the symmetric
group on p symbols. In particular the polynomial is not solvable by radicals.
Here is a sketch of the proof. When the Galois group is regarded as a permutation

group on the p roots of /(x), the hypothesis implies that the Galois group
contains a p-cycle and a transposition and hence it must be the full symmetric
group on the p roots.

This proof breaks down for nonprime degree. If n is not prime, an «-cycle
may be paired with a transposition in Sym(«) to generate a subgroup smaller
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