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BARKER SEQUENCES AND DIFFERENCE SETS

by Shalom ELIAHOU and Michel KERVAIRE

INTRODUCTION

This paper deals with binary sequences A = (ai, ..., @), i.e. ;= + 1 for
i=1,...,1, and classical coefficients associated with them, the aperiodic and
periodic correlation coefficients. The aperiodic correlation coefficients of A
are defined as

1=

c(A) =), @a;, for j=1,.,1-1,

=1

and the periodic correlation coefficients of A as

/
'YJ(A) = E aid;. j, for _] = 1, ...,l— 1 ,
i=1
where the indices are read modulo /, i.e. a, = a,_;if r > 1+ 1.
It is well-known that vy, =¢; + ¢;_;for j =1, ..., — 1.
There are many interesting and difficult problems concerned with the
existence of binary sequences whose correlation coefficients (or correlations,

for short) are subject to various conditions. We will examine here three
classical situations.

(1) One may require the periodic correlations y; to be constant, i.e.
Yi=Y2= ... =Y1-1=Y.

We will see below that binary sequences satisfying this condition are
equivalent to the classical notion of cyclic difference sets.

(2) In addition to the condition above, one may furthermore impose the
constant y to be small, i.e. y =0, or y =1, or y = — 1. We will call such
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sequences periodic Barker sequences. Periodic Barker sequences with y = 0 are
equivalent to circulant Hadamard matrices. We will not follow the link with
Hadamard matrices any further here.

(3) Without any condition on the periodic correlations, one may require
the aperiodic correlations to be small, i.e.

c;e{0,1, -1} for j=1,...,/-1.

Such sequences are known as Barker sequences. They were invented by Barker
[Bar] in connection with radar theory. Note that we cannot impose the c; to
be constant, since ¢; =/ — j mod 2.

Barker sequences of odd length have been classified in 1961 by Storer and
Turyn [ST]. Their lengths are bounded by 13. In the even length case, a
longstanding conjecture states that the only such sequences are of length 2 or
4. It is known since Turyn [T2] that if the length of a Barker sequence is even
and greater than 4, then it must be at least 12 100. We will show in Section 3
that this lower bound can be improved to 1898 884, thanks to a recent result
on Golay pairs and Barker sequences [EKS], and an observation in [JL].

Here is a summary of the content of this paper. In Section 0, we prove
that Barker sequences of length greater than 2 are in fact periodic Barker
sequences (i.e., (3) = (2)), an elementary and well known fact. It is sometimes
asserted in the literature that the converse holds as well. This is not true, and
clarifying the situation was one of our motivations to write this survey.
Another motivation was our exploration of the existence question of periodic
Barker sequences for an extensive range of possible lengths. This work is
summarized in Tables I and II at the end of the paper.

In Section 1, we show that binary sequences with constant periodic correla-
tions (condition (1)) are equivalent to cyclic difference sets. We then recall the
main results concerning these difference sets.

Section 2 deals with condition (2), that is, periodic Barker sequences. We
examine the cases y = 0, 1 and — 1 separately. In the case y = 0, it is widely
believed that the only possible length is / = 4. We recall a theorem of Turyn
stating that / must be of the form /= 4N?, where N is an odd integer.
Further results of Turyn imply that N must necessarily be greater than or equal
to 55. In the case y = 1, there is only one known example. The case y = — 1,
in contrast, provides many interesting classical examples. In that case we make
explicit the complete classification of (4n — 1,2n — 1, n — 1) cyclic difference
sets up to n = 100. (See Sections 4 and 5, and Tables I and II.)

In Section 3, we show that there exists no aperiodic Barker sequence of
length divisible by 2p, when p is a prime number congruent to 3 mod 4.
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Finally, in Section 4 and 5, we give several examples of the use of the
Multiplier Theorem.

0. PRELIMINARIES

In this section, we establish the simple relationship between periodic and
aperiodic correlation coefficients, and show that every Barker sequence of
length greater than 2 is also a periodic Barker sequence.

LEMMA. Let A = (ay,...,a;) be a binary sequence. Then
Yi(A) = ¢;(4) + ¢, j(A)
forall j=1,...,1—1.
Proof. We have

l—j /

aiqi.; = Z a;q;.; + E aa; . j
i=1 i=l—j+1

Y;i(A) =

i

npq\

1

/
= ¢;(A) + E Qirj_1a; = cj(A) + ¢-j(A),

i=0l—-j+1

as claimed. [

For the next result, we will use, as other papers on binary sequences do,
the simple observation that

ab=a+ b -1 mod 4
foralla,be{+1, —1}.

PROPOSITION 2. Let A = (ay,...,a;) be a Barker sequence, with
[ >3. Then A is also a periodic Barker sequence.

Proof. We have to prove that y; = y j(A) is independent of j =1, ...,
[ — 1, and equal to 0 or + 1. First of all, we have (with ¢; = c;(A4))

(1) ¢ = 0 ?f [ — jis even
+1 if [/-jisodd
forall j=1,...,/] — 1.
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