Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 38 (1992)
Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: RATIONALITY OF PIECEWISE LINEAR FOLIATIONS AND

HOMOLOGY OF THE GROUP OF PIECEWISE LINEAR
HOMEOMORPHISMS

Autor: Tsuboi, Takashi
Kapitel: §2. Discontinuous invariants
DOI: https://doi.org/10.5169/seals-59495

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 19.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-59495
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

332 T. TSUBOI

YXZ->0XX QXS Qx.

Then this represents u*v € H,,,(QX;Z). On the other hand, the com-
position

YXZ->QX X QX ->PX X QX > X x QX

bounds SY X Z - PX x QX — X x QX, which represents s(x) ® v. Hence
s(u) ® v and u = v are related under 97+!,

§2. DISCONTINUOUS INVARIANTS

First we review the definition by Morita ([10]) of discontinuous invariants
arising from the Godbillon-Vey invariant for codimension one foliations.

Let .%¥ be a codimension one foliation of a closed oriented 3k-dimensional
manifold M. Then the Godbillon-Vey class gv(¥%) € H*(M;R) is defined
([eD. Let {x;, ..., x,} be a basis of H3(M; Q). Then gv(.¥) is written as

gu(F) =aix; + ... + a,x,,
where a,, ..., a, € R. The discontinuous invariant GV} is defined by

k
GVk(y)Z E (x,-lu...ux,-k)[M] a,-l/\Q.../\QaikeR’\kzR/\Q.../\QR,

<.y

where [M] € H;,(M; Z) is the fundamental class. Morita showed that GV is
natural, GV, depends only on the foliated cobordism class of .#, and hence
there is a universal map GVy: H;,(BI';; Z) = R** ([10]).

The same argument applies to transversely piecewise linear foliations and
the discrete Godbillon-Vey class defined in [5] and [3]. Then the following
theorem is obtained from the description by Greenberg ([7]) of the classifying
space for them and Lemma (1.1).

THEOREM (2.1). Let % be a codimension one transversely orientable
transversely piecewise linear foliation of a closed oriented 3k-dimensional
manifold Mk >2). Then GV (%) =0.

Proof. The weak homotopy type of the classifying space BT'PZ for
codimension one transversely oriented transversely piecewise linear foliations
is known by Greenberg ([7]). This classifying space BI'** has the weak
homotopy type of the join BR?® * BR?3 of two copies of BR? = K(R, 1). Let
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gv denote the discrete Godbillon-Vey class defined as a 3-dimensional cohomo-
logy class of this classifying space ([5], [3])-

gv € H3(BTT:; R) .

By Lemma (1.1), the higher discontinuous invariants GV, are trivial in this
classifying space BFfL. Hence by the naturality of GV, GV, (¥) = 0.

COROLLARY (2.2). Let % be a codimension one transversely piecewise
linear foliation of S3 X S*. GV(¥) = (a,b) € H*(S* x §3,R) satisfies
a/b e QU {x}.

Proof. 0= GV,(¥) =aAqb. Hence a/b € Q U {}.

Remark. Morita translated the question of rationality into that of graded
commutativity of *-product defined on the homology of the group of
diffeomorphisms of R with compact support ([10]). In the later sections, we
calculate the homology of the group PL.(R) of piecewise linear homeo-
morphisms of R with compact support as well as the *-product structure. We
see that the *-product is certainly not graded commutative, which insures the
rationality. The argument on the rationality of transversely piecewise linear
foliations uses the fact that the Godbillon-Vey invariant localizes on
transversely discrete sets and this argument cannot be generalized for smooth
foliations for the moment. See how the class C?l, 11,1y €xists in §3. We also
see that the Whitehead product of elements of n,(BIT'7*) which are not zero
in homology is usually nontrivial and has infinite order.

Remark. The Hurewicz map
n,(BT %) -» H,(BT'*; Z)
is surjective. To see this, note first that by Greenberg ([7]),

_ n—1
H,BT{";Z)= ) RN@qRM-1-1,
i=1
An element (a1 Aqg-.-No a,-) ®Q (b,‘+1/\Q ...N\g bn—l) e R~ ®Q RAn-1-i 4g
represented by the following foliation of 77/ 7"-1-i Consider the foliated

R-product with noncompact support over 7"~! such that the holonomy
h:m (T"-') - PL(R) is given by

h(e;) (x) = e%ix for x <0 and h(e;)) (x) = xfor x >0if j=1,...,i
h(e;) (x) =x for x<0 and h(e;) (x) =ebix for x>0if j=i+1,....n—1.
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This foliation restricted to 7"-! x [—1, 1] induces a foliation of 7T/ % Tn-1-i
which is
T} [-1,11/(T!x Tr-1-ix{—-1}~Tix{-1},
Tix Tr-l-ix {1} ~Tr"1-ix{1}).
Note that there is a degree one map from the suspension of 77! to
T Tr-1-i Since we can embed T"-! X [—1, 1] in S”, we have a degree

one map from S” to the suspension of T7-!, hence to T * T"~ 1~ Thus
Hurewicz map is surjective.

§3. HOMOLOGY OF THE GROUP OF PIECEWISE LINEAR HOMEOMORPHISMS

Let PL.(R) denote the group of piecewise linear homeomorphisms of R
with compact support. Let p:PL.(R) X PL.(R) = PL.(R) be the com-
position of two isomorphisms PL.(R) = PL.((—o,0)) and PL.(R)
= PL.((0, o)), and the inclusion

PL.((—,0)) x PL:((0, )) = PL.(R) .

Then p induces a product * on the homology of BPL.(R)? ([10]).
The homology of the group PL.(R) of piecewise linear homeomorphisms
of R with compact support is described as follows. For positive integers i
and j, put L
Vij = RA ®QR/\j
i j

THEOREM (3.1).

H,(BPL,(R)%;Z) = Y VFk ®q... QqVFkks |
where the sum is taken over even number of positive integers
ki ki, ..,k k)
such that k[ + k| + ...+ k, + k7 = m. Moreover, the *-product
#: H;(BPL.(R)®; Z) X H;(BPL.(R)%;Z) — H; ;(BPL.(R)%;Z)

coincides with the tensor product.
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