Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 38 (1992)

Heft: 3-4: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: AUTOMATIC GROUPS: A GUIDED TOUR
Autor: Farb, Benson

Kapitel: 2. The beginnings of automatic groups
DOI: https://doi.org/10.5169/seals-59493

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 19.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-59493
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

AUTOMATIC GROUPS: A GUIDED TOUR 293

Ze<a> ..o Ga G'a 1l 84 &
A A A A A
ZxZ=<ab: abalbl> __, . R . R ,
A A A A A
> > > Ly > >
A A “b ‘kb A
- . a; a' > >
A A lkb A A
A 4 A A A
A ¥ 3 A A 3
*Z=<ab>
Z ’ ___+’T"4—___
! > |
! g g !
A
1 b ol gt o
. ) e
] N a a a l
! ! A |
T / b 4
_+_.__‘_'_ 5 | |
l - 5 [
1 ] 1
1
FIGURE 1

Cayley Graphs of Z, Z X Z and Z + Z with the standard generators

2. THE BEGINNINGS OF AUTOMATIC GROUPS

The main ideas behind automatic groups began with another beautiful
paper of Cannon. In the second decade of this century Dehn solved the word
problem for surface groups by using the geometry of the hyperbolic plane. In
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1984 Cannon extended Dehn’s solution to the word problem to cocompact
discrete groups of hyperbolic isometries ([Cal]). Perhaps the main idea of
Cannon’s paper is that one can ‘‘see’’ the Cayley graphs of such groups. What
does it mean to see the Cayley graph of an infinite group? For example, the
Cayley graph of (Z, S) with S = {1} is simply the real line with a vertex at each
integer. When drawing a picture of I's(Z), we draw only the two-ball, say,
and then a trailing line of dots - - - . By this we really mean to repeat the picture
of the two-ball in our heads off to infinity, thinking also of the linear recursion
n—=n+ 1. To ““see’’ the Cayley graph should mean to have a picture of some
finite ball around the origin and some finite machine which tells us how to
piece copies of this ball together out to infinity. Cannon suggested as an open
problem that one might ‘‘Formalize the notion that a Cayley graph can be
described by linear recursion, and devise efficient algorithms for working out
that recursion for many examples.’”’ The idea is that if such a linear recursion
exists, which should happen whenever there is some pattern in the Cayley
graph, then we can build a picture of what the group looks like, and from this
picture we can construct algorithms to do computations in the group, such as
solving the word problem.

The next layer of foundation was provided by Thurston, who gave a formal
definition of the ‘‘linear recursion’’ Cannon spoke of. Thurston did this by
using finite state automata (FSA for short), the simplest type of machines
which have been studied thoroughly by computer scientists for nearly forty
years. It seems interesting that Gilman was independently exploring the use of
finite state automata for normal forms in groups (see, e.g. [Gi]), although with
no (explicit) discussion of geometry. The details of the basic theory of
automatic groups were worked out at Warwick by Epstein, Holt and Paterson.
The use of finite state automata is partly motivated by their success in both
the theory and applications of computer science; most word-processors
(including ‘vi’) construct finite state automata for tasks such as word searches,
and many compilers use FSA during lexical and syntactical analysis. In order
to understand automatic groups we’ll first need to have some understanding
of finite state automata.

3. FINITE STATE AUTOMATA

Given some finite set of letters «/ = {a, ..., a,}, we want to pick out a
nice subset of the set .&/* of all words in the letters a; (one can view o/* as
the free monoid generated by the elements of .27). A subset L C .o7* is called
a language. Informally, a finite state automaton W over <7 is a finite directed
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