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PERIODIC KNOTS 7

covers of £ - Kand t- Krespectively.Let AK(t) n/>o[//,(Ar)]("1)'+1

and A^(0 n,>0[//,(^)]("1), + '- The Wang sequence shows that

multiplication by t— 1 induces an isomorphism on H,(X) for > 0, so that if we

take the polynomial represented by [Hi(X)] and plug in 1 we get ± 1.

(Indeed if we consider the ring homomorphism (p: '] ->• Z defined by

<p(t) 1, then (p([/f,(A)]) is a divisor of [//,(X) ®Z[,,,-i]Z] [0] 1 e Z/Z*.)
Thus [//.(A')] represented a non-zero element in and hence A

and A Kit) give well-defined elements of Fp(t)*/V ?"']*• Then the conside-

rations of §1 show:

Theorem 2.3. Let K be a G-periodic knot in a homology q-sphere Z

with fixed set B, where G is a group ofprime power order pr. Let X

be the linking number of K and B. Then

AK(t) Ax(t)pr(l + /+... + tx~ly"-1 (modp)

§3. An application of Murasugi's congruence

For any X ± 1 (mod 8), T. torn Dieck and J. Davis [D-D] constructed

a 2-component link with linking number X in a homology 3-sphere Q whose

C2 x C2-cover branched over the link is a homology 3-sphere Z. We will
show that this congruence condition is necessary. Equivalently, we show

Theorem 3.1. Suppose the Klein 4-group G x H C2 x C2 acts on a

homology 3-sphere Z so that the fixed sets ZG and LH are disjoint
circles. Then their linking number X is congruent to ±1 modulo 8.

Proof. We have

Z -+ Z/G
I i

Z/H - Z/(G x H)

All four of these manifolds are homology 3-spheres and each has two disjoint
circles given by the images of the fixed sets. The linking numbers of each pair
of circles are all equal.

Let K Z G/G C Z/G and K K/H C Z/(GxH). Then K is a knot of
period 2. Renormalize AK(t) and A£(t) e Z[t, t~l] so that AK{t) A^-1),
Aj((t) AK(t~l), and A^(l) 1 A^(l). Murasugi's congruence shows
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(**) AK(t) aK{t)2(t{l~X)/2 + + 1 + + + 2/(0
where fit) eZ[U_1] satisfies f{t) fit'1). Writing

fit) ant~n + + a0 + + antn

we see /(l) /(- 1) (mod 4). Since Z - Z/G is a 2-fold cover branched over
K, I AKi - 1) I I H{(L) I 1. So 1 Ajfir(l) AKi~ 1) (mod 4), and we see

Aa-(— 1) 1- Take equation (**) and plug in t 1 and t - 1:

1 1 • X + 2 • /( 1)

1 i • (- l)(X-l>/2 + 2 • /(- 1)

Thus X (- 1)(X_ 1)72 (mod 8) so X ±1 (mod 8).

Applying the high-dimensional version of Murasugi's congruence ones sees

that if G x H C2 x C2 acts on a homology q-sphere L so that LG is a

homology ^ - 2 sphere and is a circle disjoint from ZG, then their linking
number X is congruent to ± 1 modulo 8. This and considerations from
L-theory lead us to conjecture that if G x H C2 x C2 acts on a homology
<7-sphere Z so that ZG is a homology /:-sphere and Z^ is a homology
q - k - 1-sphere disjoint from ZG, then their linking number X is congruent
to ± 1 modulo 8.
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