
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 37 (1991)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: AUTOMORPHIC SPECTRA ON THE TREE OF $PGL_2$

Autor: Efrat, Isaac

Kapitel: 3. Eigenfunctions

DOI: https://doi.org/10.5169/seals-58728

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 03.03.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-58728
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


36 I. EFRAT
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3. Eigenfunctions

An automorphic eigenfunction of T on X with eigenvalue A, is a function
on F that satisfies

V(0) (* + 1)/(1)

VOO qf(n - 1) + f(n + 1) n ^ 1

//(" + 1)\ / ^ \If we write u(n) I and normalize u(0) I we obtain
\ /(") I <7+ 1/

the recursion

w(X) Anu(0)

with

-(î v)-
Let Xi, x2 - (X ± lA2 - Aq) be the characteristic roots of A and assume

2

that X\ =£ x2, i.e., that X 1= ± 2}\fq. Solving the recursion we get

Proposition 3.1. The eigenfunctions on F with eigenvalue X are the

multiples of the function

(4) fx(n)
—-—(X(xï-x"2)-q(q+l)(xï ')) if n ^ 1

Xi - x2

q + 1 if n 0
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Example 3.2. If X q + 1 then x{ q, x2 1 and

Q + 1
>

generating the space of constant functions, If X — (q + 1), then

f-ig+l)(n) (-iy(q+l).
Example 3.3. When X 2}fq we can solve directly to get

n

fi\q(n) (q+ 1 - -l)n)g2,
and similarly

n

f-2V-g(n) (-iy(q+l-(q-l)n)q~2.
Remark 3.4. Since our tree is bipartite, we expect fx to be related to f-x

by a factor of (-1)" (compare [B, §8]). This can be seen from (4).

Proposition 3.5. The only eigenvalues X with | X | > 2j/q for which
fx is in L2(F) are X ± (q + 1).

Proof. Recalling (2) we see that if fxeL2(F) then
n

fx (n)o(q2) as -> oo

Now

(-^1 - X2)fx(n) x"-1(hci - q{q+ 1)) - x\~1(Xx2 - + 1))

Assuming with no loss of generality that | ]/q, — < ]/q, then

f
l"v'i

x2~'(Xx2 - q(q + 1)) o(g2), so that we must have

Xxi - q(q +1) 0

i.e., X= ±{q+1). Conversely, fq+l and f-(q + l) are clearly in L2(F).

We turn our attention to X with | | < Then x2 xlt\xi\
and we let x, j/qeie. Then X2\/qcosQ,0 < 0 < We renormalize
and define

?_xi~x2 _~
2]/q

Vqcos6
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Then, for n ^ 1,

n

fs(n) q2i((q+ 1)sin9cos(«9) - (r/ - 1)cos9sin(«9))

(5) n

q2i(sm(fn + 1)0) - qsm({n - 1)0))

and

MO) (q+ l)/sin0

Proposition 3.6. The functions /e,0 < 0 < n, are not in L2{F).

Proof. It is sufficient to show that

(q + l)sin0cos(/20) - (q - 1) cos 0 sin(>70) 0 as n - oo

This is the dot product of the two vectors

((q + l)sin0, - (q - l)cos0) and v2 (cos(>20), sin(nQ))

Since u2 is not a constant function of n, we see that cosine of the angle
between V\ and v2 is bounded away from 0 for arbitrarily large n.

Combining Propositions 3.5 and 3.6 we conclude

Corollary 3.7. The discrete spectrum of T consists of the numbers

±(q + 1), whose corresponding eigenfunctions (given in Example 3.1) span
two one-dimensional eigenspaces of L2(F).

Unlike the typical fx with | X | > 2jfq, those with | X | < 2]/q satisfy

Our goal now is to show that these are approximate eigenfunctions that
can be used to completely decompose L2{F).

We wish to embed L2([0,7u]) with an appropriate measure into L2(F). To
this end, let \j/ e L2([0,7t]) and fe(n) be extended as odd functions of
0 e [—7u,7c], and define

n

h 0(q2)

4. Continuous spectra

2n - n
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