Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 37 (1991)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: AUTOMORPHIC SPECTRA ON THE TREE OF $PGL_2%
Autor: Efrat, Isaac

Kapitel: 1. The tree of $PGL_2(K)$

DOI: https://doi.org/10.5169/seals-58728

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 07.03.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-58728
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

AUTOMORPHIC SPECTRA 33

3. The above describes a decomposition L*(F) =R @ E (Theorem 5.1),
made explicit in Theorem 5.3 (compare [L]). In particular, the spectrum of T
on L2*(F) is

discrete continuous discrete
— - |
—(g+1) -2)/q 2//q g+1

1. THE TREE OF PGL,(K)

The material in this section is adapted from Serre [S] and Weil [W].
An O-lattice in K? is a set

L = {av; +pv; | a,p €O}

with v, 0, a basis for K2. We can associate to L the matrix (v;,0;) € GL,(K)
and different choices of bases vy, v, will give cosets in GL,(K)/ GL,(0). Two
lattices L and L’ are said to be equivalent if L’ = aL for some a € K*. We
thus have a natural correspondence between equivalence classes of O-lattices
in K? and points in X.

We define a graph structure on X. Let A and A’ be two equivalence classes
of lattices. We say that A and A’ are adjacent if there exist representatives
L eA,L e A’ such that

(1) L"CL and L/L =k.

THEOREM 1.1 ([S]). The graph whose set of vertices is X and whose
edges are the pairs (A, ') satisfying (1) is the (infinite) (g + 1)-regular tree.

We seek a more explicit realization of X. Let B be the Borel subgroup of
Gy consisting of the matrices whose bottom row is (0, 1). Then the Iwasawa
decomposition is

Gk = BG, ,

but it is not difficult to see that in fact any coset in X has a representative

of the form
AL X
0 1

with x € K and a uniquely determined n € Z.
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In these coordinates we can write down the g + 1 vertices of X that
h

are adjacent to a typical vertex (

Zn+1 X tn—l o+
‘ s . X , ¢tek.
0 1 0 1

The group Gg acts on the tree X as a group of automorphisms. We can
therefore define a graph structure on the quotient F for the action of I' on X.

X
1) . They are

THEOREM 1.2 ([S], [W]). The quotient graph F = I'\X s given by (the
cosets of)

so that F is the tree

| +
1

0

-+

w

2
t X . .
In fact, the vertex o 1 corresponds to n, and so if n > 1, its

tn—!—l X
neighbor ( " 1) corresponds to n + 1 while the other g neighbors

are represented by n — 1. If n = 0, all neighbors correspond to 1.

2. THE OPERATOR T

Let p be the Haar measure on Gg normalized so that p(Go) = q(qg — 1).
We compute the measure of F induced from p. Since '

F=T\X =T\Gg/Go
we have
I\Gg = U;ersGo
where
sGo = {T'su|ueGp} C T\Gg .

The point measure at s will be the measure of sG, in the quotient space
I'NGk. Now we have a correspondence
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