
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 36 (1990)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: TOPOLOGICAL SERIES OF ISOLATED PLANE CURVE
SINGULARITIES

Autor: Schrauwen, Robert

Kapitel: 2. SPLICING AND SERIES

DOI: https://doi.org/10.5169/seals-57905

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 16.01.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-57905
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


ISOLATED PLANE CURVE SINGULARITIES 117

spectrum determines the topology of a plane curve singularity) and the

equivalent — conjecture involving the real Seifert form (cf. [SSS]). Also,

A. Neméthi used the idea of topological series to define his topological trivial

series [Nm].
In the Appendix, we have included the EN-diagrams and some invariants

of the Arnol'd series.

Acknowledgments. I wish to thank Dirk Siersma and Jan Stevens for

their remarks and help.

2. Splicing and series

2.1. It is clear that singularities occur in series. The simplest series have been

given names, such as A, D, J, etc., by Arnol'd. But how to define a series

is unclear. One looked at deformation properties such as adjacencies, etc.,

because the goal is to define what a series means analytically. A proper

analytical description can be given for series of the form / + lk, where / is

a sufficiently general linear form, see the work of Iomdin and Lê, [Le]. But

already in the case of Arnol'd's series, one finds that they are not of the

Tomdin-type'. Some series are multi-indexed, such as

Yr,s:x2y2 + V+4 + L+4

and others, such as W* :

w*m-y (y2-*3)2 + x4+qy

^1,2q: (y2-x2)2 + x3 + gy2

make smaller steps than a linear series.

However, the most apparent properties that hold a series together, are the

topological invariants. For example, the Milnor number within Arnol'd's
series, increases with steps of 1. Therefore it is worthwhile to go not as far
as an analytical definition, but to look for a topological one.

Another property is that, as already mentioned in the Introduction, series

of isolated singularities are clearly related to non-isolated singularities, and
that the hierarchy of these non-isolated singularities reflects the hierarchy of
the isolated singularities. This relationship is also not completely understood.
Our topological definition, which works for plane curve singularities, makes
clear which isolated singularities belong to the series of a given non-isolated
singularity.
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2.2. The motivation for our definition comes from the topology of the link
exterior. We first need to recall some facts of splicing and EN-diagrams.

Let / e C{x, y) be a plane curve singularity, and L the link of / embedded

in S2. L completely describes the topological type of /. There is a notation
for L by means of a weighted graph, that we call an EN-diagram, introduced

by Eisenbud and Neumann [EN]. The EN-diagram of / is closely related to
the resolution graph of / (the dual graph of the good minimal resolution).
In fact, as a graph, the EN-diagram is equal to the resolution graph with all
linear chains contracted. We will call the vertices of valence 1 dots, and the

vertices of valence at least 3 nodes. The arrows correspond to the components
of L (or the irreducible components of /), and they have a multiplicity, equal

to the multilink multiplicity. The nodes, dots and edges have topological
meanings as well, we refer to [EN] for details. There are conversion rules from
EN-diagram to resolution graph and back, see [EN], chapter V.

It is known that M S3\N(L) (where N(L) is a open tubular
neighbourhood of L) is a Waldhausen manifold, see [EN] or [LMW]. This

means that there is a decomposition of M in Seifert manifolds (the basic

building blocks). The decomposition can be found in several ways, e.g. by

means of the resolution of / or the polar decomposition of /. This is explained
in detail in [LMW].

2.3. Glueing two pieces of this decomposition together uses the operation of
splicing, due to L. Siebenmann and studied extensively in [EN]. Consider two

(multi)links Lx mxS{ + L{9 L2 m2S2 + Lf embedded in (separate copies

of) S3. Let TVj, N2 be small tubular neighbourhoods of Su S2. Then the splice

I of Li and L2 is the link

L — L j + L 2

embedded in the homology sphere

L - ud(S3\N2)

the boundaries dNx and dN2 of the tubular neighbourhoods glued meridian to

longitude and vice versa. The EN-diagram T of L arises from the EN-diagrams

of Lx and L2 by replacing the two arrows representing Sx and S2 by an edge

(which represents the splice torus dN{ 9N2):

ÔNX dN2 dN
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If we impose two conditions, described below, then L is again an algebraic

link in S\

Splice Condition

i.e. m\ has to be equal to the linking number of S2 with the other components
of L2, counted with their multiplicities (and similarly for m2).

Linking numbers can be computed easily from the EN-diagram, see [EN],
section 10.

If the splice condition holds, then L is again a fibred link. In fact it forces

that the Milnor fibres cut the splice torus in an (mi9 m2)-torus link.
The second condition is a condition on the weights of the EN-diagram. It

follows from [EN], Theorem 9.4, that we need the following condition in order
that L is again algebraic:

Algebraicity condition

(a) The resulting link can be obtained by repeated cabling, and

(b) If the EN-diagrams of both links near the splice arrows are as follows:

then the inequality a0ß0 > cq •• • arßi • • • ßs must hold.

2.4. We now return to the ideas behind our definition of series. A typical
series is the series consisting of Wf2q_l and W*2qy introduced earlier. Their
EN-diagrams are:

mi lk(S2, L2) and m2 lk(Si, L[)

v 11+
2 2 2 1

It is clear that this is the result of splicing something to

'—(2)
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which is precisely the EN-diagram of (y2-x3)2. In terms of the resolution:

take a resolution of f(x, y) (y2-x3)2, and deform the double component

slightly into an Ap, we then get a — partial — resolution of one of the

W*p. In terms of the splice decomposition: Consider the splice decomposition

of a representative fp of W* It consists of two pieces, one of which
is the complement of the link of /, wheras the other depends on the parameter

p. This is equivalent to the statement that the Milnor fibration of fp results

from the Milnor fibration of / by removing a tubular neighbourhood of the

link component, and replacing it by something else in such a way that the result
is the Milnor fibration of fp and leaving the rest unchanged. We will see later
that this process will not give more than only the series WfiP. The link of fp
is a (2, 6+p)-cable on the link of the reduced singularity /R(x, y) y2 - x3,

which is a (2, 3)-torus knot.
If we have a singularity with more than one double component, we can

splice something to each of the components independently. We see this with
our example Yr>s, its EN-diagram is the result of splicing two pieces (one

depending on r and one on s) to (2) <-> (2), the EN-diagram of Yœ,O0:x2y2.

If we have a singularity / with a component of multiplicity greater than

two, then we can get non-isolated singularities with lower multiplicities when

we splice something to it. The simplest example is f(x, y) y3. In this case,

the Milnor fibre consists of three discs. If we want to replace a small tubular
neighbourhood of the knot with something else, in such a way that the result
is again an algebraic link, we first of all have to take care that the fibres in
the solid torus that we put back in, approach the boundary in a (3, 0)-torus
link. It is intuitively clear that this is only possible with 3 components of
multiplicity 1 or with 1 single and 1 double component. Indeed, in 3.8 we will
see, that this gives the possibilities E6k, Eèk+U E6k+2 and Jktand if we

apply the same procedure again to Jkt00, we get the series Jk>p. In Arnol'd's
list we find all these singularities in the series of jv3.

In the Appendix we have included the EN-diagrams of all Arnokd series,

and one sees that they all arise from splicing something to the link of the

corresponding non-isolated singularity.
These examples motivate our definition of topological series, which will be

presented next.
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