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On the other hand,
g-1
2= -Doml= ) G,
=0

which is congruent to g mod B and so (0, z¥) = (0, g%). Therefore the
equality /(p(a)) = (0, z¥) amounts here to the following congruence

p—1

g =gl modp

that is, by the choice of g,

k, = i modp —1.

Thus k; has been determined modulo p — 1. In fact one may replace in (5.4)
the congruence sign by the equality sign as on the one hand clearly
p—1

m
one has 0 < k; < vgp(p) = p — 1. Therefore one gets

0 < i < p — 1 and on the other hand by proposition (1.2) (iii) and (1v)

This finishes the proof of the theorem.

6. ANNIHILATORS OF THE IDEAL CLASS GROUP
OF A CYCLOTOMIC FIELD

In this section we give an account of the annihilation of the ideal
class group of a cyclotomic field by the Stickelberger ideal. For each
commutative ring R with unit element, each R-module M and each A € R,
one says that A annihilates M or that A is an annihilator of M if Ar = 0
for all » € M ; the set AnngM of all annihilators of an R-module M clearly
forms an ideal in the ring R.

Let m > 1. The structure of Clg,,, the ideal class group of the cyclotomic
field Q(m), and the action of the Galois group I' = Gal(Q(m)/Q) on it,
are of great interest. Information on this structure is contained in AnngCly,, -
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It is difficult to analyse this ideal directly. However, what one can do is to

relate this i1deal to the annihilator of another ZI'-module, namely p,(Q).

Let I = Anngrp,(Q), J = AnngrCly,, and let 0 € QI' be the Stickelberger
element defined in (3.2). The main aim of this section is to derive from the
prime factorization of the Gauss sums as given by theorem (3.3) the fact that
multiplication in QI' by 6 sends 7 into J, that is 6/ € J. The ideal 67 in ZI
is called the Stickelberger ideal. This result shows that a part of J can be
obtained from /. Now [ is the annihilator of a module with a rather transparent
structure and so it can easily be determined completely in a direct way. Thus
one achieves, all in all, the desired objective: one gets information on the
ZI'-module Clg(, . This section consists of two parts, which can be read
independently, the determination of 7 and the proof of the inclusion 6/ C J.

We start by determining the ideal I = Anng,(Q). For each x € (Z/mZ)*
we write <x> for the smallest non-negative representative of x in Z. We
define the set of elements {B,} in ZI" where x runs over (Z/mZ)* by

(6.1) B, =1 if x =1

=0, — <x> otherwise .

This set is clearly a Z-basis of ZI', that is, every element A e ZI' can be
written uniquely as

(6.2) A=Y aB,

where x runs over (Z/mZ)* and with a, € Z for all x € (Z/mZ)*.

(6.3) PROPOSITION. Let AeZI'; write A as in (6.2). The following
conditions on A are equivalent :

(i) A annihilates p,(Q).
(i) a; = Omod m.
(i) A0 eZI'.
Proof. (i) < (i). Let { be a generator of the group w,(Q). For each
x € (Z/mZ)* one has clearly
(P = [ if x =1
=1 otherwise .

Therefore {* = (**. As { has order m, it follows that (i) and (i) are
equivalent.
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(ii) < (ii)). We are going to compute the product in QI" of B, and 0
for all x € (Z/mZ)*, in order to verify the following facts

(6.4) B0 = 0 if x = 1

e ZI' otherwise .

Proof of (6.4). Let xe(Z/mZ)*; if x = 1 the statement in (6.4) is
obvious, so assume x # 1.

<i>
-1
Bxe = (Gx_‘<x>)zi G
m
where i runs over (Z/mZ)*. This is
<i> <x> <i>  _
Z- Ox—l‘i - z G ! >
Eom b m
replacing in the first sum i by ix we get
<ix> _y <x> <i> B <ix> — <i> <x> _,
Zi Gi o zi O-i - zi 0ni >
m m m

in particular B0 € ZI'. This finishes the verification of (6.4)  [.

It follows from (6.4), using moreover (6.2) and the definition (3.2) of 6
that for each ie(Z/mZ)* the coefficient of o; in A0 is a rational number

a; <i>
We

which has the same class in the quotient group Q/Z as

conclude that A0 € ZI' iff a; = 0 mod m, that is, (1) is equivalent to (ii1).
This finishes the proof of proposition (6.3). []

Having thus determined Annyp,(Q) we now come to the main aim of
this section, which is to relate the annihilator ideal I of the ZI'-module
i, (Q) to the annihilator ideal J of the ZI'-module Cloum - This relation
is given by the following result, to be derived from theorem (3.3) and
proposition (1.2) (i), (ii); we will not need proposition (6.3) for the proof.

(6.5) THEOREM. 6l < J.

However there will be a problem. We will see that theorem (3.3) only
implies the following result (6.6). Let the absolute degree of a prime ideal

in an algebraic number field be the degree of its residue class field over
its prime field.
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(6.6) Let AeZI'. If A is an annihilator of p,(Q) then A8 is an annihilator
of the subgroup of Cly,, generated by the classes of the primes in Q(m)
of absolute degree one.

In order to get the full result (6.5) one can proceed in either one of the
following two ways.

(i) One can extend theorem (3.3) and proposition (1.2) (i) to Gauss
sums associated to arbitrary finite fields. Then the extended results imply
the desired theorem. However, the easy method of obtaining the prime
factorization of Gauss sums which is given in this paper does not seem to
extend to the case of arbitrary finite fields. Therefore we would fall back
on the usual proof of this prime factorization, which, though it is elementary,
requires rather delicate arguments.

(i) One can instead allow oneself to use the following fact:

(6.7) The subgroup of Cly,, generated by the primes in Q(m) of absolute
degree one is the whole of Cly,,

This follows immediately from the following standard density results. Let F
be an algebraic number field, then

(a) The set of primes in F of absolute degree > 1 has zero Dirichlet
density.

(b) The primes in F are distributed over the elements of Cl, the ideal
class group of F, with equal Dirichlet density.

We choose the second alternative. Now we are ready to prove theorem (6.5).

Proof of Theorem (6.5). Let A be an innihilator of the ZI'-module
i, (Q). By proposition (1.2)(ii) the number G* in Q(pm)* is fixed by
Gal (Q(pm)/Q(m)) and so, by Galois theory, G*e Q(m)*. By theorem (3.3)
we get the following result

(6.8) The fractional ideal p*® in Q(m) is principal.

Namely it has generator G

Recall that the primes in Q(m) of absolute degree one are precisely
the primes which lie over prime numbers which are =1 mod m and
recall the description of such primes given in (2.2). Now we can, while
keeping m fixed, vary (p,y) over all pairs consisting of a prime number
p = 1 mod m and a multiplicative character y on F, of order m. Then p
runs over all primes in Q(m) of absolute degree one. Therefore (6.8) amounts
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to the fact that A0 kills the class in Clg,, of each prime in Q(m) of
absolute degree one. Therefore we have proved (6.6) and so, by (6.7), the
statement of theorem (6.5) follows. [
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