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46 J. BRINKHUIS

“sometimes” there is, once one has determined v(o) mod e,, a relatively
easy method to determine moreover v(x) itself. It would take us too far
to give a formal account of this method, so in this matter we will restrict
ourselves to the special case of Gauss sums.

(4.6) For general insight it is of interest to know how e, depends on v.
We will give the answer under the assumptions that the residual characteristic
of v is a prime number, say [, and that y has finite order, say e. For
each ne N we can write n = I'n’ with reNu {0}, e N and [} n';
then we call n' the [-free part of n. Now we give the desired result.

(4.7) The number e, is the I-free part of e.

We omit the proof of this fact, as we will not make use of it: in our
application it will be obvious what e, is, once we have computed the class
of ©'~! in F(v) which is something that we have to do anyway.

5. THE PRIME FACTORIZATION OF THE (GAUSS SUM:
PROOF OF THE RESULT

Now we are ready to prove theorem (3.3). We will do this by proving
the statements in (3.4).

Proof of (3.4). By proposition (1.2) (i), (ii1) and (iv) only primes of
Q(pm) above p can occur in the prime factorization of G. Let i€ Z with
0 < i< mand (i, m) = 1. We have to determine the integer k; defined by (3.1).
We are first going to determine k; modulo p — 1 by using lemma (4.3).
We apply this lemma to F = Q(pm), v = v, &« = G, n = {, — 1 and
Y = o, where geZ with 0 < g < p is such that g(mod p) generates
(Z/pZ)* = F}; then k = k; and the residue class field F(v) it F,. This choice
satisfies the requirements of the lemma as o, lies in Gal(Q(p)/Q) which is the
inertia group of P in the extension Q(pm)/Q. Now let us calculate the left and
right hand side of the equality /(p(a)) = (0, z¥) which holds by lemma (4.3).
On the one hand p(a) = G%%~Y which is by proposition (1.2) (ii) equal to

X&)% = (g’ where g=gmodp
p—1
and this is by (2.1) congruent to g m ' mod B . Therefore

p—1

I(p(w) = (0,2 = ).
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On the other hand,
g-1
2= -Doml= ) G,
=0

which is congruent to g mod B and so (0, z¥) = (0, g%). Therefore the
equality /(p(a)) = (0, z¥) amounts here to the following congruence

p—1

g =gl modp

that is, by the choice of g,

k, = i modp —1.

Thus k; has been determined modulo p — 1. In fact one may replace in (5.4)
the congruence sign by the equality sign as on the one hand clearly
p—1

m
one has 0 < k; < vgp(p) = p — 1. Therefore one gets

0 < i < p — 1 and on the other hand by proposition (1.2) (iii) and (1v)

This finishes the proof of the theorem.

6. ANNIHILATORS OF THE IDEAL CLASS GROUP
OF A CYCLOTOMIC FIELD

In this section we give an account of the annihilation of the ideal
class group of a cyclotomic field by the Stickelberger ideal. For each
commutative ring R with unit element, each R-module M and each A € R,
one says that A annihilates M or that A is an annihilator of M if Ar = 0
for all » € M ; the set AnngM of all annihilators of an R-module M clearly
forms an ideal in the ring R.

Let m > 1. The structure of Clg,,, the ideal class group of the cyclotomic
field Q(m), and the action of the Galois group I' = Gal(Q(m)/Q) on it,
are of great interest. Information on this structure is contained in AnngCly,, -
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