
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 36 (1990)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: STATE MODELS FOR LINK POLYNOMIALS

Autor: Kauffman, Louis H.

Anhang: Appendix on state model formalism

DOI: https://doi.org/10.5169/seals-57900

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 01.12.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-57900
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


STATE MODELS FOR LINK POLYNOMIALS 31

Then sums of vertex weights appear in the exponents. These divide into

weights from 2-vertices (corresponding to curvature) and weights from

interactions. The interaction weights depend upon angle and local spins

— all information that is available on projecting in a given direction e.

This suggests the form of a model as

<K> da exp [p, q I a] & + [P I Ö-]

where the problem of taking the limit over subdivisions of the space curve,
and the definition of the limiting state space is certainly unsolved.

The proposed model is designed as a generalization of the planar models.

The crossings are replaced by pairs of points on the curve, and the Gauss

kernel appears, as in the linking number. In a piecewise-linear approximation
to the model, the space curve is divided into straight-line segments. A
state assigns a spin to each segment. If spin remains unchanged at a vertex,
then the vertex contributes a simple angular term, as in the planar case.

If spin changes at a vertex, then this vertex must be paired up with another

vertex so that the pair can be regarded as under-going a spin preserving
interaction.

a + b c + d

This is the generalization of the crossing in the planar case. A state is

admissible if it is configured with such self-interactions allowing spin conservation.

The three-dimensional approximation sums over all such admissible
states.

Appendix on state model formalism

This appendix is a short note on the formalism I use for expressing
state models.

The bracket polynomial [41] is defined via equations of the form

<>0= A<X> + B<)(>
<0K> d <K>
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(It is a regular isotopy invariant when B (1/A) and — d A2 + A'2)
Here the small diagrams stand for parts of larger diagrams that differ only
as shown in the small diagrams. Since all diagrams are of the same type
(unoriented link diagrams) these equations are easily understood.

On the other hand we have used formalisms in this paper of the ilk

R z + a + a"1 R

Here the small diagrams on the right-hand side of the equation replace a

knot-diagrammatic crossing. The large diagrams on the right go out of the

category of link diagrams to an appropriate category of labelled graphs.
As a result (for example), one may legitimately ask: What is the value of
the jR-polynomial on the "mixture" shown below

To answer this type of question in all cases I take the following point
of view : Equations such as

R x^* z R + a R + a R

R - - z R + a R + a ^

are a recursive algorithm for expressing R as a sum of evaluations of
decorated graphs - all of whose knot-theoretic crossings have been replaced

by one of the choices in these equations. A further rule must be given to
specify the values of the decorated graphs (the "states") produced by this

algorithm. (In the case of the .R-polynomial this rule involves using the

template (Section 2) to determine if the graph is admissible. If so, then its
value is 5,s| ~1 where | S | is the number of circuits in the state S.)

Thus

r(D= zR(§)+ aRy§)+ a~1R(<o

z8 + a'1

for the template
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'00'.
There are many instances of this sort of expansion outside of the

theory of knots and links. For example, the following expansion (compare [78])
for trivalent plane graphs G

[X]=[)(]- M

gives states that are locally four-valent plane graphs. If the value of a state S

is taken to be three raised to the number of crossing circuits in S, then [G]
is the number of colorings of the edges of G with three colors so that three

distinct colors meet at each vertex of G. The existence of such a coloring
for a trivalent plane graph is well known to be equivalent to finding a

four-coloring of its faces so that no two faces that share an edge receive

the same color. It is a delicate matter to determine when [G] is non-zero.

[CD] [00] - [00] 32 - 3 6.

Other conventions, more closely related to tensor formalisms are discussed
in [78] and [58].

In general, these pictorial expansions are a way to express the vertex
weights of a model in a fashion that is easy to relate with the geometry
of the diagrams themselves.
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