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MORDELL CONJECTURE 419

(iii) (hm>i) T)n Cm(S) is infinite,

(iv) There exists a finite covering Sm> n of S such that the fiber product
of hm>n with Sm>n is Galois, Abelian and of positive degree.

Let / denote the Jacobian scheme of C over S. Let a: C -> / be an Albanese

morphism. Let p be a prime. Let T denote the closure of a(T) in J(S) (x) Zp.
Since a(T) is infinite it follow from the Mordell-Weil Theorem that there exists

a t e T - a(T). Let tn e T such that t - a(tn) e pnJ{S). Let Cn denote the

normalization of the fiber-product of C and / via the map Hn:x pnx -f tn

and hn> 2 the natural map from Cn to C. It follows that Cn is defined over S

and since Hm(J(S)) D {tn:m\n} that hntl(Cm(S)) contains an infinite subset

of T.

All that remains is to exhibit the maps hm>n. Clearly, tm — tn — pnrm>n for
some rm>n e J(S). Let Hm>n denote the map x:pm~nx + rm>n. Then Hm,k

Hn koHm n. It follows that Hm>n pulls back to a morphism hm>n: Cm-^ Cn.

It is easy to see that this morphism becomes Abelian after adjoining the
pm~"-torsion points on /. This proves the proposition.

Remark. One can also prove the above proposition with the condition
n ^ m replaced by n | m.

3. Corollaries of the Theorem of the Kernel

Lemma 3.3.1. Suppose g:Xr -* X is a morphism of smooth proper
schemes with geometrically connected fibers over S. Then if\ie PF(X7S)
and s,t e X($$,(g*u)(s9t)

Proof. This follows easily from Lemma 1.3.2.
Suppose / is the Jacobian of C over S and g is an Albanese morphism,

then since g*:HlDR(J/S)- HlDR(C/S)isan isomorphism g*:PF(J/S)
PF(C/S) is an isomorphism.

Lemma 3.3.2. Let p be a fixed Picard-Fuchs differential equation on
C/S. Then {p {s, t) : s, t e C(S)} lies in a finite dimensional subspace of
K[S] over K.

Proof. Suppose p e PF(J/S) such that g*p p. The lemma follows
from the Mordell-Weil theorem which together with the Theorem of the kernel
implies that J(S) modulo the kernel of the homomorphism s p^s1) is a
finitely generated Abelian group.
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Lemma 3.3.3. Suppose A is an Abelian scheme over S such that
[WA/s] H1dr(A/S) and g:C~> A is a non-constant morphism over S.

Fix s e COS). Then the set T {t e C(S):(g*\i)(s,t) 0 for all
jLi e PF(A/S)} is of bounded height.

Proof. Let A' denote the smallest Abelian subscheme of A over S

containing g(C). Since the map g*:PF(A/S) -> PF(A 'iS) is surjective and

[WA/si H'dr{A/S\ it follows from Proposition 2.1.2 that g(T) is contained
in a translation of the group of constant sections of A 7S. Hence, g(T) is a

set of bounded heigt. Finally, since C g(C) is a finite morphism, it follows
that T is a set of bounded height.

In particular,

Corollary 3.3.4. Suppose A is an Abelian scheme over S suchthat
kA/s is an isomorphism and g:C~+A is a non-constant morphism over
S. Fix s g COS). Then the set {te C(S) : (g*Pco)te 0 0 for all
co g 00,4/5} is of bounded height.

4. Proof of Mordell's conjecture

Proposition 3.4.1. Suppose the kernel of the kc/5 has rank at
least 2 over if[5], then the points of C(S) have bounded height.

Proof. Suppose COS) contains points of arbitrarily large height. Fix
x g COS). By shrinking Sif necessary, we may suppose that there exists a function

z e if[S] such that Q5 K[S]dz and there exists a finite covering Sf of
C by affine opens U and functions Vy e J^C(U) such that se U(S), and

£^(£7) is spanned by dz and dvv. We may also suppose that s*Uy 0 by

replacing uv with vv - (sof)*vv if necessary. For U e Sf,u e ~F?C(U) we

define du>zu and 6u>vu by the equation

du dUtZudz + dUiVudvy

Then dUyZ is a lifting of 6 : 9/dz. We set piï) t) for

p G PF : PF(C/S)

and t g C(S).
Let coi and co2 be two independent elements in the kernel of kc/iS. It

follows that there exist coj and cc>2 e coC/s such that

8[©;] [co/]
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