Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 36 (1990)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: MANIN'S PROOF OF THE MORDELL CONJECTURE OVER
FUNCTION FIELDS

Autor: Coleman, Robert F.

Kapitel: 6. The analytic proof

DOI: https://doi.org/10.5169/seals-57915

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 07.03.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-57915
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

MORDELL CONJECTURE 409

that the image of #—s in J(C) is a constant section which completes the
proof. [

6. THE ANALYTIC PROOF

In this section we will suppose K = C.

a. The Poincaré Lemma

Suppose (&, V) is a sheaf on S%* with integrable connection. Then by the
Poincaré lemma for integrable connections, it follows that the complex of
sheaves

S50l Q@ FI0L,. ® S ...

is a resolution of the sheaf & V. Hence,

PROPOSITION 1.6.1. Hi(%, V) is naturally isomorphic to H(S, &V).

Remark. As in Proposition 1.1.1, H!Y(%, V) 1is isomorphic to
Ext(% ", #sm). We can describe the isomorphism from H!(, V) to
HI(S, & V) explicitly as follows: Let 4 be an element of H!(%, V). Let £
is a covering of S by open disks. Suppose % is an extension of & by .Zun
corresponding to #. Then % is an extension of Z%w» by & For each
U e %, there exists an sy € & (U)” which maps to 1 in _Zs..(U). Then the
image 4 in H'(S, V) is the class of the cocycle {(U, V)= sy — sy}.

Suppose, X is a smooth proper S-scheme and Z is a subscheme of X which
is either empty or finite over S. We will define the Betti homology sheaf
' \(X/S,Z,Z) on S as follows. If Z is smooth over S, we define
W/ (X/S, Z,Z) to be the sheaf associated to the presheaf

U= H(f '), f"(U)nZ1Z),

(this latter group is the Betti homology of f ~!'(U) relative to f~Y(U) N Z).
More generally, let S* be a non-empty affine open subset of S such that
Z' = 7Z xXsS'is étale over S'. Let X' = X XS’ and let 1 denote the inclusion
morphisms X' = X, Z"— Z and S’ = S. We set

HX/S,Z, L) =\ (X'/S',Z',Z) .
This is independent of the choice of S’. We also set

V(X/S,T) = AUX/S, D7) and H\(X/S,Z,C) = &1(X/S,2,2) Q C .
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Suppose s and ¢ are two distinct sections of X/S and Z = s U £. Suppose
S’ is an affine open of S such that Z’ is étale ove S’ in the notation of the
previous paragraph. We have exact sequences

0 A (X/S,Z) > X \(X/S,Z,2) > 1A (Z'/S", L) > Z(X/S,Z)~ 0 .
and
0> H(S/S",Z) > ZN(Z'/S',Z) > Z(X'/S', 1) ,
where the first map is 7, — 55 . From which we derive the short exact sequence
0> Z\(X/S, L) > Z\(X/S,2,2) > L~ 0.

since 147 IS'an = Z. In particular, if U is an open disk in $%', we have an
exact sequence

0> Z1(X/S,2Z)(U) > ' (X/S,Z,Z)(U) > Z— 0

We define the Betti cohomology sheaf <7 1(X/S, Z,C) in the same way
and it is easy to see that &7 1(X/S, Z, C) = Hom (<~ (X/S, Z, C), C). Also, it
is known that if Z is étale over S then &7 1(X/S, Z, C) = R}*(/Z where 7 is
the subsheaf of C whose sections vanish on Z.

Suppose X is proper over S with connected fibers. Let
(L pr(X/8,2), V) = Lsun @ p(Hpp(X/S, Z),V) .
We claim, for Z C X finite over S.
(L pp(X/S,2), V) = (P @ ZNX/S, Z,C),d R id)

This follows from the relative Poincaré lemma above on S’ and hence on all
of S since both sides are integrable connections. Hence,

LEMMA 1.6.2. There is a natural isomorphism
(L (X/S,Z) , V) = (L ® 71(X/S, Z,C),d ® id) .
In particular
Hi(Z \(X/S, Z), V) = H(S, 7,(X/S, Z,C)) .

We conclude, using this, Proposition 1.1.1 and GAGA that

THEOREM 1.6.3. There exists a natural isomorphism

B:Ext(H pp(X/S), Zs) = H' (S, Z1(X/S, C)) .




MORDELL CONJECTURE 411

b. End of Analytic Proof

Now suppose X is an Abelian scheme over S. We have an exact sequence
of sheaves over So",

0— 2 (X/S,Z) = Z lexam san > X" =0 .

From the corresponding long exact sequence of cohomology groups we obtain
an exact sequence

ey 5or(ST) > XN(S) = H'(S, 7 (X/S, ) .

We may describe §(s) as follows: Suppose e #s. Let Z =eus. Then as
f*(Q;a,,/san) maps into :»?’“}DR(X/S), 7 (X/S, Z, Z) maps into
1 v

f* (Q){an . San) = C\7/ iéXan san

so that the diagram

2 X/S, Z,Z)

TN
.?;(X/S, Z) - _;/ ieAXHH ‘San

'

commutes. Let # be an ordered covering of S by open disks. For each
Ue ? let ype Z(X/S,Z Z)(U) such that y,— 1 under the map
Z (X/S, Z)(U) — Z. Then the image of vy, in X(U) is s(U). Hence §(s) is
represented by the one cocycle {(U, V) =y, — v }.

Now, it follows from this and the remark after Proposition 1.6.1 that
B> M is equal to the composition of & and the natural map

H' (S, % (X/S, Z)) = H' (S, 7 (X/S,C) = H'(S*, 7 ,(X/S,Z)) ® C .

Hence, if s € X9"(S"), M(s) = 0 iff there exists a positive integer n such that
d(ns) = nd(s) = 0. Hence ns is in the image of 7 ieyen san(S) — X (Sm)
and so is an infinitely divisible element of X97(Se"),

Suppose s € X(S). We claim #s is an infinitely divisible element of X(S).
Let m be a positive integer. Let r € X?*(S9") such that mt¢ = ns. There exists
a finite étale Galois covering S of S such that 7 X(S’). If o € Gal(S’/S),
then 7° = 7 because 7°(x) = 7(c ~!(x)) for x € S(C). It follows that ¢ € X(S).
This establishes our claim.

Finally, it follows from the function field Mordell-Weil Theorem [LN] that

the image of ns in X¢5(C(S)) is a constant section X/S. Theorem 1.4.3 now
follows immediately. [
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