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322 P. KAPLAN AND K. S. WILLIAMS

Throughout this paper, if A is a unitary commutative ring, and

ap, 0, ..., 0, are elements of A, the Z-module generated by a,, a5, ..., 0, is
denoted by [a,,0,,...,0,] and the A-module (ideal) generated by
O, 0, ..., O, by (0, 05, ..., 0,). The product of the ideals (a,, ..., a,,) and
(ay,...,a,) is the ideal (o, a |, ..., 0, ..., 0ya,). If I'is an ideal, we often

write the product ideal (a)/ as al.

2. BASIC DEFINITIONS

Let K be a quadratic field of discriminant Dy. As D, is a discriminant we
have Dy = 0 (mod 4) or Dy = 1 (mod 4). In §2 and §3 K may be real (D, > 0)
or imaginary (D, < 0) but in the remaining sections K will be assumed to be
real. An element o of K can be written o = x + y|/D,, where x and y are
rational numbers. The conjugate of o is the element a = x — y|/D, of K.
The norm of a is the rational number N(a) = oo = x2 — Dyy?. We define
the integer wq of K by

1/ Dy

_2—, if DQEO(mOd4),
2.1) 0o = ¢

1 -
5(1 +1/Dy), if Do=1(mod4).
\

The ring of integers of K is Op, = [1, w,]. For a positive integer f , we set

rl/f)

, if D= 0(mod4)

2.2) D=Dyf?, o = ¢

1
5(1+1/f)), if D=1 (mod4).
\

and
(2.3) Op = [1,®] = [1, foy] .

It is easy to check that Op is the subring of index f in Op,, called the order
of discriminant D. We note that

r
9, if D=0(mod4),
2.4) wr={*
’ D -1
03+( 2 ), if D=1(mod4).
\
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The multiplicative group of K is denoted by K*.
Next we describe the ideals of the order Op. Throughout this paper all
ideals will be nonzero.

PROPOSITION 1. ([10]: Theorem 5.6, [12]: Theorem 3.2) (i) The
(nonzero) ideals of the order Op are the Z-modules

b+)D
2

bl

Izd[a,

where

(2.5) D - b?

IS an integer.
b+)/D b’ +|/D

2

(ii) Two ideals I = d[a, ] and I' =d’ [a’, ] are equal

if, and only if, |d|=

al

d’|,

al=|a’|, b = b’ (mod 2a).

Proof. (i) Let I be a (nonzero) ideal of Op. The set I N Z is a (nonzero)
ideal (ay) of Z. Theset {yeZ:x + yw €1 for some x € Z} is also an ideal (d)
of Z, and, as ayw € I, we see that dlao, say ay = da. Let 0y € ! be such that
0y = by + dw. Appealing to (2.4), we see that

[ dD ‘
b, if D=0(mod4),

way = (b + do) = ¢

D -1
kd(T) +(d+by)w, if D=1(@mod4),

so that d|by, say by = db,. Thus we have 0o = d(b; + ®), which shows that
I2dla, by +®]. Now let B =x+ dywel As P — oy =x—byyeln Z,
there exists k€ Z such that B = ka, + ooy, which shows that I C [a,, 0]
=d[a, by + w]. Hence we have I=4d[ag, b+w]. As dN(b + o)
=db + o) (b +w)el N Z = (da), we see that a divides N(b, + ).

Now let I = d[a, b; + ®], where ¢ = — N(b; + ®)|a is an integer. We
show that 7 is an ideal of Op. It suffices to prove that wa and w(b; + ®)
belong to [a, b; + w]. This follows from

wa = (—by)a + a(b, + )
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and
b +0)= - b1+) (b +w) + (b +0+0) (b +®)
=ca+ (b+0+0) b +0).

We have thus shown that the ideals of Op are the Z-modules d[a, b, + ®],

where ¢ = — N(b, + )|a is an integer. Let b be the integer given by
b= 2b, , if D=0(mod3),
2by +1, if D= 1(mod4),

so that

b+ D Nb +w) b2-D
2 ’ a da

= —cel.

b1+(D:

This completes the proof of Proposition 1 (i).

b+)/D
2

ad, from which Proposition 1 (ii) follows.

. b"+1/D
@) If d [a, ] =d’ [a’, 21/—] we easily see that d|d’, d’|d,

ad

a'd’ and a'd’

1+1/B]
of

Example 1. (1) By Proposition 1 (i) the Z-module A = [3, 5

Oy is not an ideal of Oys as is not an integer. Indeed A is not closed

. 1+ /45
under multiplication by elements of O,s as ——-2—eA but

=—-11¢4.

(=) (57

2 2

of Oy 1s an

1+1/475]

(ii) By Proposition 1 (i) the Z-module B = [11, 5

45 — 1 . )
1S an 1nteger.

ideal of Oy as

b+1/D

If I= a’[a, is an ideal of Op, by Proposition 1 (ii), we see

that GCD(a, b, ¢) does not depend upon the choice of a, b and d. This enables
us to define the concept of a primitive ideal of Op.
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b+)D
2

Definition 1. (Primitive ideal) The ideal 7 = d [a, ] of Op is

called primitive if, and only if,
d = GCD(a,b,c) =1,
where ¢ is defined by (2.5).

Our next result gives some basic properties of primitive ideals.

b+|/D

PROPOSITION 2. ([10}: Theorem 5.9) (i) If I= [a, is a

primitive ideal of Op then

II = (a),

- b—-1D
where I = [a, 2‘/’} is the conjugate ideal of 1.

(ii) If I is a primitive ideal of Op and a€K* issuch that I = al,
then o is a unit of Op.

b+1/D B+)/D

(iii) If I =

a,

are primitive ideals

and J = [A,

1 1
of Op such that —1=2J then I=J and |al=]A|
a

Proof. (i) We have

_ b+)yD b-|/D
Il =aj|aq, , , ¢l .
2 2
, b+D b+}D , ,
The ideal | a, _ _— ¢ | contains the ideal (a, b,c) = (1), so

that 71 = (a).

(ii) As a € K*, there exist B € OF and y € OF such that o = /y. Then, we
have yI = yal = BI, and so, by (i), we obtain (y)(a) = yII = BII = (B)(a),
giving (B) = (y), so that a = B/v is a unit of Op.

(i) We have Al = aJ so that, by (ii), a/4 = + 1 and [ = J.

Next we define the notion of equivalent ideals.

Definition 2. (Equivalent ideals) Two ideals 7 and I’ of Op are said to be
equivalent if there exists p € K* such that I’ = pl.
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Example 2. The ideals

ol 21/2W] - [2,1/50]

[=[7, = [7,6+1/50] and J=[2,

ol
2

of O,y are equivalent as

I=1[7,-8+1/50]
= (;SZ_V?Q) [_g_m’z]
_ (—16+]/200) 2,1/30]
4
= o/,
where @ =— 16: ZOOEK*.

It is clear that the notion of equivalence given in Definition 2 is an
equivalence relation. The equivalence classes are called ideal classes. The ideal
class of the ideal 7 is denoted by C(J). If I' e C(I) and J' € C(J) then I'J" € C(1)),
and we can define multiplication of ideal classes by C() C(J) = C(1J).

Definition 3. (Primitive class) An ideal class of Op containing a
primitive ideal is called a primitive class.

It follows from Proposition 2 (i) that the primitive classes are invertible,
and so form a group Cp with respect to multiplication.

Definition 4. (Ideal class group) The group Cp of primitive classes of the
order Op is called the ideal class group of Op.

The unit class of the ideal class group is called the principal class and
consists of all the principal primitive ideals of Op. In fact Cp is a finite
group.

Next we give a necessary and sufficient condition for two ideals 7 and I’
of Op to be equivalent, and, when [/ and I’ are equivalent, a means of
calculating p in the relationship I’ = p/. It suffices to consider ideals of the
b+

D
form [a, ] that is with d = 1.
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PROPOSITION 3. ([10]: Theorem 5.27) Let

b+1D B+ )/D
Iz[a, /D and J = [A, VD
2 2
be two ideals of Op. Set
b+ /D B+ /D
Y VT T

(i) Theideals I and J areequivalent if, and only if, there exists a 2X2

integral matrix [p q] of determinant € = ps —qr = t1 such that
ro s

_p¢+q
r¢+s'

(ii) If I and J are equivalent the numbers peK* such that J = pl
are given by

A 1 —
(2.6) p=— =e(rp + )
arp + s
and satisfy
A
(2.7) N(p) = ¢ a_ .

Proof. We have J = pl, that is A[1, y] = pa[l, ¢], if, and only if, there

exists an integral matrix [p q] of determinant € = + 1 such that
r s

A = rpap + spa,

(2.8) {
Ay = ppad + gpa .

The equations (2.8) are equivalent to

pd + g A 1
W: ,p - .
ro + s ard +s

This establishes (i) and the first equality of (2.6).

Taking conjugates in (2.8), we have

{A = rpad + spa ,

(2.9) B Y )
Ay = ppad + gpa ,
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so that (2.8) and (2.9) are equivalent to the matrix equality

PE R A N
Ay Al laop ap) lg sl

Taking determinants we obtain
A2y — @) = eppa(d - 9) ,

/D A

—, pp = € —, proving (2.7).
a a

Then the first equality in (2.6) shows that p = e(r¢ + s5), establishing the
second equality in (2.6).

_ D -
which gives, as y — vy =§ and ¢ — ¢ =

b+ /D
2

COROLLARY 1. Let I = [a, ] be a primitive ideal of Op,

b+ 1D
2a

and set ¢ = For qeZ define ¢&',b'a’” and I' by

(2.10)

1 D - b2 b+ D

Then

D — b? b+ /D
(2.11) a’ + bg — aq*e Z, (D':——[,
4a 2a’

Il

and I is a primitive ideal of Op such that

4

a
(2.12) I=—¢T=
a

I.

4

Proof. The formulas in (2.11) for ¢" and ¢’ are easily proved by a
straightforward calculation, and Proposition 3 with p =0, g=1, r =1,
s = — q gives

which is equivalent to (2.12) as ¢’ = —— .
- dq
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By Proposition 1 a primitive ideal I of Op can be written in the form
I = a[l, ¢] (¢ =(b+1/D)/2a), where a is an integer uniquely determined up to
sign by I and a¢ is determined modulo @ by 1.

Definition 5. (Representation of a primitive ideal). Let / be a primitive
ideal of Op. A pair {a, b} such that I = a[l, ¢], where ¢ = (b+]/D)/2a, is
called a representation of 1.

Definition 6. (g-neighbour). When the representation {a, b} of the
ideal I and the representation {a’, b’} of the ideal I’ are related as in (2.10),
we say that {a’, b’} is g-neighbour to {a, b}.

Definition 7. (Lagrange neighbour). When D > 0 and {a’, b’} is g-
neighbour to {a, b} with ¢ = [¢p], we say that {a’, b} is the Lagrange neighbour
of {a, b} and write {a, b} = {a’,b'}.

Definition 8. (Gauss neighbour). When D > 0 and {a’, b’} is g-neighbour
a [a
to {a, b} with g = l_l [r[ q>] , we say that {a’, b’} is the Gauss neighbour of
al |la
{a, b} and write {a, b} 3 {a’,b"}.

Lagrange’s reduction process using Lagrange neighbours is described in § 5
and Gauss’s reduction process using Gauss neighbours in §8.

b+1/D - D
COROLLARY 2. The ideals I = [a, W and J = [c,——bii ,
2
where ¢ is given by (2.5), are equivalent and satisfy
-b+1/D
g =oHVD)
2a

1 b+ /D — 'D
Proof. We have y = — |, where ¢ = ]/-and W:M, SO

¢ 2a 2c

that, by Proposition 3(ii), we have J = pI with p = (- 1)¢ = ﬂl—) .

2a
b+|D
COROLLARY 3. If [ = [a, l/—] and J = [A, w] are two
2
equivalent ideals of Op with I primitive then J is also primitive.

b+|/D B+ /D

Proof. Set ¢ = and y =

™ . As I and J are equivalent,
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+ A 1
by Proposition 3, we have J = pl, where vy :pq) 1 p=

B rq)+s’ ;z_rq)+s
=¢e(rp +s) and € = ps — gr = = 1. Clearly we have

A = ea(rd +5) (rdp+5s) = e(as®+ bsr—cr?) ,

B = A(y+V) = ea(y+ ) (ro+5) (rp+5)
= ga((pd+q) (rd+s) + (PO +q) (rd +5))
= ¢(2asq + b(sp +rq) — 2cpr),

— C = Ayy = eayy(rd +5) (rd+5) = ea(pd+q) (pd +q)
= g(aq*+bgp —cp?) .
Thus A, B, C are integral linear combinations of a, b, c. Similarly, a, b, ¢ are

integral linear combinations of 4, B, C. Hence GCD(A, B, C) = GCD(a, b, ¢)
= 1 so that J is primitive.

3. THE HOMOMORPHISM 6

Let Op and Op. be two orders of Op, with Op. C Op. Then we have
D’ = Df? for some positive integer f. This notation will be used throughout
the rest of the paper. Our aim is to define a surjective homomorphism 6 from
the ideal class group Cp- onto the ideal class group Cp. After proving three
lemmas, we will prove the following theorem.

THEOREM 1. (i) Every class C of Cp contains a primitive ideal 1

[a fb+1/17]
3 2 b

of the form I = where GCD(a, f) = 1, such that the

b+ D

ideal J = [a, is a primitive ideal of Op.

(i) If 1= [a, ﬁ?—z—l/—ﬁ—] (GCD(a, f)=1) and I = [a’, LZI/—D-]

(GCD(a’, f) = 1) are two primitive ideals in the same class C of Cp:

with I' = pl(peK*), then the ideals

b+|/D

2

, b+ YD

2

J = [a, and J' = [a

of Op satisfy J = pJ and are in the same class 0(C) of Cp.
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