Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 35 (1989)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: HURWITZ-RADON MATRICES AND PERIODICITY MODULO 8
Autor: Eckmann, Beno

Kapitel: 3. The homotopy groups of U and 0

DOI: https://doi.org/10.5169/seals-57365

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 10.12.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-57365
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

84 B. ECKMANN

THEOREM 2.3. EUY is the polynomial ring Z[p,].

24. THERING E?.

We denote by o, the generator of EC (= 0 if s = 2,4, 5,6 modulo 8;
determined up to sign if s = 3, 7 modulo 8 where E¢ = Z).

The generator p, (= p}) e EY can be given by a real s-representation
of degree 8 which we can use as generator o,e E9. The ring homo-
morphism @: E¢ - EY induced by the embedding O — U, ®(c,) = p, is
thus an isomorphism E9 = EY. In E¢ the degree of c,0,€e E, 5 is
16d? = d?, . Hence o0, is irreducible, i.e, = + o,, for all 5. In parti-
cular we can choose 6,5 = 6%, 6,3 = 63,..,0g,_; = G&.

PROPOSITION 2.4. The isomorphism E?2 = E% ¢ can be given by the
product with o, e E9.

PROPOSITION 2.5. o,€ EY generates a subring of ES which is the
polynomial ring Z[c-].

We further note that c;e E$ is mapped by ® to 2p;e EY. From
O(c3) = 4p% = 4p, = ®(4o,) we infer that 6% = 45,. As for o, e EY,
it is of degree 1 and order 2, and c}eE{ is of degree 2 and order 2,
ie,o0d = o,. Of course 3 = 0.

In summary:

THEOREM 2.6. E$ is the commutative ring, graded by s +
E9, generated by o©,,G3,0, with the only relations 26, = 0, G

1 for
0 =0,
c3 = 40,.

3. THE HOMOTOPY GROUPS OF U AND O

3.1. We will deal explicitly with the unitary case. The orthogonal case
can be treated in almost exactly the same way; any additional arguments
will be mentioned wherever necessary.

In the Introduction 0.1 we associated with a set of s unitary n x n
-HR-matrices, i.e., with an e-representation of G,, a map f:S° — U of the
s-sphere S* < R**! into the infinite unitary group U via U(n). Since con-
jugation is homotopic to the identity, equivalent representations yield homo-
topic maps f (in the orthogonal case, we have to observe that conjugation
can be made with a matrix from the identity component). The map
¢: DY — r (U) thus obtained is a homomorphism; indeed, homotopy group
addition of f and f’ in m,(U(n)) can be replaced by multiplication in



HURWITZ-RADON MATRICES 85

0
U(n); this is homotopic in U(2n) to the map <g f')’ and on the other

hand addition in DV is defined through the direct sum of representations.

If the e-representation is restricted from DY, , , i.e., if the set of HR-matrices
belongs to a set of s + 1 HR-matrices, f extends to a map S**! — U and
is thus nullhomotopic. The homomorphism ¢ therefore induces a homo-
morphism EY — n (U), again written ¢. The analogue E¢ — n (0) will be
denoted by V. The groups EY and E? are 0 or cyclic generated by
irreducible e-representations, i.e., by HR-matrices of minimal size. Our claim,
Theorem A, can therefore be reformulated as follows.

THEOREM B. The homomorphisms ¢:EY — n,(U) and {:E9 - n (0)
are isomorphisms, s = 0,1,2, ... .
3.2.  For small values of s the claim is easily checked.

Case U
s = 1: EY can be generated by one HR-matrix 4, = (i). Thus

f(xo,x1) = (xo+ix;) e U(1)

if x§ + x7 = 1. This is a generator of n,(U(1)) = n,(U) = Z.
s = 3: EYis generated by 3 HR-matrices

()

Xotix;  X,+ix;

Thus

f(x07x19x2>x3)=< >ESU(2)

—X,+tixX; Xo—ix,

3

if Y} x? = 1. This is a generator of‘n3(SU(2)) [=m5(S%)] = n,y(U) = Z.

0

Case O

s = 0: Empty set of HR-matrices, f(x) = (xo) € O(1)if x2 = 1, x, = =+ 1.
This is a generator of 1o(O(1)) = ny(0) = Z/2.

s = 1: E9is generated by one HR-matrix A = < 1 1>. Thus

S0, x;) = ( Yoo

*Xl xO

) e SO(2)
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if x§ + x{ = 1. This is a generator of ©,(SO(2)) = Z; as a map S! — SO(3)
it is a generator of m,(SO(3)) = =,(0) = Z/2.
's = 3: EYis generated by three 4 x 4 HR-matrices which yield

f(xo,X1,%,,%x3) = — X1 Xog X3 —Xx, \€S04)

3
if > x? = 1. This is a map S* — SO(4) which is well-known to become,
0

under SO(4) — SO(5), a generator of n5(SO(5)) = n4(0) = Z.

3.3. The proof of Theorem B becomes very simple if ¢ and  are turned
into ring homomorphisms EY — n,(U) = @ ny(U) (n_, = Z generated by
-1

the ring unit) and EJ — n,(0). For this purpose we have to define a
product in n (U) and =, (0), graded by s + 1 for m,. This is done by
extending the product introduced in 2.2 from linear maps f:S°* —- U or O
to arbitrary continuous maps.

Given a continuous map f:S° — U via U(n),

S* = {x = (Xg, X1, X;) ERTL  with [x]| = 1},

we extend it to fo:R*"! = M (C) by fox) = | x| f(—x—>, fo(0) = 0.

| x |
Similarly for g: S* — U via U(m), S' = {ye R*""! with | y| = 1}. Then

folx) ® E, E, ® go(y) )
—E,® 9,007 fo®»' ® E,
is a unitary 2nm x 2nm matrix for all (x, y) e R¥**"2 with [x |2 + | y]2 = 1

%and thus defines a map F:S*"'*! — U via U(2nm). Homotopic maps f,
or g respectively, yield homotopic F and we obtain a product F = fug

F(x, y) =(

Tcs(U) X nt(U) _\f) Tcs+t+1(U) .

%From the description of homotopy group addition in w,(U) as given above
lin 3.1 one easily checks that f U g is distributive. Thus m,(U) is a ring,
and so is m,(0), graded by s + 1 for x,(U) or 7,(0).

434 Bott periodicity is usually expressed in terms of complex and real
K-theory. We thus use the isomorphisms
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n(U) = K571 and  7,(0) = Kg(S™H7).

We recall that m,(U) = K(S**1) is obtained through i, (U) = KB, §°
where B*! is the unit ball {x e R°"%,| x| < 1}; the element corresponding
to f e m,(U) is given by two (trivial) C-vector bundles over Bs*1 identifiec
on S° by means of f. It will not come as a surprise that f ug above
corresponds to the u-product

KC(BS+1, SS) X KC(B1+1,St) N KC(BS+t+2, Ss+t+1)

given by the external tensor product of bundles. Indeed the map f U ¢
— F:S$s*'*1 5 U via U(2mnm) can be interpreted as follows: One decom
poses SFITL < RSTIT2 (coordinates Xg, Xy, . Xgs Vo, V1o Ve With [ X7

1 :
+ |y|?=1) into {] x|? <%,|y|2 25} homeomorphic to B*™! x S anc

{Ix]? > %, |y|? < 5} homeomorphic to §* x B'*!; the map F is

I

(f(X)®Em __0 ) on Ssx(O),i.e.y- O,'Xl—-—l,
0 fx)" ® E,

( 0__ En®g(y)> on (0) x Shiex=0,|y]=1.

Under K(BS*Y, §5) = K(S°*!) one then has a graded ring structure i1
@D Izc(SS“) isomorphic to m(U). According to the Bott periodicity theoren
-1

(see [K], p. 123) this ring is the polynomial ring Z[a] generated By the
generator of K(S?); ie, m(U) is the polynomial ring generated by th
generator a of m,(U).

Similarly, n,(O) 1s the commutative ring with generators b, e my(O
by € n4(0), b,emn,(0) with relations 2b, = 0, b3 = 0, b3 = 4b, ([K
p. 156-157).

To prove Theorem B we therefore only have to show:

Case U. p,; € EY is mapped by ¢ to a € n,(U).
Case 0. o©,€ EJ is mapped by \ to by € 15(0) and o3 € E§ to by € 1140
This has already been done in 3.2.
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