Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 35 (1989)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: AN ALGEBRAIC PROOF OF VAN DER WAERDEN'S THEOREM

Autor: Bergelson, Vitaly / Furstenberg, Hillel / Hindman, Neil / Katznelson,
Yitzhak

Kapitel: 3. Van der Waerden's Theorem

DOI: https://doi.org/10.5169/seals-57373

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 20.01.2026

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-57373
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

VAN DER WAERDEN’S THEOREM 213

To see that A is in fact a minimal left ideal, assume we have a left
ideal B < A and pick x e B. Then as above S + xe ./ while S + x = §
+B<BcAsoS+x=AsoB=A4 [J

2.3 Definition. Let S be a semigroup. Then M(S) = u {L: Lis a minimal

left ideal of S}.
It is a fact (which we will not need) that if S is a compact Hausdorff

right topological semigroup, then M(S) is a two-sided ideal of S.

24 LemMA. Let S be a compact Hausdorff right topological semigroup
and let 1 be a two-sided ideal of S. Then M(S) # @ and M(S) < I.

Proof. Since S is a left ideal of S it contains by Lemma 2.2 a minimal
left 1deal so M(S) # . So see that M(S) = I, let x e M(S). There is a
minimal left ideal L of § with xe L. Also choose some yel. Then
y+xeLnl (since I is a right ideal) so LI # @. Thus LN 1 is a
left ideal contained in L sothat L~ I = L. ]

The proof of the following lemma is an easy exercise and we omit it.

2.5 LeMMA. Let S; and S, be compact right topological semigroups
and let S, x S, have the product topology and coordinatewise operations.
Then Sy x S, is a compact right topological semigroup. Given x¢€ S,
and yeS,,\. and L, may or may not be continuous (where A (t)=x+1 ).
If A:Sy—S8; and \,:S,— S, are continuous, then A, ,:S; x S,
— Sy X S, s continuous.

3. VAN DER WAERDEN’S THEOREM

We let e N be fixed throughout and show that given any finite
partition of N some one cell contains a length [ arithmetic progression.

3.1 Definition. (a) Let Y = (BN)' with the product topology and
coordinatewise operations.

(b) E* ={(a,a+da+2d.,a+ (-1)d):aeNanddeNu {0}}.

© I* ={aa+da+2d.,a+ (-1)d):adeN.

(dy E = cly E*

() I = clyI*.

Note that by Lemmas 1.1 and 2.5, Y is a compact Hausdorff right
topological semigroup and whenever x = (x,, x,, ..., x;)eN, A, is
continuous.
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32 LeMMA. E is a compact Hausdorff right topological semigroup
and I is a two sided ideal of E.

Proof. Compactness is immediate and the Hausdorff property and
right continuity are inherited from Y. We let p = (py, p,,..p;) and
q = (41,92, q) be members of E and show that p + qe E. We show
further that if either p or qisin I, then p + q e I

To see that p + qe E, let U be a neighborhood of p + q. By the
continuity of p,, pick a neighborhood V of p with V + q = p,[V] = U.
Since p € ¢l E* we may pick a e N and d € N U {0} with

(a,a+d, a+2d,..,a+(1—1d)e V.

If p € I we may presume d # 0. Let x = (a, a+d, a+2d, ..., a+(I—1)d). Then
x eV so x + qe U. By the continuity of A, , pick a neighborhood W of q
with x + W = A [W] < U. Since qecl E*, pick beN and ceN u {0}
(with ¢ # 0 if qel) such that (b,b+c,b+2¢c,..,b+(I—1)c)e W. Let
y = (b,b+c,b+2¢, ... b+(I—1)c). Then x + ye U n E*. If either d # 0 or
c#0,thenc+d#0sox +yeUnI* [

3.3 THEOREM. Let pe M(BN) and let p = (p,p,...,p). Then pel.

Proof. We first show that pe E. Let U, x U, x .. x U, be a basic
neighborhood of p. Then U; n U, n..n U, is a neighborhood of p in
BN. Since N is dense, pick ae N n (U;nU,Nn..nU,). Then (a, q, ..., a) € E*
N(U;xU,x..xU,). Thuspecl E* = E.

Since p € M(BN), there is a minimal left ideal L of BN with pe L.
Since E + p is a left ideal of E, pick by Lemma 2.2 a minimal left
ideal L* of E with L* < E + p. Since L* is closed, hence compact, pick
by Lemma 2.1 an idempotent q = (¢;, g5, .., q;) In L*. Nowqe L* < E + p
so pick some s = (S;, S5, ..., 5;) In E withq = s + p.

We show that p + q = p. To this end let ie {1,2,..,1}. Now g; = s
+ peLso BN + g; < BN + L < L. Thus BN + g¢; 1s a left ideal contained
in the minimal left ideal L so that BN + ¢; = L. Thus since p € L there
exists t;e BN with t;,+ ¢, =p. But then p+¢q,=t;+¢q, + q; = t;
+ g; = p as required.

Since pe E and qe L*, a left ideal of E, we have p =p + qe L*
so that p € M(E). Thus by Lemma 2.4, pe L.

3.4 COROLLARY (van der Waerden). Let me N and let {A,, Ay, ..., A}
be a partition of N. There exist i€{l,2,..,m} and a,deN with
{a,a + d,a + 2d,...,a + (I-1)d} = A;.
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Proof. By Lemma 24 M(BN)# @ so pick pe M(BN) and let
p=(pp,..,p). By Lemma 12 pick ie{l,2,..,m} such that cl 4, is a
neighborhood of p and let U = ¢l 4;. Then U x U x .. x U is a neigh-
borhood of p while, by Theorem 2.3, pel = clI*. Pick a,d e N with
(a,a+d,a+2d,...,a+(—1)d)e U x U x .. x U. Then

(a,a +da+2d,.,a+(-1)d} cUNN=(lA4)nN=A4;. [

We remark that if one starts with the free semigroup on [ letters in
place of N, essentially the same proof yields the Hales-Jewett Theorem.
See [3] for the details.
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