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To see that A is in fact a minimal left ideal, assume we have a left
ideal B < A and pick x e B. Then as above S + xe ./ while S + x = §
+B<BcAsoS+x=AsoB=A4 [J

2.3 Definition. Let S be a semigroup. Then M(S) = u {L: Lis a minimal

left ideal of S}.
It is a fact (which we will not need) that if S is a compact Hausdorff

right topological semigroup, then M(S) is a two-sided ideal of S.

24 LemMA. Let S be a compact Hausdorff right topological semigroup
and let 1 be a two-sided ideal of S. Then M(S) # @ and M(S) < I.

Proof. Since S is a left ideal of S it contains by Lemma 2.2 a minimal
left 1deal so M(S) # . So see that M(S) = I, let x e M(S). There is a
minimal left ideal L of § with xe L. Also choose some yel. Then
y+xeLnl (since I is a right ideal) so LI # @. Thus LN 1 is a
left ideal contained in L sothat L~ I = L. ]

The proof of the following lemma is an easy exercise and we omit it.

2.5 LeMMA. Let S; and S, be compact right topological semigroups
and let S, x S, have the product topology and coordinatewise operations.
Then Sy x S, is a compact right topological semigroup. Given x¢€ S,
and yeS,,\. and L, may or may not be continuous (where A (t)=x+1 ).
If A:Sy—S8; and \,:S,— S, are continuous, then A, ,:S; x S,
— Sy X S, s continuous.

3. VAN DER WAERDEN’S THEOREM

We let e N be fixed throughout and show that given any finite
partition of N some one cell contains a length [ arithmetic progression.

3.1 Definition. (a) Let Y = (BN)' with the product topology and
coordinatewise operations.

(b) E* ={(a,a+da+2d.,a+ (-1)d):aeNanddeNu {0}}.

© I* ={aa+da+2d.,a+ (-1)d):adeN.

(dy E = cly E*

() I = clyI*.

Note that by Lemmas 1.1 and 2.5, Y is a compact Hausdorff right
topological semigroup and whenever x = (x,, x,, ..., x;)eN, A, is
continuous.
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32 LeMMA. E is a compact Hausdorff right topological semigroup
and I is a two sided ideal of E.

Proof. Compactness is immediate and the Hausdorff property and
right continuity are inherited from Y. We let p = (py, p,,..p;) and
q = (41,92, q) be members of E and show that p + qe E. We show
further that if either p or qisin I, then p + q e I

To see that p + qe E, let U be a neighborhood of p + q. By the
continuity of p,, pick a neighborhood V of p with V + q = p,[V] = U.
Since p € ¢l E* we may pick a e N and d € N U {0} with

(a,a+d, a+2d,..,a+(1—1d)e V.

If p € I we may presume d # 0. Let x = (a, a+d, a+2d, ..., a+(I—1)d). Then
x eV so x + qe U. By the continuity of A, , pick a neighborhood W of q
with x + W = A [W] < U. Since qecl E*, pick beN and ceN u {0}
(with ¢ # 0 if qel) such that (b,b+c,b+2¢c,..,b+(I—1)c)e W. Let
y = (b,b+c,b+2¢, ... b+(I—1)c). Then x + ye U n E*. If either d # 0 or
c#0,thenc+d#0sox +yeUnI* [

3.3 THEOREM. Let pe M(BN) and let p = (p,p,...,p). Then pel.

Proof. We first show that pe E. Let U, x U, x .. x U, be a basic
neighborhood of p. Then U; n U, n..n U, is a neighborhood of p in
BN. Since N is dense, pick ae N n (U;nU,Nn..nU,). Then (a, q, ..., a) € E*
N(U;xU,x..xU,). Thuspecl E* = E.

Since p € M(BN), there is a minimal left ideal L of BN with pe L.
Since E + p is a left ideal of E, pick by Lemma 2.2 a minimal left
ideal L* of E with L* < E + p. Since L* is closed, hence compact, pick
by Lemma 2.1 an idempotent q = (¢;, g5, .., q;) In L*. Nowqe L* < E + p
so pick some s = (S;, S5, ..., 5;) In E withq = s + p.

We show that p + q = p. To this end let ie {1,2,..,1}. Now g; = s
+ peLso BN + g; < BN + L < L. Thus BN + g¢; 1s a left ideal contained
in the minimal left ideal L so that BN + ¢; = L. Thus since p € L there
exists t;e BN with t;,+ ¢, =p. But then p+¢q,=t;+¢q, + q; = t;
+ g; = p as required.

Since pe E and qe L*, a left ideal of E, we have p =p + qe L*
so that p € M(E). Thus by Lemma 2.4, pe L.

3.4 COROLLARY (van der Waerden). Let me N and let {A,, Ay, ..., A}
be a partition of N. There exist i€{l,2,..,m} and a,deN with
{a,a + d,a + 2d,...,a + (I-1)d} = A;.
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Proof. By Lemma 24 M(BN)# @ so pick pe M(BN) and let
p=(pp,..,p). By Lemma 12 pick ie{l,2,..,m} such that cl 4, is a
neighborhood of p and let U = ¢l 4;. Then U x U x .. x U is a neigh-
borhood of p while, by Theorem 2.3, pel = clI*. Pick a,d e N with
(a,a+d,a+2d,...,a+(—1)d)e U x U x .. x U. Then

(a,a +da+2d,.,a+(-1)d} cUNN=(lA4)nN=A4;. [

We remark that if one starts with the free semigroup on [ letters in
place of N, essentially the same proof yields the Hales-Jewett Theorem.
See [3] for the details.
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