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AN ALGEBRAIC PROOF OF VAN DER WAERDEN'S THEOREM

by Vitaly BERGELsON, Hillel FURSTENBERG, Neil HINDMAN,
and Yitzhak KATZNELSON 1)

0. INTRODUCTION. In 1927 van der Waerden [9] proved that if the
natural numbers N are partitioned into finitely many classes in any way
whatever, one of these classes contains arbitrarily long arithmetic progressions.
Since then several different proofs have been given, most of them of a
combinatorial nature ([5], [7], and [8]), and one proof [4] based on ideas
of dynamics. We present here yet another proof whose basic idea is algebraic
and which makes essential use of the Stone-Cech compactification of the
natural numbers. While the proof is not elementary it is a conceptual proof
which presents in a simple context algebraic and topological machinery
which is useful in dealing with a variety of combinatorial questions. In
particular it confirms that the Stone-Cech compactification which has shown
up in a number of other questions in Ramsey Theory plays a significant
role also for one of the best known results in Ramsey Theory — van der
Waerden’s Theorem.

To underscore the algebraic ingredients of the proof, let us state a
theorem regarding finite semigroups which embodies the kernel of our
argument. So let S be a finite semigroup whose operation will be denoted
by multiplication. We say J is a (two-sided) ideal in S if SJ < J and
JS = J. If S is a semigroup denote by S' the I-fold cartesian product
of S with itself. S will denote the diagonal of S', i.e. S, = {(x, X, .., x): x € S}.
Then S} and S' are themselves semigroups with the coordinatewise
operations.

0.1 'THEOREM. Assume S is a finite semigroup. If R is a semigroup
in S' with Sy R and if J is any two-sided ideal of R, then J
must meet S .

') The authors acknowledge research support from the following sources:
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In general this result does not hold for infinite semigroups. We invite
the reader to find a counterexample for S = (Z, +). However it does hold for
compact semigroups as we will show implicitly in the proof of Theorem 3.3.
(Of course the finite version is then a special case.)

We intend to apply this theorem to the natural numbers N by compac-
tifying N in such a way so as to obtain a compact semigroup; this is the
role of the Stone-Cech compactification PN of N. We obtain a theorem
about PN which when unraveled becomes exactly van der Waerden’s
Theorem.

We warn the reader that in the compactification of N the operation of
addition will be extended with the usual notation +. However the semigroup
will not be commutative and so one has to accustom oneself to non-
commutative addition.

1. SEMIGROUP PROPERTIES OF BN

Any completely regular Hausdorff space has a maximal compactification,
the Stone-Cech compactification. In particular the discrete space N of
positive integers has a Stone-Cech compactification BN which is characterized
by: (1) BN is a compact Hausdorff space; (2) N is a dense subset of BN;
and (3) given any compact Hausdorff space Y and any f: N — Y there is a
continuous extension fP: BN — Y, (thatis [P |y = f).

Our proof of van der Waerden’s Theorem is based on the fact that the
operation of ordin4ry addition extends to BN as an operation which we
denote by +. BN under this operation will be a semigroup in which the
operation of addition is continuous in a restricted way. Namely let (S, +)
be a semigroup with S a topological space and define functions p, and A,
for each xe S by p,(y) = y + x and A (y) = x + y. If one requires only
that p, be continuous, S is called a right topological semigroup.

1.1 LeMMA. There is an operation + on PN such that BN is a
compact right topological semigroup, + extends ordinary addition on N,
and N\, is continuous for each ne N.

Proof. We extend + in stages, starting with 4 defined on N x N.
Given n e N, consider f,: N — BN defined by f,(m) = n + m. Then each f,
~ has a continuous extension fP:BN — BN. For ne N and p € BN\N define
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n+p= fP(p). (Then for ne N and any peBN, n + p = f(p) since if
peN, f¥p) = fip) = n+ p) Now + is defined on N x BN. Given
p € BN define g,: N — BN by g,(n) = n + p. Then each g, has a continuous
extension g?: BN — BN. Then for p € BN and g € PN\N define g + p = g9%q).
(Again if p, g are any points in BN we have ¢ + p = 9%9).)

Since for any neN, A, = f? and for any pe BN, p, = g5, the con-
tinuity assumptions are immediate. Thus we need only check that the
operation is associative. To this end let p, g, r € BN. Observe that p + (g+7)
= p,+.p) while (p+¢q) + 7 = (p, ° py) (p) so by continuity it suffices to show
py+r and p,op, agree on the dense subset N of BN. Let ne N. Then

Pgirn) = n 4+ (g+1r) = (X, p,) (@)
and  (p,op)(n) = (n+q) + 1 = (p,°A)(q)-

Again by continuity, it suffices to show XA,op, and p,o A, agree on N.
Let m € N. Then

(hyop)(m) = n+ (m+r) = (A, oLy, (F)
while

(py o M) (m) = (n4m) + 1 = A1)

Thus it finally suffices to show A, A, and A,., agree on N. Let te N.
Then (A, o X,)(t) = n+ (m+t) = (n+m) +t = A, ,(t) as required. [

The main fact about BN making it useful for van der Waerden’s
Theorem and similar results is the content of the following lemma.

1.2 Lemma. If {A,,A,,.,A,} is a finite partition of N,
then {cl Ay,cl A,,..,clA,} is a partition of BN such that for each
ie{l,2,..,m}, cl A; is open.

Proof. Let Y = {1,2,..,m} with the discrete topology and define
fi:N =Y by f(n) =i if and only if ne 4;. For each ie{1,2,..,m}, let
B, = {peBN: f¥p) = i}. Then immediately {B,, B,, ..., B,,} is a partition of
BN. Further, given i€ {1,2,..,m}, B; = (f®)7'[{i}]. Since {i} is open and
closed in Y and fP is continuous, B; is open and closed. Since A, = B,
one has cl A; = B;. To see that B; = ¢l 4;, let xe B; and let U be a

neighborhood of x. Since X is dense in BN, pick ye N n (UnB,). Since
yeB;, f(y) =isoyeA;. Thus U n 4; # @ as required. []
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2. MINIMAL LEFT IDEALS IN RIGHT TOPOLOGICAL SEMIGROUPS

We present in this section several well known facts which are not usually
seen 1n early graduate courses.

2.1 Lemma (Ellis [2]). Let S be a compact Hausdorff right topological
semigroup. Then S has an idempotent, that is there exists xeS with
X+ X = X.

Proof. Letso/ = {A < S:A# @, Aiscompact,and A + A < A}. Now
o # @ since Se.o/. Let ¥ be a chain in A. Then ¥ is a collection of
closed subsets of S with the finite intersection property so N% # Q@
and N% 1s compact. Trivially (%) + (n¥) = Nn¥%. Pick by Zorn’s Lemma a
minimal member 4 of 7.

Pick xe 4 and let B = A + x. Now B = p,[A] (={p.(y): yed}) so, as
the continuous image of a compact set, B is compact (and trivially non-empty).
Also B+ B=A+x+A+x<A+A+A+x< A+ x = B. Thus
Bes/. Since B=A+x< A+ A< A and A4 is minimal, B = A4 so
x € B = A + x. That is, there exists ye A with x = y + x.

Let C = {ye A:x = y + x}. p, is continuous so py '[{x}] is closed.
Thus C 1s closed, hence compact. To see that C + C = C, let y,ze C.
Then y +zeA and (y+2)+x =y +(z+x) =y +x =x5s0 y + zeC.
Thus Ce /. Since C € A and A i1s minimal, C = A. Then xe C and
hence x + x = x. [

A non-empty subset I of a semigroup S is a left ideal if S + I = I,
a right ideal if I + S < I, and a two-sided ideal if it is both a left ideal
and a right ideal. It 1s a fact (which we will not need) that any right ideal
in a compact right topological semigroup contains a minimal right ideal,
which need not be closed. (For this and other interesting facts see [1].) We
do need a similar fact about left ideals.

22 LeEMMA. Let S beacompact Hausdorff right topological semigroup.
Any left ideal contains a minimal left ideal and minimal left ideals are closed.

Proof. Let L be a left ideal of S. Let of = {4 < L: A4 is a left ideal
and A is compact}. Choose x € L. Then S + x = p,[S], the continuous image
of a compact space. Also S + (S+x) = (S+S)+x<=S+xs0oS + xisa
left ideal. Since S + x €S + L < L, we have o« # (). One easily sees
that the intersection of a chain in 7 i1s again in /. Choose by Zorn’s
Lemma a minimal member 4 of 7.
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To see that A is in fact a minimal left ideal, assume we have a left
ideal B < A and pick x e B. Then as above S + xe ./ while S + x = §
+B<BcAsoS+x=AsoB=A4 [J

2.3 Definition. Let S be a semigroup. Then M(S) = u {L: Lis a minimal

left ideal of S}.
It is a fact (which we will not need) that if S is a compact Hausdorff

right topological semigroup, then M(S) is a two-sided ideal of S.

24 LemMA. Let S be a compact Hausdorff right topological semigroup
and let 1 be a two-sided ideal of S. Then M(S) # @ and M(S) < I.

Proof. Since S is a left ideal of S it contains by Lemma 2.2 a minimal
left 1deal so M(S) # . So see that M(S) = I, let x e M(S). There is a
minimal left ideal L of § with xe L. Also choose some yel. Then
y+xeLnl (since I is a right ideal) so LI # @. Thus LN 1 is a
left ideal contained in L sothat L~ I = L. ]

The proof of the following lemma is an easy exercise and we omit it.

2.5 LeMMA. Let S; and S, be compact right topological semigroups
and let S, x S, have the product topology and coordinatewise operations.
Then Sy x S, is a compact right topological semigroup. Given x¢€ S,
and yeS,,\. and L, may or may not be continuous (where A (t)=x+1 ).
If A:Sy—S8; and \,:S,— S, are continuous, then A, ,:S; x S,
— Sy X S, s continuous.

3. VAN DER WAERDEN’S THEOREM

We let e N be fixed throughout and show that given any finite
partition of N some one cell contains a length [ arithmetic progression.

3.1 Definition. (a) Let Y = (BN)' with the product topology and
coordinatewise operations.

(b) E* ={(a,a+da+2d.,a+ (-1)d):aeNanddeNu {0}}.

© I* ={aa+da+2d.,a+ (-1)d):adeN.

(dy E = cly E*

() I = clyI*.

Note that by Lemmas 1.1 and 2.5, Y is a compact Hausdorff right
topological semigroup and whenever x = (x,, x,, ..., x;)eN, A, is
continuous.
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32 LeMMA. E is a compact Hausdorff right topological semigroup
and I is a two sided ideal of E.

Proof. Compactness is immediate and the Hausdorff property and
right continuity are inherited from Y. We let p = (py, p,,..p;) and
q = (41,92, q) be members of E and show that p + qe E. We show
further that if either p or qisin I, then p + q e I

To see that p + qe E, let U be a neighborhood of p + q. By the
continuity of p,, pick a neighborhood V of p with V + q = p,[V] = U.
Since p € ¢l E* we may pick a e N and d € N U {0} with

(a,a+d, a+2d,..,a+(1—1d)e V.

If p € I we may presume d # 0. Let x = (a, a+d, a+2d, ..., a+(I—1)d). Then
x eV so x + qe U. By the continuity of A, , pick a neighborhood W of q
with x + W = A [W] < U. Since qecl E*, pick beN and ceN u {0}
(with ¢ # 0 if qel) such that (b,b+c,b+2¢c,..,b+(I—1)c)e W. Let
y = (b,b+c,b+2¢, ... b+(I—1)c). Then x + ye U n E*. If either d # 0 or
c#0,thenc+d#0sox +yeUnI* [

3.3 THEOREM. Let pe M(BN) and let p = (p,p,...,p). Then pel.

Proof. We first show that pe E. Let U, x U, x .. x U, be a basic
neighborhood of p. Then U; n U, n..n U, is a neighborhood of p in
BN. Since N is dense, pick ae N n (U;nU,Nn..nU,). Then (a, q, ..., a) € E*
N(U;xU,x..xU,). Thuspecl E* = E.

Since p € M(BN), there is a minimal left ideal L of BN with pe L.
Since E + p is a left ideal of E, pick by Lemma 2.2 a minimal left
ideal L* of E with L* < E + p. Since L* is closed, hence compact, pick
by Lemma 2.1 an idempotent q = (¢;, g5, .., q;) In L*. Nowqe L* < E + p
so pick some s = (S;, S5, ..., 5;) In E withq = s + p.

We show that p + q = p. To this end let ie {1,2,..,1}. Now g; = s
+ peLso BN + g; < BN + L < L. Thus BN + g¢; 1s a left ideal contained
in the minimal left ideal L so that BN + ¢; = L. Thus since p € L there
exists t;e BN with t;,+ ¢, =p. But then p+¢q,=t;+¢q, + q; = t;
+ g; = p as required.

Since pe E and qe L*, a left ideal of E, we have p =p + qe L*
so that p € M(E). Thus by Lemma 2.4, pe L.

3.4 COROLLARY (van der Waerden). Let me N and let {A,, Ay, ..., A}
be a partition of N. There exist i€{l,2,..,m} and a,deN with
{a,a + d,a + 2d,...,a + (I-1)d} = A;.
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Proof. By Lemma 24 M(BN)# @ so pick pe M(BN) and let
p=(pp,..,p). By Lemma 12 pick ie{l,2,..,m} such that cl 4, is a
neighborhood of p and let U = ¢l 4;. Then U x U x .. x U is a neigh-
borhood of p while, by Theorem 2.3, pel = clI*. Pick a,d e N with
(a,a+d,a+2d,...,a+(—1)d)e U x U x .. x U. Then

(a,a +da+2d,.,a+(-1)d} cUNN=(lA4)nN=A4;. [

We remark that if one starts with the free semigroup on [ letters in
place of N, essentially the same proof yields the Hales-Jewett Theorem.
See [3] for the details.
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