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For n =38, the X,Y,C and D are Cayley numbers. On putting
X =¢ Y=4d, C=x and D =y, we can see immediately that the
projection (4.9) and the coordinate functions (4.10") and (4.11") are exactly
those of the linear bundle 4 constructed by N. Steenrod in [5, pp. 109-110].
Therefore, this linear bundle % of Steenrod and the linear bundle &% in
Theorem 4.2 are two slightly different representations of the same bundle.

5. COMPARISON OF OUR BUNDLES WITH THE HOPF-STEENROD BUNDLES

In § 3, we constructed the sphere bundles
g, =ES*""Lo,ns" G,), n=24238,

with fibers lying on mutually isoclinic n-planes in R*". In §4, we gave a
unified treatment of the classical Hopf-Steenrod sphere bundles

HSL, = (S8 p, "L 0m), n=2438,

using, as N. Steenrod did, the Hopf map and the hypercomplex systems of
complex numbers, quaternions and Cayley numbers. In this section we shall
prove that (i) the Hopf fibering S*"~* — §” and our maximal set of mutually
isoclinic n-planes in R?" are equivalent concepts (Theorems 5.1 and 5.2),
and (ii) the representative coordinate bundles constructed in §3 and §4
for the bundles .4, and #%, are topologically essentially the same
(Theorem 5.3). For convenience, the theorems will be stated and proofs
given for the case n = 8 only. Similar theorems hold for the cases
n = 2,4, and their proofs follow the same line and are simpler.

THEOREM 5.1. For n = 8, let us identify the space Qg of Cayley
numbers with R® by regarding the Cayley number
X = (xl +xZi+X3]+x4k 5 x5+x6i+x'7]+x8k)

as the point in R® with rectangular coordinates (X, .., Xg), and the space
Qs X Qg of ordered pairs of Cayley numbers with R® x R® = R'® by
regarding the ordered pair
(X, Y) = ((cy + x50+ Xaj + X4k , X5+ X6i+ X7+ Xxgk),
(Xo+ X0l + X1+ X12Kk, X153+ X140+ X1 5f+ X1 6k))
as the point in R with rectangular coordinates (Xy,..,Xg;Xg, -y X16).
Then, written in terms of x = [x; .. xg] and y = [Xg .. X16],
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(i) the equation X = 0 becomes x = 0;

(ii) the equation Y = CX becomes y = xB(A), where B(\) is the
8 x 8 matrix in Theorem 1.6 (iii) and A\ = (Ag, Ay, ..., A7) is related to
C by

(5.1) C = (Mgt hyithgf+Ask, hythsithgi+Ak).

Proof. Since (i) is obvious, we shall prove (ii) only. Let X = (p, q),
Y = (r,s) and C = (a, b). Then the equation ¥ = CX is

(r,s) = (a,b) (p, 9 = (ap—q*b, gqa+bp*),
1e.,

(Xo+Xq0i Xy 1+ X0k, X13+%404 X, 5]+ X1 6k)
X (X1 4+ Xl 4+ X3+ X4k, X5+ Xgl+ X] + Xgk)
= (Mo +Ayi+ g+ A3k) (x4 X0+ X + x,4K)
—_ (x5 —‘X6i—x7j_.x8k) (}\44+>\451+>\16]+7\47k) .
(x5 4+ xgi 4 Xx7] + xgk) (Mg + A+ A yj + Ask)
+ (Mg +Asi+Ag +Aqk) (x; — X o0 —X3j — x4k))
= ((hoxy—Ayx; —Ayx3—h3Xy) — (xsAg+X6hs+X7hg + Xgh)
+ (XoX2+7\1X£+7¥2x4_)¥3X3)i - (x5K5—x67\‘4—x77\,7+x87n6)i
+ (K0x3—7u1x4+7»2x1 +X3x,)j] — (x5x6+x67”7"_x7}”4_"x8}“5)j
+ (7&0X4_+>L1X3_7\«2X2+)\43X1)k - (XS)\47hX67\46+X77L5—‘x87\44)k Py
(5ho—Xehy —X7h, — Xghs) + (Aax1+Asxy+Aexs+Aqxy)
+ (Xshi+x6ho +X7hs —Xghy)i 4 (—Ayxy 4+ hsx; — hgXy + Ayxs)i
+ (xshy —XgAs+X7ho + XA )] + (-7»4x3+7»5x4+7h6x1~k7x2)j
+ (XsAhz+ Xk, — X7 +xgho)k + (—k4x4—k5x3+7»6x2+7»7x1)k),

which is easily seen to be equivalent to

[Xg ...X16] = [X1 ...xg]

' ; Le. to y = xB(\).
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An immediate consequence of Theorem 5.1 and Theorem 1.6 (iii) is the
following

THEOREM 5.2. The Hopf fibering S*> — S® and our maximal set of
mutually isoclinic 8-planes in R'® are equivalent concepts. More precisely,
under the identification of Qg x Qg with R® described in Theorem 5.1,
the set of Qg-lines {X = 0,Y = CX} in Qg x Qg corresponds to the
maximal set ®g of mutually isoclinic 8-planes {x = 0,y = xB(A\)} in R'®.

(In Appendix 2, we shall prove, by working directly with Cayley numbers,
that the Qg-lines, regarded as 8-planes in R*®, are mutually isoclinic 8-planes.)

We are now ready to prove our main

THEOREM 5.3. The representative coordinate bundles constructed in §4
and § 3 for the sphere bundles #¥s and Fg are topologically essentially
the same, with only the group SO(8) in #g replacing the group O(8)
in HSg.

Proof. We first identify the bundle space, fiber and base space in S# ¥
with those in #4, and then show that, under this identification, the pro-
jection, coordinate functions and coordinate transformations in # &g corres-
pond to those in f.

(a) The bundle spaces and the fibers.

The bundle space in #.%g is the unit sphere S¥°:| X |2 +|Y %2 =1
in Qg x Qg, and that in .4 is the unit sphere S'°: xx” + yy’ = 1 in RS,
The fiber in # ¥4 is the unit sphere S7:|X | =1 in Qg, and that in
J¢ is the unit sphere S7: ttT = 1 in R® Let us identify these two S*>’s and
two S7s by identifying Qg with R® and Qg x Qg with R!® = Ry x Ry
as in Theorem 5.1.

(b) The base spaces.

By definition, the base space in #.%g is S® = Qg U o covered by the
open sets »

{Q87 SS\O = (Qs\0) U 00} >

with the Cayley numbers and oo serving as coordinates. On the other hand,
the base space in #4 is @5 covered by the open sets

{@\0", Dg\O}




ISOCLINIC PLANES 197

such that an 8-plane y = xB(A) in ®,\O*' has the coordinate A and an
8-plane x = yB(W)' in ®g\O has the coordinate L.

Now Qg U oo can be regarded as the image of the unit sphere S° in
R® under the stereographic projection from the north pole of S® onto
the equator 8-plane, and (by Theorem 2.3) there is a homeomorphism from
@, to S® which sends the 8-plane y = xB(}) in @ to the point of S°
whose stereographic projection is the point A on the equator 8-plane.
Therefore, we can identify Qg U oo with @ by means of a homeomorphism
defined as follows.

Let j,: Qg — ®g\O* be the map which sends the point
C = (ho+Mi+hyj+Azk, g+ Asi+Ag+Ask)
in Qg to the 8-plane y = xB(}) in ®g\O* with coordinate
A= (MosMps e A7)
and j,: SB\O = (Q5\0) U o0 — ®g\O the map which sends the point

C = (Mo+Hyi+Hoj+ sk, Hatsitpg +HK)/N(W)
in 0g\O < S®\O to the 8-plane x = yB(p)" in ®z\O with coordinate

Ro= (Ho» s M9) 5

and the point oo € S®\O to the 8-plane O*: x = 0 in ®g\O with coordinate
w = 0. Then it follows easily from Theorem 2.3 and its proof that the map
jL Uj, is a homeomorphism from the base space S°® = Qg U 0 in H#Fy
to the base space g in SFg.

Let us identify these two base spaces by means of the homeomorphism

Ji Yz
(c) The projections.

We now prove that, under the identification defined in (a) and (b)
above, the projection p in # %4 coincides with the projection ©® in #.
Suppose that P is a point of S*> lying on the Qg-line Y = CX. Then
p(P) = Ce Qg = S® Now by Theorem 5.1, this point P lies on the 8-plane
y = xB(\)in R*®, where A = (A, Ay, ..., Aq) is related to C by (5.1). Therefore,
under the identification of S® and ®, defined in (b), p(P) = m(P). Suppose
now that P is a point of S*° lying on the Qg-line X = 0. Then p(P) = o € S&.
By Theorem 5.1, this point P lies on the 8-plane O‘:x = 0 in R'°.
Therefore, n(P) is the 8-plane O in ®g. Since the point oo € S® corresponds
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to the 8-plane O+ in ®; under the identification defined in (b), p(P) = n(P).
Hence our proof that p and © coincide is complete.

(d) The coordinate functions.

Consider first the coordinate functions
Vi:0g x 87T =>p7HQg) and ¢y :(@\OY) x §7 - 17} (Dg\OY)

in #Fg and F4, given by (4.2) and (3.1) respectively. Suppose that under
the identification defined in (b) and (a), the element (C,D)e Qg x S’
corresponds to the element (A, t) € (®g\O) x S’. Then C and X are related by

and D and ¢t by
(5.2) D = (t;+tyi+tyj+tsk, ts+tgi+t,j+tgk).

Now since De S’ = Qg and te S’ = R® we have |D| = 1 and T = 1,
and, by Theorem 5.1, the product CD corresponds to tB(A). Therefore,

| C1? =|CI?ID|* =|CD|? = tB() (tB(\)" = tBMBM)™t" = N(»),

and
(D, CD) (t, tB(V)

corresponds to  ¢(A, 1) = ————=—.
J1+]C|? ' J1+ N

Next, consider the coordinate functions

lIJI(C'7 D) =

V21 (S\0) x 87 - p7H(ST\0) and  ,:(D\O) x ST = 17 H(Ds\O)

in #¥5 and Sg, given by (4.3) and (3.2) respectively. Suppose that under
the identification defined in (b) and (a), the element (C, D) e (S8\0) x S’
corresponds to the element (y, t') € (Pg\O) x S7. Then, C and p are related by

(5.3) C = (Ro+Hyi+paf+psk, py+psi+peg+pqk)/N(p),

and D and t' by

(5.4) D = (t)+thi+tsj+tak, ts+tgi+tsj+tgk).

Since (5.3) implies that | C |2 = N(u)~*, (5.3) is equivalent to

(53) C7' = C*¥|C|? = (Ro—i—Hyf— M3k, —Hs—psi—pgi—HskK).
Therefore, by Theorem 5.1, C™'D corresponds to

t'(po—WiBy —..—1yB;) = t'BW)".
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Hence, it follows from the above that

(C™'D, D) - (¢BW"Y)
V,(C, D) = \/1 STTaE corresponds to ¢,(i, ') m

To complete the proof that , and ¢, correspond, we need only observe
that under the identification defined in (a) and (b), the point oo € S8\0
corresponds to the 8-plane O*: x = 0 in ®3\O, and the point

Y5(c0, D) = (0, D) e p™ '(S\O)
of S*° coincides with the point

05(0,¢) = (0, t) e n” H(P\O).

(e) The coordinate transformations and the bundle groups.

Suppose that in # ¥, C is any point in the intersection Qg N (S8\0)
= Q3\O of the two coordinate neighborhoods in the base space S8 and
D e Qg with | D| = 1 is a variable point of the fiber S”. Then the coordinate
transformations in the fiber S7 are D — CD/| C | (cf. proof of Theorem 4.1).
Now let & be the point in the intersection (®g\O*Y) N (@g\O) = @\{O, O}
of two coordinate neighborhoods in the base space ®@g in F¢ corresponding
to the point C under the identification defined in (b) above, and t € R® with
ttT = 1 the point of the fiber S7 in £ corresponding to the point D
under the identification defined in (a). Then C and A are related by (5.1),
and D and t are related by (5.2). Since (5.1) implies that | C|? = N())
and since by Theorem 5.1. CD corresponds to tB(A), the coordinate transfor-
mations D — CD/| C | in # ¥4 correspond to the coordinate transformations
t — tB(L)/N(\)'? in 7.

Since the bundle group of a coordinate bundle may be taken as the
group generated by the coordinate transformations in the fiber, or any
effective transformation group of the fiber containing this group, it follows
from the above that the bundle groups in #.%; and #4 are the same.
Now, the bundle group in #%; as originally given by N. Steenrod is
O(8); whereas, we have shown in §3 that the bundle group in £; is
Gg = SO(8) and, moreover, it cannot be replaced by any smaller subgroup
of SO(8).

The proof of Theorem 5.3 is now complete.

Let us now consider the cases n = 2 and 4. By using the results
similar to those in Theorem 5.1 for the case n = 8, we can prove, as in
(¢) above, that the coordinate transformations D — CD/|C| in #.%,
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correspond to the coordinate transformations t — tB(A)/N(A\)'/? in .#,, where
B()) are the matrices given in (1.7) in Theorem 1.6. By Theorem 2.5,
the elements B(L)/N(A)''? of SO(4) form a subgroup isomorphic with S°.
Therefore, the bundle group O(4) in # &, can be replaced by S°. Similarly,
the bundle group O(2) in #¥, can be replaced by S!. With these
observations, we can now prove the following theorem by proceeding as in
the proof of Theorem 5.3.

THEOREM 5.4. The representative coordinate bundles constructed in § 4 for
the sphere bundles H#S, and HF,, with bundle groups S* and S>
respectively, are topologically the same as the representative coordinate bundles
constructed in § 3 for the sphere bundles ¥, and .#,, respectively.

Finally, we remark that representative coordinate bundles of the bundles
S ¥, in Theorem 4.2 are topologically essentially the same as the repre-
sentative coordinate bundles of the bundles .#.¥¢, in Theorem 3.2.

APPENDIX 1. THE CAYLEY NUMBERS

The Cayley numbers, denoted by X, Y, Z, W, etc. are ordered pairs
(g1, q,) of quaternions subject to the rules and having the properties listed
below. The set of all Cayley numbers, therefore, forms a (non-commutative
and non-associative) real division algebra. No proof of the properties will be
given as they can all be checked by direct computations.

(1) The addition is defined by
41> 492) + (471,495 = (41+4971,92+493) .
The zero i1s O = (0, O).
(2) The multiplication is defined by
(41, 492) (@1, 9% = (41971 — 4592, 9291 +9297) ,

where q'}*, g5 are respectively the conjugates of (the quaternions) g4, q5.
The (two-sided) unit is 1 = (1, 0).

(3) Multiplication is
(i) distributive with respect to addition, i.e.,

X+Y)W =XW+ YW, WX+Y)=WX+ WY,
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