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3.8. Remark. Let G be a Gröbner basis of an ideal J. We shall say that G

is "simplified" if all P e G fulfill the following two conditions :

le(P) generates the ideal R<lc(Q) \ Qe J, deg(g) deg(P)>

and

in(P) $ <in(G—{P})>

It is easy to see that the elements of a simplified Gröbner basis have

pairwise different degrees.

If R is a field then G is simplified iff the elements of G have pairwise
different degrees and deg(G) is the set of minimal elements (with respect
to the natural partial ordering on N") in deg (J).

If G is not simplified, then in the following way we can construct
(in a finite number of steps) a simplified Gröbner basis of J :

For every P e G choose an admissible combination P' of G such that
deg (P) deg (P') and le (P') generates the ideal

*<lc(ß)l ße J, deg(ß) deg (P)>

Then G' : (Pr | P g G} is a Gröbner basis of J, since <in (J)> <in (G)>
S <in(G')> £ <in(J)>.

If there is a P' e G' with in(P')e <in(G' —{P'})>, then G' — {P'} is a

Gröbner basis, since then < in (G' —{P'})> <in(G')> <in(J)>.
Replace G' by G' — {P'}. After finitely many eliminations of this kind we

obtain a simplified Gröbner basis.

In example 3.7. the Gröbner basis P2 is not simplified, since in(P2)
— A2in(P3) and in (P4) 1X2 in (P5). {Pl5P3,P5} is a simplified

Gröbner basis of the ideal generated by P2.

4. Application to Systems of Algebraic Equations

Let J be an ideal in P[X], generated by a subset F / {0}.

4.1. We may consider F as a system of algebraic equations in n variables.

We denote by K an algebraic closure of the quotient field of R.

Let Z(F) (resp. ZK(F)) be the set {z e Rn (resp. Kn) | P(z) 0 for all P e F)
of common zeros in Rn (resp. Kn) of the elements of P. Clearly Z(P) Z(J)
and Zk(F) ZK(J).
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4.2. Proposition. Let G be a Gröbner basis of J.

1) ZK(J) 0 iff G nR^ 0.
2) The set ZK(J) is finite iff N" — <3(G) is finite. In this case the

cardinality of ZK(J) is smaller than or equal to the cardinality of N" — Q)(G\

Proof

1) By Hilbert's Nullstellensatz we know :

Zk{J) Therefore ZK(J) 0 implies 0 g deg (J), hence

G n R =£ 0.
2) Let I be the ideal generated by J in K[X~]. Then F is a Gröbner
basis of I, too. Again by Hilbert's Nullstellensatz the dimension (as

TC-vector space) of K[X~\/I is an upper bound for the cardinality of
ZK(J) ZK(I), and this dimension is finite iff ZK(J) is so. Since G is a
Gröbner basis of 7, one easily verifies that the residue classes Xa + I,
a g Nn — Q)(G\ form a TGbasis of K[X~\/I. This proves the proposition.

4.3. Proposition. Let G be a Gröbner basis of J with respect to the

lexicographic ordering (see 1.2.).

If J n RIXk,...,Xn-] * {0}, then

Gk : G n R[_Xk,..., XJ
is a Gröbner basis of

Jh: JnRtXk,..., XJ;
in particular, Gk generates the ideal Jk ^ R[Xh,..., Xn~] (l^k^n).

Proof. Let QeJk. For any P g F[I] with deg(P) < deg(Q) we have
p E Rlxk, -, XJ, since < is the lexicographic ordering. By 2.2. and 2.5.
there are c(a, P) e R such that Q £ c(a> p)x*p and c(oc, P) ^ 0 implies

PeG, aeNn

deg (X*P) < deg (Q).

Hence we have X'Pe R[Xk,...,X„]for c(oc, 0, and, by 2.5. again,
Gk is a Gröbner basis of Jk.

4.4. Now we can apply the theory of Gröbner bases to find the solutions
to the system Fof algebraic equations. Consider the following algorithm:

First we construct a Gröbner basis G of J with respect to the
lexicographic ordering (see 3.6.). As in 4.3. we write Gk for G n R[Xk,..., AJ,
1 < fc < n.
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Compute the greatest common divisor Pn of the (univariate) polynomials
in Gn. Find a zero an e R of Pn. If Pn has no zero in R, then Z(J) 0.

Let ke {1,..., n— 1}. Suppose that ak+1, ane R have already been found.
Let Gk(ak+1,..., an) ç #[Xk] be the set of polynomials in one variable Xk
obtained from Gk by substituting everywhere cij for Xj9k + 1 ^ j < n.

Compute the greatest common divisor Pk of the polynomials in
Gk(ak+i> •••> an\ Find a zero ahe R of Pk. If Pk has no zero in R, we have

to go back to Gn and to find another sequence a'n,..., ak + 1.
If we obtain (al5..., an) by this algorithm, it is an element of Z(J).

By 4.3. all elements of Z(J) can be computed in this way.

Suppose that ZK(J) is finite (i.e. Nn — @(G) is finite) and that we are
able to solve univariate polynomial equations in R (which is the case for
R Z). Then the algorithm above yields Z(J) in a finite number of steps.

4.5. Example. Let F be the subset

{2XÎ + 3X fX2X3 -X,X I + 5X1 -2X\- 5X2X3 - IX 3 + 41,

4XÎ + 6X\X2X3 -1X^X1+10^! + 3XÏ + 5X2X3 + 2X\- iiX\ + \9X3 + 25,

6Xi + 10X2X3 + 2Xi-llX23 + 2lX3-40} of Z[X1}X2,X3]

By the algorithm 3.6. we get a Gröbner basis G of the ideal generated by F :

G {2X33-llXl + 17X3-6,
3x1 + 5X2X3 + 2X3-17,

2X1 + 3X\X2X3 — XxX 1 + 5XJL + 24}

Now Z(G3) - {2, 3}, Z(G2(2)) {1}, Z(G2(3)) 0 and Z(G1(1, 2)) - {-2}.
So Z(F) {(-2, 1,2)}.

5. Application to a Geometric Problem

5.1. For Pe#[X] let P be the homogeneization of P by a further
variable Xn + 1. For an ideal J ^ #[X] we write J for the ideal generated

by {P\PeJ} in K[Xl5..., X„+1].

Proposition. Let G be a Gröbner basis of J with respect to the

graded inverse lexicographic ordering (see 2.1.). Then G : {P | P e G} is a

Gröbner basis of J.
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