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§4. Hecke algebras

In this section we isolate the classical facts about Hecke algebras which

we will need in the next two sections in order to prove the existence of

The knowledgeable reader can thus skip this paragraph and proceed directly

to § 5.

Let Kbea field and let qeKbesome element of

The Hecke algebra Hn over K corresponding to q is the associative

K-algebra with unit 1, generated by TTn^ subject to the following

relations

TtTjTjTt whenever | i —j I >2,
TtTi+1TiTi+1T;Ti + 1, and

Tf (q- l)T,+ q

for all i,je{1,n—1}, with of course i sS 2 for the second family of

relations.
We see that there is a natural map Hof K-algebras which make

Hn+1 a (Hn, HJ-bimodule. We think of q e K as being fixed once and for all.

Consider also the (Hn, Hn)-bimodule Hn © Hn

Proposition 4.1. There is a natural map of (Hn, Hn)-bimodules

(pi Hn © Hn Hn+1

given by (p(a + £^(g)Cj) a +
Moreover, (p is an isomorphism.

The proof of this proposition will occupy the remainder of this section,

j We have divided it into seven claims.

Claim 1. The map (p is well defined.

Proof. If then

j cp(bu®c) buTnc and cp{b®uc) bTnuc

j But m is a K-linear combination of monomials in T1,...?T„_2 which

commute with Tn in Hn+1. Hence, buTnc bTnuc, and so cp is well

defined.
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Claim 2. The map (p is surjective.

We have to show that Hn+1 is generated as a vector space over K
by the monomials with at most one occurence of Tn.

The proof will be by induction on n. Let M be a monomial in

T1,Tn with two occurences of Tn at least. Displaying two consecutive

occurences of Tn in M, we write M M1TnM2TnM3, where we can assume

that M2 is a monomial in 7\,Tn-1 only. Assume by induction that M2
contains Tn_1 at most once. If M2 does not contain T„_x at all, then

M M1M2T2nM3.= (q-l)M1M2TnM3 + qM1M2M39

reducing the number of occurences of Tn in each new monomial. If M2
contains Tn_1 exactly once, we can write M2 with M', M"
monomials in 7\,..., Tn_2 and then,

M M1M'TnTn_1TnM"M3,

using the fact that T1,..., T„_2 commute with Tn. But now, TnTn^{Tn
Tn_1TnTn_1 yields

M M1M'Tn_1TnTn_1M"M3

reducing again the number of occurences of Tn.

Hence, every element of Hn+1 is a sum a + with a, bt, ct coming
from Hn and it is now clear that cp is surjective.

Claim 3. Monomials in normal form generate Hn+1 over K.

We have actually proved a little more than was stated in Claim 2.

Consider the following lists of monomials :

^ {1, TJ
S2 { \,T2,T2Tx),

S3{1, t3,t3t2,t3 t2t,

St - {1, Tt,TiT;_
Sn {l,Tn,TnTn.

Note the property that e S,- implies
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Consider the set of monomials M U1.U2 U„ for all possible

choices of 17, e S„i 1,n. We shall say that these monomials are in

normal form. There are n+1) of them.

We claim that these monomials M generate Hn+1 as a K-space.

Consequently, dim KHn+1< (n+1)! and also dim © <g> < (n+1)!,

where the tensor product is over Hn^1 as above.

Proof. We may assume by induction that the claim holds for Hn.

As Hn+1 is generated over K by monomials M0 and M M1TnM2,

where M0,Ml5M2 are monomials in 7/,..., T„_1? and as the induction

hypothesis makes the case of M0 clear, we concentrate on M MxTnM2.

By induction, M2 is a K-linear combination of monomials of the form

V1.V2 Vn-1, with Vt e St for i 1,..., n-1. We have

M1TnV1V2... M'1TnVn-1 M\Un,

with Un TnVn-1 e Sn. By induction again, M\ is a K-linear combination

of monomials of the form U1. U2.... Un^t with U^eSi. Thus M is a

K-linear combination of monomials U1.U2....Un as desired and

dimK Hn +1 ^ (n +1)
This shows also that Hn ®JBrn_1HII is spanned over K by the subspaces

Hn ® Un-1 with Un - e Sn -1. Therefore, its K-dimension is at most n \ n,

so that the proof of claim 3 is complete.

Remark. Let S„ + i be the symmetric group on {1,..., n+1}, and denote

by st the transposition (i, i+1). The same argument as above shows that any

n e 6„+1 can be written as a product w1 w2 w„, where

wte{ 1, sisi_1 sj
We shall use this remark presently in the proof of the following claim 4.

Exercise. Deduce from the remark that 6„ + 1 has a presentation on

generators s1,..., sn with the relations

SiSj SjSi whenever | i — j \ ^ 2 with ij 1,..., n

SiSi+1Si si + 1SiSi + 1 for i 1,..., n-1,
sf 1 for i 1,..., n

Claim 4. The monomials in normal form M U1. U2 Un, with

Ui g iSf /or i 1,..., n are K-linearly independent. Also, the map cp is an

isomorphism.
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Proof. Denote by I:S„+1->• JV the word length in ®B + 1, relative to the

generators {sx, s2, -,s„}.For i e {1,n}, define Lf e EndK(KS„+1) by

for every neS„+1.
The crucial fact is the following

Assertion. There is an algebra map -» End^KS,,^) suchthat

IfT,) Lf for i 1,n.
To prove the assertion, we have to check that the endomorphisms

LteEndK(KS„+1) satisfy the defining relations of the Hecke algebra Hn+l.

For this, see the following three claims.

Assuming the assertion, consider a monomial in normal form

M Uj_.ll2 • Un as above. Then, L(M) maps 1 e KS„+1 to w2 w„,

where wt S;S;_ j... st-jif Ut TfTj-1... T;_j. The remark after claim 3

now shows that any of the (n+1)! elements of ©„+1 is of the form

Wj. w2 w„, so that these elements are L-linearly independent in

But, as the map from H„+x to K<Zn + 1 which sends x to L(x) (1) is K-linear,

this implies that the elements M U1.in normal form must also

be linearly independent. Hence, dimK Hn+1 (n+1)

Now, a dimension count shows that the surjective map 9 is an

isomorphism.
It remains to prove the above assertion: The s satisfy the defining

relations for Hn+l.

Claim 5. Lf (q— l)Li + q for 1,...,

Proof. Let ne S„+1. If Z(s;rc) > l(n), then

Lf(n Lispt)qsfn +

(q—l)Sj7r + qn((q— l)Lt + q) (rr).

If on the other hand, /(s;7t) < l{n), set n' spi and observe that

Z(SjJt') > l(n'). Thus,

Lf(n) LlqSitt +iq-l)n)Ufpi + l)n)

qspi' + (q—l)Li(n) 1)L; + (rc).

The next claimwill be used in proving the last two types of relations

for the endomorphisms L,.
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Claim 6. Forj define Rj e EndK(KS„+ j by

j if > /(it),

:S] + (q-l)n if l(KSj)<l(n).

Then, LtRj RjL, for all i,je{1,

Proof Choose ij e {1,n) and ite©„ + 1.The proof that LtRfin)

RjLfiit)is by direct verification from the definitions of the operators

Rj and is divided into six cases.

The first two cases are straightforward calculations.

Among the last four cases, two are also trivial, namely those with

s + e'. There remain the two cases with e e' ±1. Then, the exchange

lemma applied to the symmetric group viewed as a Coxeter group (on the

generators Si,...,s„)implies that in these cases we have S;it it (If

g _ e' _ i
9

this equality is given as property C in Bourbaki, Groupes et

Algèbres de Lie, Chap. IV, n° 1.7. If s e' -1, the same property yields

sfitsj) (its j)Sj.)Thisis just what is needed to complete the verification of

L,R}(n) RjLfit).

Claim 7. LtLj LjLi whenever | i-j \ > 2,

Proof. Let it e <3„+1. Write n sit. sh sir in reduced form, i.e. with

r /(tc). We thus have it RirRir_1/?;,(!).

Setting R Rir... Rh, we have

LiLfin)LiLjR(l) RL,Lf1) by claim 6,

R{stSj) R(SjSt)since | > 2, and thus

LiLffi)LjLiiit)•

Since this holds for every it eS„+one has L,/= LjLt.
A similar calculation, based on the same principle, proves that LjL. + jL;
Lj + 1L;Li+1 for i — 1,..., n 1.

This completes the proof of Proposition 4.1.

(6.1)

(6.2)

(6.3M6.6)

/(SjitSj) /(it) + 2,

/(sjitSj) /(it) - 2,

Z(Sjits;-) /(it) and

/(s;it) /(it) + e, where s ± 1,

l(nSj) /(it) + e', where s' ± 1.

TjLi+1L; — Li+1LjLj
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