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Theorem 8.10.1. Let Ux andUY be open subsets of T*X and

T*Y, respectively. Let Jf be a coherent (<Sy | Uy)-module. Assume

(i) pg: S ;'(Supp Jf) n P9HUx) -> Ux is a finite morphism.

Then we have

(a) 0 for j 0.

(b) Jl Pg*(<?x^Y® is a coherent v

&g S Y

(c) Supp JlPff(ô5
~1 Supp JTnUx).

§ 9. Regularity Conditions (See [KK], [K-O])

9.1. Let us recall the notion of regular singularity of ordinary differential

equations. Let P(x, d) £ aj(x)di be a linear differential operator in one
j^m

variable x. We assume that the afx) are holomorphic on a neighborhood of

x 0. Then we say that the origin 0 is a regular singularity of 0 if

(*) ordx 0a/x) > ord^=0am(x) - (m-j).

Here ordx=0 means the order of the zero. In this case, the local structure

of the equation is very simple. In fact, the ^-module 3>X/&XP is a direct

sum of copies of the following modules :

®x3>xl3>xd, @{0)\x ®xl®xx, meN),

Jx/Jx(xd)m+lx (meN), (meN).

If we denote by u the canonical generator, then we have Pu 0.

By multiplying either a power of dora power of x, we obtain

£ bfx) (xd)Ju 0
t=o

co N — 1

with bN(x) 1. Hence 3F — (9(xdYu £ (9(xdYu is a coherent 0-sub-
j=o j—o

module of M which satisfies (xö)^ c «f. We shall generalize this property
to the case of several variables.

o

9.2. Let X be a complex manifold, Q an open subset of T*X and V
a closed involutive complex submanifold of Q. Let us define
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ßv {ueS(1)|0; a^ly 0}

and let Sv be the subring of Sx\ n generated by fv. For a coherent
S^-module Jt, a coherent sub-<^(0)-module of is called a totice of
Jl ii Jl êxL£. The following proposition is easily derived from the fact
that <^(0) is a Noetherian ring.

Proposition 9.2.1 ([K-O] Theorem 1.4.7). Let Jl be a coherent

$x\ a-module. Then the following conditions are equivalent.

(1) For any point psQ, there is a lattice Jl0 of Jl on a neigh¬
borhood of p such that ßyJl^ Jl0.

(2) For any open subset U of LI and for any coherent S(0)-submodule if
of Jl\U9 SVF£ is coherent over <^(0) | v.

Definition 9.2.2. If the equivalent conditions of the preceding proposition
are satisfied, then we say that Jl has regular singularities along V.

Remark that if Jl has regular singularity along V, then the support of Jl
is contained in V. Let us denote by IRv(Jl) the set of points p such that
Jl has no regular singularities along V on any neighborhood of p.

The following theorem is an immediate consequence of Gabber's
Theorem 6.3.2.

Theorem 9.2.3. IRv(Jl) is an involutive analytic subset of Jl.
In fact, if we take a lattice M0 of Jl, then T*X\IRv(Jl) is the largest

open subset on which SvJl0 is coherent over <f(0).

9.3. If an ^-module Jl has regular singularities along an involutive sub-
manifold V then Jl is, roughly speaking, constant along the bicharacteristics
of V. More precisely, let Y and Z be complex manifolds and X Y x Z.
Let z0eZ and let j be the inclusion map Y c» X by y i— (y, z0). Then we
have

Theorem 9.3.1. Let Jl be a coherent $x-module. Assume that M
has regular singularities along T*Y x T|Z. Then Jl is isomorphic to

fJl ® (9Z.

Note that any involutive submanifold V of T*X with 0X | v ^ 0 is

transformed by a homogeneous symplectic transformation to the form
T*Y x T%Z.
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9.4. Noting that any nowhere dense closed analytic subset of a Lagrangean

variety is never involutive, Theorem 9.2.3 implies the following theorem.

Theorem 9.4.1. Let M be a holonomic Sx-module. Then the following

conditions are equivalent.

(i) There exists a Lagrangean subvariety A such that Jt has regular

singularities along A.

(ii) For any involutive subvariety A which contains Supp Jt, Jt has

regular singularities along A.

(iii) There exists an open dense subset Q of Supp Jt such that Jt
has regular singularities along Supp Jt on Q.

If these equivalent conditions are satisfied, we say that Jt is a regular

holonomic ^-module.

The following properties are almost immediate.

Theorem 9.4.2.

(i) Let 0 Jt' -> Jt - Jt" - 0 be an exact sequence of three coherent

ix-modules. If two of them are regular holonomic then so is the third.

(ii) If Jt is regular holonomic, its dual Jt* is also regular holonomic.

We just mention another analytic property of regular holonomic modules,

which generalizes the fact that a formal solution of an ordinary differential
I equation with regular singularity converges.

Theorem 9.4.3 ([KK] Theorem 6.1.3). If Jt and Jf are regular

; holonomic Sx-modules, then Sxt^x(Jt, JT) —• S'xt^x{Jt, $x ® Jt") and
l Sx

J ixt'gSM, JT) -» SxtJgx(J(, <g> Jf\areisomorphisms.
Sx

§ 10. Structure of Regular Holonomic ^-Modules
(See [SKK], [KK])

j 10.1. Let A be a Lagrangean submanifold of T*X. We define /A and

I iA as in § 9.2.
I Then 1) 1) is a two-sided ideal of and

is a sheaf of rings which contains 0A(O) ^(0)/</A(—1), the sheaf of

homogeneous functions on A.
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