
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 32 (1986)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: ON CONSECUTIVE VALUES OF THE LIOUVILLE FUNCTION

Autor: Hildebrand, Adolf

Kapitel: 5. CONCLUDING REMARKS

DOI: https://doi.org/10.5169/seals-55088

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 04.12.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-55088
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


LIOUVILLE FUNCTION
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n 4"9b,ri 2- b, c, N),

for which

7(n) 1, Un') - 1.

We therefore have obtained the desired contradiction under the assumption

that there exist four consecutive integers n > 2iV0, for which Un) 1.

By the part of the theorem already proved, there exist at least three such

integers. Therefore (5) holds for some m0 > 2N0with n0 + 2, and we

may now assume that

7(m0-1) Umo+ 3) - 1
•

If m0 is odd, then this implies

>

so that (m0 + l)/2 > N0 is good, in contradiction to our assumption. But if

m0 is even, then defining m1 and n1 by (7), (6) holds for i 1, and

we have

3(m0 + 2) 3
_m1^ 2^0,«! - m1 ^

Thus we are back in the case already treated.

By contradiction, we therefore conclude that (1) has infinitely many

solutions for (e^Sj.Ss) (1,-1,1), and the proof of the theorem is

complete.

> 5. Concluding remarks

In the foregoing proof) the relevant property of the Liouville function

:i was that X(n) is completely multiplicative and assumes only the values ± 1.

5 Besides this, we used only the fact that U2) 7,(3) 715) 1 and

(in the proof of the lemma)

7(14) 7(16) 1, 7(29) 7(31) - 1.

The proof, as it stands, works for any completely multiplicative function

f(ri) ± 1 with these properties. By suitably modifying the proof, it is

possible to cover other classes of multiplicative functions as well.
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It would be interesting to determine those completely multiplicative
functions fin) ± 1, for which the analogue of the theorem does not hold.
Schur [3] proved that if / ^ f± where

f±(n) (± 1)* if n 3km, m 1 mod 3

-(± l)k if n 3km, m 2 mod 3

then there exists at least one n ^ 1, such that

f(n) f(n+1) f(n + 2) 1

It is likely that under the same hypotheses there are infinitely many such n.
Using arguments similar to those in section 3, one can prove this assertion
under the additional hypotheses /(2) 1 and /(3) - 1, but the general
case seems to be more complicated.

A very plausible conjecture is that the integers n, for which (1) holds,
have positive density. In the case &1 g2 s3 1, this would follow
from an analogous strengthening of the lemma by requiring (2) to hold on
a set of positive density. Whereas a very simple argument shows that the
equations X(n) X(n +1) and X(n +1) X(n — 1) hold on a set of positive
(lower) density (cf. [2]), this argument seems to break down, if n is required
to lie in a prescribed residue class, and so far we have not been able to
overcome this difficulty.
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