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336 J. DUDDY

THEOREM 4. (i) Let K be a convolution operator of type r for
r>0. Then K extends from CI(F™) to a bounded operator from
LP(F™) to LYF™) where 1 <p <Qfr and q ' = p~! — r/Q. (ii) Let K
be a convolution operator of type 0. Then K extends from CZ(F™)
to a bounded operator from SEF™) to SEF™).

Finally, we mention the interaction between the homogeneous convolution
operators and the left-invariant differential operators. Let D:C%(F™)
— C®(F™) be a left-invariant homogeneous differential operator of degree 1
and let K be a homogeneous convolution operator of type r, with r > 1.
Then DK is a homogeneous convolution operator of type r — 1. Moreover,
if r > 1 the kernel of DK is given by Dk(x).

4. THE HODGE DECOMPOSITION

Consider the complex (1) where E; = R" x F™. Assume that each of the

D; is a first order, left-invariant operator, homogeneous of degree 1. So
d

each entry of D; is of the form ) a;X, ; where a; is constant. Construct
j=1

the Laplacian, A, with respect to the euclidian inner products on

F™ i = 1,2, 3. Assume there exists a homogeneous convolution operator of
type 2, K, which inverts A. If f e C*(F™) then f(x) = AKf(x) = KAf(x).

THEOREM 5. Let f € S3(F™). As distributions, Af = 0 if and only if
f = 0.

Proof. Obviously, if f = 0 then Af = 0.

Assume Af = 0. Let {f;} be a sequence in C?(F™) such that f; - f

in S3(F™). Then f; > f in the sense of distributions. Moreover, Af;
— Af = 0in L*(F™). Let g € C2(F™). Then |

<f,g> =lim <f;,g> = lim <f;,AKg> = lim <Af;, Kg> .

j— o - j— o j— o

Because ge CX(F™) it is in L? where p = 2Q/(Q+4). Therefore, by
Theorem 4(1), Kg € L? where

g ! = (0+4)/20 — 2/Q0 = 1/2,ie, Kge L¥F™).
ForQ > 5,1 <p<gq< . So

| <f,g>]|=1lim| <Af;,Kg>| < lim | Af;llL2@mz | Kg |lL2gmsy = 0.




HODGE DECOMPOSITION 337

So, as a distribution, f = 0. This proves the theorem.

We have shown that the only harmonic element in S3(F™) is the zero
clement. Let f e S%(F™) and let f; - f in S3(F™) with f;e C>(F™).
- Then
f = lim AKf; = lim D, D¥Kf + lim D¥D,Kf = D,DfKf + DID,Kf.

jooo j— oo jo o
To complete the Hodge decomposition we must prove that
D,D¥Kf L D¥D,Kf .

We need the following notation. Let D(R) = {xe N:|x| < R} and
S(R) = {xe N:| x| = R}. Endow each set with the left-invariant metric
induced by N. The metric gives rise to the corresponding volume elements
which, in the case of D(R), is the restriction of dx. Let duyp denote the
volume element on S(R). For f, g € C*(D(R), F™) define

(f, g)D(R),i = JD . (f(x), g(x))i,xdx
(R)

where (, ); . is the metric on F™. Similarly for f, g e C*(S(R), F™) define

(f, 9Dswy,i = L (f (x), g(x))i, <Apg(x) .
(R)

By restriction, any element f e C*°(N,F™) gives rise to an element of
C*(S(R), F™) or C®(D(R), F™). In our notation, we will not distinguish f
from its restrictions.

We will be integrating by parts on D(R) which will involve a boundary
integral on S(R). To that end we define the symbol of our differential
operators. Define §(x) = | x| — R and let g € C}(N, F™). Let x € S(R). Then
&(x) = 0. The symbol of D; at x € S(R) acting on df and on g 1s given by

o(D;, dS)g(x) = D{&g) (x) .
The integration by parts formula is

(13) (Digs flowy,i+1 = @ D¥fpwy.i + (o(D;, d&)g, Hswy.i -

THEOREM 6. Assume  f e LAF™) n LYF™) where ¢ = Q/Q + 2.
Then f = D,D¥Kf+ D3D,Kf and D,D¥Kf L D*D,Kf.

Proof. Wehavealreadyseen that f = D,D¥Kf + D 3D,Kf.To prove the
orthogonality we restrict our attention to D(R) for R large.
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For brevity let h = (D,D¥Kf, D¥D,Kf),. Also, let
h(R) = (DD ¥Kf, DgDZKf)D(R), 2
Then lim A(R) = h. Note that D;D*¥K and D%D,K are type 0 operators.

R—

Since f € L*(F™) by theorem 4 (ii) we know that h is defined. Further-
more h(R) is bounded for all R by || DiD¥Kf |lp2rma I| DED,KS |l 12(rma)-
We can compute h(R) as follows:

h(R) = (DlDTKf, DgDZ(Kf))D(R), 2 = (D2D1D TKfa DZKf)D(R), 3
+ (D D¥Kf, o(D%, d(x))D,Kf )sx). 2

by (13). We now prove a sequence of lemmas.

LeEmMMA 1. h(R) is continuous.

Proof. This follows from Lebesgue’s dominated convergence theorem.

LEMMA 2. Let R>1,xeN and |x| = R. Then
| o(D%, dlx])g(x) | < C|g(x) ]|
where C is a constant independent of g.

Proof. Recall that X,, .., X, is our orthonormal basis for n, where
d = dim(n,). The entries of D% are linear combinations of the X,,
i = 1,..,d with coefficients in F. Let D;; be the i,j entry, 1 <i < mj,,

d
1 <j < ms. Then D;; = ) CFkX,. Thus, for x € S(R)
k=1 ,

|oD%, dxg() | < C S | Dy((x—Ryg;() |

i=1 j=1

<C Z I C?ij(UxI_R)gj(x)) |

i,J,k

< CZkI(XkIXDQj(X)I (since | x| = R)
< C(m:,lx (Xklxl)) | gj(x) | .

We must show X, | x| is bounded. But | x| is C® away from the origin
and homogeneous of degree 1. So X, | x| is homogeneous of degree O.
Thus, it is determined by its values on {| x| = 1}. It is C® on this set
and, therefore, bounded. This proves the lemma.

Since h(R) - h as R — oo we have
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1 r+e
LEMMA 3. For € > 0, lim TJ h(R)dR = h.
roow 28

r—e
We continue with the proof of our theorem. By the preceding lemma it

1 r+e
suffices for us to prove that lim % f h(R)dR = 0. But,

r— o r—e

(14) 1 J o WR)dR

28 r—e
1

= EJ (D.D*Kf, o(D¥, dIx|)D,Kf), || d| x| || dx
r—es|x|sr+e

because dugzdR = || d| x| || dx. We claim that || d|x]|| 1s bounded. Let
®’/ be dual to X;; where X; is our orthonormal basis. Then d|x|
= Y (X;jx)o". Since | x| is homogeneous of degree 1 and X;; is homo-
genejous of degree i we have X;;|x| is homogeneous of degree 1 — i.
Hence, for [ x| > 1 each X;;|x| is bounded. So | d|x]||| is bounded.

By assumption, f e LYF™), ¢ = Q/Q + 2 and we know that D,K is
type 1. By Theorem 4(i) we know that D,Kf € L}¥F™). Thus, by Lemma 2
|x,o(D%,dx))D,Kf | < C|yD,Kf | where v, is the characteristic function of
{r—e<|x| <r+ ¢}. We conclude that y,o(D%, d|x|)D,Kf € L} F™). By
the Schwarz inequality and the fact that || d | x | || is bounded, we get,’ from (14)

1

r+e c
2—Sj WR)dR < —2€ I x.D,D¥Kf “LZ(sz) | %D, Kf ||L2(Fm3)-

r—e

As r— oo, both [ x.DiDYKf || 2gms, and || x,D,Kf ||;2ems tend to 0. So

r+e

.1 .
h = lim e hR)dR = 0. This proves the theorem.

r—= o r—e

This theorem together with Theorem 5 proves the Hodge decomposition.
A similar argument gives the solution to the problem of finding g such
that D,g = f for a given f.

THEOREM 7. Let f e L*(F™) n LYF™) with q = Q/Q + 2. Suppose
D,f = 0. Then there exists ge L*(F™) such that D,g = f.

Proof. We have f = D,D¥Kf + D¥D,Kf. It suffices to prove h
(f, D3D,Kf) = 0 because this implies D¥D,Kf = 0 since

D,D¥Kf L D%D,Kf .
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We may set g = DTKf. Using the same notation as in the preceding theorem
we have

(f, D3D,Kf), = lim (f, DgDZKf)D(R), 2

R—- o
= lim ((D2f, DK  )pgy. 3 + (f> o(DF, dIXND,KS )ser )
= lim (f,o(D}%, d|x)D,Kf)sry,»  (since D,f = 0).
R—=

The same argument as in Theorem 6 proves that the limit is zero. This
proves the theorem.
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