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n

(8) ii) dt$ - X I\J\=q j= 1

Define the function

n — a

Oa(z, 0 (|z|2-it) 2 (|z|2 + 2

Let 4> e A°,?, q ^ 0, n. For an appropriate constant, cq, define

(9) KqW?) C« I f [
H

<t>j(«)^-24(« 1f)du)rôJ.

Folland and Stein prove that for the appropriate cq

Theorem 1. Let q ^ 0, n. Then d^K^c)) Kqü\b$ (t)-

In [4] we prove a stronger version of the following Hodge decomposition
theorem.

Theorem 2. Let (j) e A°,fl, q # 0, n. Then

i) //()> 0 where H is the orthogonal projection onto the kernel of

ii) c|> dbdfKq4> + dfdbKq<\>.

We also prove

Theorem 3. If c)> e A °,q, q ^ 0,n and if ~dbfy 0 then \|/ ~d*Kq§

satisfies dfc\|/ c|).

These two theorems are special cases of theorems 6 and 7 proven in

We study a class of riilpotent Lie groups which we describe in terms of

their Lie algebras. A graded Lie algebra, n, is a finite dimensional nilpotent
r

algebra which has a direct sum decomposition, n © nf where the nf- satisfy

section 4.
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i) K, n;] £ ni+J if + < r,
ii) [n,. ny] 0 if j + j



r
HODGE DECOMPOSITION 333

Let n dim rt. Define the homogeneous dimension to be Q £7 dim(rtj).
I J= 1

If n is a graded algebra and if n1 generates n then n is called a stratified

algebra. A Lie group is called a stratified group if its Lie algebra is a

stratified algebra. For a given stratified algebra n we will restrict our
attention to the simply connected group associated to it.

The Heisenberg group is a simply connected stratified group. In fact,

identifying the Lie algebra with the left invariant vector fields, we may take

n1 to be the span of the X9s and F's and n2 to be the span of T.

By (3) and (4) we see that [n^nj n2 and [nx, n2] [n2,n2] 0.

Any graded nilpotent group has a natural family of dilations. First we
r

define them on the Lie algebra. Let X en. Then by definition X £ Xj
j= 1

r
where XjEUj. For s > 0 set 3S(X) sjXj. Because n is nilpotent

j= 1

the exponential map is globally defined. Suppose xeN and x exp(A)
for X en. Define 5s(x) exp(5sX). Suppose we are given an inner product
on rt such that _L n,- for all i ¥= j. Let || X || be the length defined by

r
the inner product. Suppose x exp(A) where X £ Xj, X} e rt^. Then

j= 1

define the homogeneous norm function to be

1*1 .z « ^ 11j' j •

Then (i) | x | 0 if and only if x 0, (ii) x -* j is continuous on N
and Cœ on N - {0}, (iii) | ôsx | s | x |.

On the Heisenberg group, 5s((z, t))(sz, s2t) and | z | (|z| 4 + f2)\
r

Recall that the homogeneous dimension is Q ^7'dim(n Let /j i
be a function on N. We say / is homogeneous of degree p if /(Ss(x))

spf{x). If -Q < p then such an / is in Lfoc for 1 ^ oo. A
distribution F is called homogeneous of degree p if

<F,s~Qg{ôs-,x)>
where geC?(N) and <F,g> is the pairing of C'f(N) with its dual,
D'(iV). A differential operator L (acting on functions) is homogeneous of
degree p if L(/• 8S) sp(Lf) o 8S. Observe that if / is a homogeneous
function of degree p and if L is a homogeneous differential operator of
degree p' then Lf is a homogeneous function of degree p — p'.
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Let Xitl,..., Xitdimixli) be an orthonormal basis of nf with respect to our
inner product. Since nt- 1 rij for i # j the set

{XUJ: 1 < i«S r,1 < < dim(rt,)}

is an orthonormal basis of n. Define the global coordinate chart on N by

(10) (Xy) -> l.XijXij -» exp(ZxyXy).

This identifies N with Rn as a manifold.
Let m1, m2 and m3 be positive integers. For z 1,2,3 define

Et R" x Fmi to be the trivial bundle over N R" with fiber Fmi. Consider
the differential complex (1). We know that each Dt can be expressed as an

mi+l x Mi matrix of differential operators on functions, i 1, 2. If each entry
is homogeneous of degree p we say Dt is a homogeneous differential operator
of degree p. If each entry is left-invariant we say Dt is a left-invariant
differential operator.

On our prototype, the Heisenberg group, we have the left-invariant metric
which makes the Z's, Z's, and T into an orthonormal basis. Let ö)„

be a basis for T0'1 which is dual to Z1,..., Zn. Then

{mJ: J- 0'i. ~Jq),1 < hii < - < jg < n}

is a global orthonormal basis of A0,q for each q. So A0,q is a trivial bundle

over H ^ R2n + 1, and we may identify sections of A0,9 with Cco(R2n + 1, Cm)

where m n!/q\(n — q)\. By (8(iii)) the operator A0'9 — A0,q is given by
1 n

the matrix (ô0- where L — — £ (ZjZj + ZjZj) + i(n — 2q)T. L is
2 k i

left-invariant and homogeneous of degree 2. So, is left-invariant and

homogeneous of degree 2. Similarly, X^cj) defined by (9) can be written as

H
Cq ®n-2q{u lv)I<\>du

where (j)eAc°'? is a q x 1 column vector and I is the q x q identity
matrix. Note that $n-2q is a homogeneous function of degree — In. This

example motivates the following definition of a homogeneous convolution

operator.

Return to N, our stratified Lie group with global coordinates defined

by (10). Let k: N -> Mat(m'xm, F) be a mapping of N into the space of

m' x m matrices with entries in F. Given / e Cf(Fm) and x, y e N the

product k(y~1x)f(y) is an m' x 1 column vector. We set
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(11) KfW k{y 1x)f(y)dy.

The measure, dy, is the Haar measure on N. Under suitable restrictions on

k the integral exists. The operator K is called a convolution operator with

kernel k. If each entry of k is smooth away from 0 and homogeneous of

degree — Q + p, 0 < p < Q, we say that K is a homogeneous convolution

operator of type p. As we mentioned before, a homogeneous function is in

Lfoc so the integral in (11) exists for / g C?{Fm).

Suppose k is homogeneous of degree — Q and for each entry

kij, 1 < i < rri, 1 ^ j ^ m,

we have

(12) kij(x)dx 0

a^\x\^b

for all a and b. We say an operator K is of type 0 if for some constant c

we have

Kf(x) lim f k(y~ 1x)f(y)dy + c/(0) for all / g Cc°° (FM)
J Iv| < l/s

where k satisfies (12). We refer the reader to Folland [9] or Rothschild
and Stein [16] for details.

To study the continuity properties of these operators we define Lp

spaces and Sobolev-type spaces of sections from N to Fm. Let || || LP

denote the usual Lp norm on functions. Let / g Cc3C(Fm) and let fif i 1,..., m
be the components of /. Define the norm

i lp

_ WfiWb)
1 1

/ II
LP(Fm) — X II f i II LP

Let Lp(Fm) be the completion of Ccac(Fm) under this norm.
Let {Xu i,..., Xud} be the orthonormal basis of n1, with d dimfnj.

For brevity, we will drop reference to the first subscript. Let J be a multi-
index, J (j1 J2. -Jq) with 1 ^ ;i < j2 < < jq ^ d. Define | J | q and
define X3 XhXh... Xjq. Define Sp(Fm) to be the closure of Ccœ(Fm)
under the norm

/ HsJ(F^) - II / II LP(F) + X X II Xjfi II LP

A modification of a theorem by Folland [9] yields
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Theorem 4. (i) Let K be a convolution operator of type r for
r > 0. Then K extends from Ccœ(Fm) to a bounded operator from
Lp(Fm) to Lq(Fm') where 1 < p < Q/r and q'1 p'1 - r/Q.{ii)Let K
be a convolution operator of type 0. Then K extends from Cc°°(Fm)

to a bounded operator from S £(Fm) to S%(Fm).

Finally, we mention the interaction between the homogeneous convolution

operators and the left-invariant differential operators. Let D : C°°(Fm')

- C°°(Fm") be a left-invariant homogeneous differential operator of degree 1

and let K be a homogeneous convolution operator of type r, with r ^ 1.

Then DK is a homogeneous convolution operator of type r — 1. Moreover,
if r > 1 the kernel of DK is given by Dk(x).

4. The Hodge decomposition

Consider the complex (1) where Et R" x Fm<. Assume that each of the

Dt is a first order, left-invariant operator, homogeneous of degree 1. So
d

each entry of Dt is of the form £ aj^ij where aj is constant. Construct
j= i

the Laplacian, A, with respect to the euclidian inner products on

Fm£, i 1, 2, 3. Assume there exists a homogeneous convolution operator of

type 2, K, which inverts A. If f e Cf(Fm2) then f(x) AKf(x) KAf(x).

Theorem 5. Let feS l(Fm2). As distributions, A/ 0 if and only if

f o.

Proof Obviously, if / 0 then A/ 0.

Assume A/ 0. Let {ff be a sequence in Cf(Fmi) such that fj - /
in 52(Fm2). Then fj f in the sense of distributions. Moreover, Afj
-> A/ 0 in L2(Fm2). Let g e Cf(Fm2). Then

<f,g> lim <fj,g> lim <f},AKg> lim <Afj,Kg>
j->co • j~* oo j-*mo

Because geCf(FW2) it is in LP where p 2g/(g + 4). Therefore, by

Theorem 4(i), Kg e LP where

q'1 (ß + 4)/2ß - 2IQ - 1/2, i.e., Kg e L\Fm2).

For Q ^ 5, 1 < p < q < oo. So

I < f >
I ~ I < j, Kg> I ^ lim || Afj \\^2(Fm2| || Kg ||z>2(f^2) 0-
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