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§2. Nonsingular Algebraic Sets

The fact that closed smooth manifolds are diffeomorphic to nonsingular

algebraic sets can be traced back to the following simple fact.

Proposition 2.1. Let L be a nonsingular algebraic set and K be a

compact set with L c X c R", let f : R" -> R be a smooth function with

f \l u for some entire rational function u. Then there is an entire rational

function p : R" -> R which approximates f arbitrarily closely near K with

p\L u (if u is a polynomial then p can be taken to be a polynomial).
Furthermore if f — u has compact support then p can approximate f on all
of R"

Proof: First write / — u =* Z at. ßf where at are smooth functions and
i

e 7(L). Clearly we can do this locally, and then by putting these local
expressions together by partitions of unity we get the global expression. We

approximate at(x) by polynomials oc;(x) near K and let p u + £ af. ßf. p(x) has
i

the required properties. If p — u has compact support we can define a smooth
function g : 5" -> R by g (/ — u) ° 0 on Sn — (0, 1) and g(0, 1) 0, where S"

c R" x R is the unit sphere and 0 : Sn — (0, 1) -» R" is the stereographic
x

projection, 0(x, t) -. Then

g:{S\d-\L)v(0, 1)) - (R, 0)

hence by the first part of the theorem g can be approximated by an entire rational
function

p^s-.e-V-jufo, i))-(R, o).

Let p p o
1 + u.

The following was introduced in [AK2] to simplify Nash's and Tognoli's
theorems.

Proposition 2.2 (Normalization). Given L c X c R", If c Rm where

L, W are nonsingular algebraic sets and K is a compact set, and f : K -> W a
smooth function with f \L u for some entire rational function u : L-» W
Then there is an algebraic set Z c, R" x Rm and an entire rational function
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p : Z -> W and an open neighborhood U of K in Rn and a smooth function
<p : {U, L) (Rm, 0) such that

(i) The set LJ {(x, cp(x)) | x e U] c R" x Rm is an open nonsingular subset

of Z.

(ii) p is arbitrarily close to f ° n on U where n is the projection to thefirst
factor.

(iii) L x 0 cz U and p \L x 0 u.

Proof: Let 6 : Rm -* R2 be an entire rational function with

8(x) g G(m, m — dim W)

is the normal plane to W at x g W (from §0). By Proposition 2.1 there is an entire
rational function g : R" - Rm which approximates f on K with g \L — u.

Define :

Z {(x, y) eR" x Rm | g(x) e 8 + y}

p :Z-xRm, p(x,y)(x) + y

Clearly Z is an algebraic set. Let U be a small open tubular neighborhood of K
such that g is arbitrarily close to / on U. Therefore when xeU there is a unique
closest point u(x) on W to g{x). Define cp(x) v(x) - g{x) to be the vector from

g(x) to v(x). Hence cp(x) is perpendicular to W at u(x) g(x) + cp(x), so cp(x) is the

unique "small" solution of the equations

„M + ,eW 1

which,s to + ,Slf
S(ff(x) + y)y y) ly is 1 to at g(x) + y\
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Hence Ü {(a, q>(x)) \ x e U] has the property

Ü Z nU x {yeRm\\y \ < e}

for some small s > 0. Clearly Z, I/, p has the required properties.

Theorem 2.3 (Generalized Seifert Theorem). Let Mm c= Vv be a closed

smooth submanifold of a nonsingular algebraic set V, imbedded with a trivial
normal bundle, and let L a M be a nonsingular algebraic set. Then by an

arbitrarily small isotopy M is isotopic to a component of a nonsingular

algebraic subset of V fixing L.

Proof : Let F c R" and let W, U be small open neighborhoods of Mm in Vv,

and in R" respectively. Let f : W -> Ru ~ m be the trivialization map of the normal
bundle of M in V, f is transverse to 0 e Rû ~ m and / ~ 1(0) M. Then extend / to

/ : U -> Ry-m. Since / \L 0 by Proposition 2.1 we can approximate / on

Closure(L) by a polynomial F : (R", L) - (Ry_m, 0). By transversality
F-1(0) n W is isotopic to /-1(0) n W M. In general F-1(0) might have

extra components outside of U.

It is interesting to note that in general the extra components of F~1(0) can
not be removed, there are homotopy theoretical obstructions [AK8] (even
when L 0).

Remark 2.4. In Theorem 2.3 it is not necessary to assume that L is

nonsingular, it suffices to assume that some open neighborhood W of L in M
coincides with an open subset of a nonsingular algebraic set. The proof is the

same except it requires a slight modification in Proposition 2.1 (see [AK2]).

Theorem 2.5 (Generalized Nash theorem). Let Mm c= R" be a closed

smooth submanifold, and LcM be a nonsingular algebraic set. Assume that
some open neighborhood W of L in M is an open subset ofsome nonsingular
algebraic set. Then by an arbitrarily small isotopy M can be isotoped to a

nonsingular component ofan algebraic subset of R" x Rs keeping L fixed (for
some s).

Proof : Let U be an open tubular neighborhood of M in Rn and /: U

- E(n, k) be the map which classifies the normal bundle of M in U. f G(n, k)
and /_1(G(n, k)) - M. By using W we can assume / \L — u for some entire
rational function u (see §0). By Proposition 2.2 there is a nonsingular open subset
0 of an algebraic set Z c R" x Rs for some s, and an entire rational function
p : Ü -+ E(n, k) which makes the following commute
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R" x Rs U

in i*
R" => U f E(n, k) z> G(n, k)

where n is projection, and / o n is close to p, and L x 0 <= Ü with p \Lx 0 w.

t7 {(x, cp(x)) I

for some smooth function cp(x). Let p(x) p(x, cp(x)) then p is close to / on U.

By transversality p-1(G(rc, /c)) n U is isotopic to /_1(G(n, k)) n U M
in U. Since tt is an isomorphism on Ü and p p ° n,

p~1(G{n, k)) n Ü n~1(p~1(G(n, kj) n U) & M

p~1(G(n,k))n Ü is a component of an algebraic set by construction and

nonsingular by transversality, furthermore it contains L x 0.

Let F be a nonsingular real algebraic set of dimension n. Recall

AHn_ X(F ; Z/2Z) is the subgroup of X(F; Z/2Z) generated by nonsingular
algebraic subsets. We define

which we call the group of codimension one transcendental cycles. For any
codimension and closed smooth submanifold M c= V let a(M) be the image
of the fundamental homology class [M] under the quotient map.

Theorem 2.6 ([AK8]). Any codimension one closed smooth submanifold

M cz V of a nonsingular algebraic set V is isotopic to a nonsingular algebraic
subset by an arbitrarily small isotopy if and only if a(M) 0.

Sketch ofproof: For simplicity assume that M has a trivial normal bundle
and [M] is represented by a single nonsingular algebraic subset IF of F If
M n W 0 then M u W separates F into two components F+, F_ with one
of them, say F+, is compact (since M is homologous to W). Let / : (V9 MuW)

- (R, 0) be a smooth function with / > 0 on F+ and / < 0 on F_. We can

assume that / is transversal to 0 and is constant outside of a compact set

containing V+. By Proposition 2.1 we can approximate / by a polynomial
F : (K W) - (R, 0), then by transversality F-1(0) M' u W where M' is

isotopic to M.M' u IF is a nonsingular algebraic set hence M' is a nonsingular
algebraic set.

Hn- i(F) HB.1(7;Z/2Z)MHB_1(F;Z/2Z)J
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If M n W =£ 0 then we can find a smooth representative N of [M] with
N n M 0 and N n W 0. By the first part we can isotope N to a

nonsingular algebraic set N' by a small isotopy. Hence N' n M 0; and since

N' is homologous to M by the previous case M is isotopic to a nonsingular
algebraic set by a small isotopy.

The proof of the case M does not have a trivial normal bundle is more
difficult, we refer the reader to [AK8].

Proposition 2.10 implies that H^fV) is nontrivial in general. One of the

corollaries of Theorem 2.6 is that codimension one nonsingular algebraic sets

can be moved around by isotopies. A natural generalization of this fact is:

Theorem 2.7 (Algebraic transversality [AK8]). Let V be a nonsingular
algebraic set and M c= V be a stable algebraic subset. Let N be a smooth

subcomplex of V Then there exists an arbitrarily small isotopy f: M -»• V
with /o(M) — M and ffM) is a stable algebraic subset transverse to N.

Let rj^F) be the unoriented bordism group of a nonsingular algebraic set V

Let r\*(V) be the subgroup of rj^(F) generated by entire rational maps / : M
-> V where M is a compact nonsingular algebraic set. By taking graph of / one

easily sees that every element of r^iV) has a representative (M, /), where M
c 7 x R" is a nonsingular algebraic set for some n, and / is induced by

projection.

Theorem 2.8. Let f : M -> V be a mapfrom a closed smooth manifold to a

nonsingular algebraic set V. Then (M,/) e rfiJ(F) ifandonlyif fx 0 can be

approximated by an imbedding onto a nonsingular algebraic subset of V x R"

for some n.

Proof: One way the proof is trivial. Assume (M, /) r\*(V), then there is a

smooth manifold Z and a map F : Z -+ V with dZ M u IV and AT is a

nonsingular algebraic set, F \M f and F |N is an entire rational function. Let Z
be the double ofZ i.e.Z ô(Z x [ — 1,1 ]). By taking graph ofF we may assume

Z c= V x Rs is imbedded for some 5. In particular N a Z is a nonsingular
algebraic subset of V x Rs. Then extend this imbedding to an imbedding Z
c= V x Rs x R which is identity on N x (—1, 1). Then by Theorem 2.5 we can

isotope Z to a nonsingular component of an algebraic set Y a V x R" for some

n with N a Y. Since the codimension one submanifolds N and M of Z are

homologous, M can be isotoped to a nonsingular algebraic subset of Y, by
Theorem 2.6.

L'Enseignement mathém., t. XXIX, fasc. 3-4. 16
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Corollary 2.9 (Tognoli [To]). Every closed smooth manifold is

diffeomorphic to a nonsingular algebraic set.

The hypothesis of Theorem 2.8 is not void in fact we have :

Proposition 2.10 ([AK8]). For any k there exist a nonsingular
connected algebraic set V and a closed smooth codimension k submanifold M
er V which can not be isotopic to a nonsingular algebraic subset in V x R"

for any n.

Proof: Let W Rm with m — k even, and X be an algebraic subset given

by *2 + (xi — 1) • (xi— 4) — 0andx3 x4 xm 0. X is a nonsingular
irreducible algebraic set of two components X0 u X1 each of which is

homeomorphic to a circle. Let N be any smooth submanifold of W with N n X
Xm and dim(iV) m - k. Then let M B(N, X0), V B(W, X) A W be

topological and algebraic blowups, respectively. Assume that M x 0 was

isotopic to an algebraic subset Y of V x R" by a small isotopy. Then we get a

compact nonsingular algebraic set Z Y n (nop)~1(X) and an entire rational
function / n o p where p: V x Rn -»> V is the projection. Furthermore / : Z

- Rm has the properties: /(Z) X0 and f~1(x) ^ Rpm~fc~2 for x e X0 by
transversality. Hence since X0 X and x(RPm~fc_2) is °dd we get a

contradiction to Lemma 0.2.

Recall T[ifV) ä H^(V; Z/2Z) (2) ri*(point) and r|+(F) is generated by Q

x N Q V where n is the projection and N is a generator of rijpoint) and

0*[ß] is a generator of ; Z/2Z). Given (M, /) g rj^(F) with (M, /) S 0

(g) Ui then it follows that (M, /) g t^(F) if each 0, g H*(V; Z/2Z) ([AK2]). If an

algebraic set V has the property H^(V; Z/2Z) H^(V, Z/2Z) for all * we say

that K has totally algebraic homology; therefore such algebraic sets have the

W V x R"
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property p^K) P*(L)- RPm and more generally G(n, m) are examples of

algebraic sets with totally algebraic homology, because their homology is

generated by Schubert cycles. This property is invariant under cross products.
Also if L c= V are nonsingular algebraic sets with totally algebraic homology,
then so is B{V, L) (Proposition 6.1 of [AK6]). It is still an open question that
whether any closed smooth manifold is diffeomorphic to a nonsingular algebraic
set with totally algebraic homology.

Therefore it would be useful to understand when a given homology class

0 e H^V ; Z/2Z) of a nonsingular algebraic set V lies in H*(V ; Z/2Z). This can
be detected by a single obstruction cr(0) as follows. Let M a V be a fine
submanifold of a nonsingular algebraic set, in particular

M V0 c= V1 cz m Vr c Vr+1 V

for some closed smooth manifolds {J^} with dim(l^ + 1) dim(I^) + 1, then let

a(M) Inf [k | a(l^) 0 for i ^ k}

(make the convention a(Kr + 1) 0). Recall the definition of a{Vr) e Htn_1{V\
where n dim(F). Theorem 2.6 says that if oc(Lr) 0 then Vr can be made a

nonsingular algebraic subset of V and therefore e Htn_2(Vr) is defined...
etc. Hence by continuing this fashion we see that if a(M) 0 then M is isotopic
to an algebraic subset of V

If M ci V is just a smooth submanifold of V, then let J^(K M) be the set of all
fine topological multiblowups V V along M (^(V, M)) ^ 0 by Theorem 1.2
and the remarks proceeding it) :

wherein - B(Vt_ l5 Lt_ J, and Lt a. Vb M c Vk are all fine submanifolds. Make
the convention M Lk then for (V, n) e ^(V, M) define

a(K 71 Inf {k - n | a(LJ 0 for i < n}

Then a(K ti) 0 implies that all a(Lt) 0, hence inductively we can assume
that L; c Vx are nonsingular algebraic subsets and therefore we can make V A V
an algebraic multiblowup and M c V an algebraic subset. In fact a(K n) Oif
and only if V A V is a stable algebraic multiblowup along M. Let

a(M) Inf {a(K tu) | (V, n) e ^(V, M)}

and if 0 e Hk(V; Z/2Z) define



236 S. AKBULUT AND H. KING

a(0) Inf I a(M)

Then we have :

M F x Rs is an imbedding for some s,|

/^[M] 0 where p is the projection ]

Proposition 2.11 ([AK8]). If 0e^(V,Z/2Z) then QeH*(V; Z/2Z)
if and only if a(0) 0.

In particular this obstruction a(0) is a function of the codimension one
obstruction of Theorem 2.6. It measures whether certain codimension one

homology classes are transcendental. There is also a relative version of Nash's
theorem :

Theorem 2.12 ([AK3]). Let M be a closed smooth manifold and Mt
c M i 0,..., k be closed smooth submanifolds in general position. Then there

exists a nonsingular algebraic set V and a diffeomorphism. X : M -> V such

that X(Mt) is a nonsingular algebraic subset of V for all i.

A proofof special case : Here we give a proof of the case when each Mt is a

codimension one submanifold. Since RP" approximates K(Z/2Z, 1) for n large,

we can find imbeddings yf : M c» RP" with yf_1(RP"_1) Mf. Consider the
k

product imbedding y : M c+ n w" where RP- RP", y (y1?..., yfc). Then
i 1

by Theorem 2.8, after a small isotopy we can assume that y(M) is a nonsingular
k k

algebraic subset V of n RP? x Rm for some m (since f[rp? has totally
i 1 i l

k

algebraic homology). Let 7if : Y\ RP? x Rm RP" be the projection to the i-th
i 1

factor, and call Vt nf ^RP"- x) n V then Vt ^ by transversality. In
fact y induces a diffeomorphism

In [BT2] another proof of this theorem is given. Theorem 2.12 can be used to

produce distinct algebraic structures on smooth manifolds. If F is a smooth

manifold we can define a usual structure set

^AIÀV) w, g)
V' is a nonsingular algebraic set

g : V ->• V is a diffeomorphism

~ is the equivalence relation (V, g) ~ (F", /i) if there is a birational

diffeomorphism y making the following commute
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^Alg(F) is the set of distinct algebraic structures on V Hence a natural problem is

to compute S^Alg(V), or at least produce nontrivial elements of this set. For
example if we take M c F as in Proposition 2.10, then by Theorem 2.12 (V, M) is

diffeomorphic to nonsingular algebraic sets (V\ AT). Let \V\ \ Vr] denote the

underlying smooth structures and let V | V |, V \ V | be the forgetful maps.

Then (K g) and (V, g') are distinct elements of ^Aig(|L|), otherwise M would be

isotopic to a nonsingular algebraic subset of V

An interesting question is whether algebraic structures on smooth manifolds

satisfy the product structure theorem ; that is, whether the natural map

^Alg(M) x R" - ^Alg(M x R"), (V, g)^(Vx R", g x id)

is surjection. The answer would be negative if one can find a smooth manifold M
and 0 e H^,(M ; Z/2Z) such that M can not be diffeomorphic to a nonsingular
algebraic set AT with 0 e H^(M' ; Z/2Z). To see this, pick any smooth

representative N M of 0 öuC-ZV]. By graphing g, we can assume N a M
x Rn for some n and g is induced by projection. By Theorem 2.12 we can find a

diffeomorphism X : M x R" V to a nonsingular algebraic set V with X(N) is

an algebraic subset (one has to modify Theorem 2.12 to apply to this

noncompact case). Then there can not exist a birational diffeomorphism p : V

- M' x R" where AT is a nonsingular algebraic set diffeomorphic to M,
u projection

otherwise X(N) AT x R" AT would represent 0 e H^(M' ; Z/2Z).

§3. Blowing Down

Real algebraic sets obey some simple but useful topological properties :

Proposition 3.1.

(a) One point compactification an algebraic set is homeomorphic to an algebraic
set.

(b) Given algebraic sets L a V, then V — L is homeomorphic to an algebraic
set.

(c) Given algebraic sets L a V with V compact then V/L is homeomorphic
to an algebraic set.
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