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THE TOPOLOGY OF REAL ALGEBRAIC SETS?)

by Selman AkBULUT and Henry KING %)
Lat

Real algebraic sets have been long studied. However after the emergence of
modern algebraic geometry they have been ignored ; because some fundamental
tools such as the Nullstellensatz don’t apply to real algebraic sets. Fortunately in
recent years this pessimism has been dispersed with the realization that real
algebraic sets enjoy some topological advantages over complex algrebraic ones.
The fundamental problem in real algebraic sets is the topological classification
problem. The goal is to give a class of topologically defined spaces Z such that
the underlying topological space | V' | of any algebraic set V' lies in # and the
forgetful map t is onto

{algebraic sets} > %

Namely, every element of # is realized by some algebraic set. Then the
combinatorial characterization of real algebraic sets will reduce to the
combinatorial characterization of #. 1t~ }(X) will be the moduli space of
algebraic structures on X. We feel that the solution of this problem is now within
reach. In section §6 we give a candidate for £ (a class of topologically resolvable
spaces) such that 1 is defined, and 1 is onto under certain restrictions. It is hoped
that these restrictions do not exist. A nice aspect of this is that one can use [Su, ]
to give cohomological obstructions for deciding whether a Thom stratified space
lies in A.

The algebraic structures on manifolds are better understood. In 1936 Seifert
showed that any closed smooth stably parallelizable manifold is difftomorphic
to a component of a nonsingular real algebraic set [S]. Then in a beautiful paper
in 1952 Nash extended this result to all closed smooth manifolds [N]. In 1973
Tognoli sharpened Nash’s result by showing that all closed smooth manifolds
are diffcomorphic to nonsingular real algebraic sets [To]. Later in [K,] a
projective version of this result was proven. Recently nonsingular algebraic sets
were completely classified; it was shown in [AK,] that up to diffeomorphism
nonsingular algebraic sets are exactly the interiors of compact smooth manifolds

1)‘This article has already been published in Neuds, tresses et singularités, Mono-
grapzhle de '’Enseignement Mathématique N° 31, Genéve 1983, p. 7-47.
) Both authors were supported in part by N.S.F. grants.
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with boundary (possibly empty). Since all closed P.L. manifolds of dimension
less than 8 have smooth structures they are homeomorphic to algebraic sets. In
1968 Kuiper [Ku] extended Nash’s result to all 8 dimensional closed P.L.
manifolds. Later in [A] it was shown that all 8-dimensional closed P.L.
manifolds as well as a larger class of nonsmoothable polyhedra are
homeomorphic to real algebraic sets. All these results use transversality and local
piecing techniques which in general does not work when dealing with singular
spaces. In [AK,], [AK,], [AKs] a resolution technique was introduced.
Namely, by constructing a “topological” resolution of a singular space one gets a
smooth manifold, then by isotoping this to a nonsingular algebraic set and
algebraically blowing it down, one puts an algebraic structure on the original
singular space. Using this in [AK ,] a complete topological characterization for
algebraic sets with isolated singularities was given. Later it was established that
the interior of all compact P.L. manifolds are P.L. homeomorphic to real
algebraic sets; in fact these algebraic structures are classified up to topological
concordances [AK¢], [AT,].

In this paper we give an overview of these results. For the sake of harmony we
sketch proofs when possible. We have reproduced some of [AK ;] since it has not
appeared in print. The last section (§6) is a summary of our ongoing work ; so it is
somewhat tentative. We hope to give a more complete and final account in
[AK,]. The first named author would like to thank C. Weber and M. Kervaire
for their hospitality during this conference in Switzerland.

§0. INTRODUCTION

A real algebraic set V is a set of the form
V() = xeR"|p(x) =0,pel}

where I is a set of polynomial functions from R” to R. We can write any algebraic
set V = p~1(0) where p(x)is asingle polynomial (p is the sum of the square of the
generators of I). V(J) is called an algebraic subset of V(I)if I < J. Analgebraic set
V is called irreducible if it can not be written as a union of two algebraic sets
V, u V, with each V; # V. If V is an algebraic set then I(V) denotes the 1deal of
polynomials vanishing on V. A point x € V is called nonsingular of dimension d
if there is a polynomial function p: R* - R"™“ vanishing on V and an open
neighborhood U of x with the property that rank(dp) = n — d on U and
p 10)n U = V n U.dim(V) is defined to be the largest d such that there is a
x € V of nonsingular of dimension d. Nonsing(V) is the set of all x € V'which are
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nonsingular of dimension dim(V). Then we define Sing(V) = V — Nonsing(V).
An interesting fact is that if W and V are nonsingular algebraic sets of the same
dimensions with W < V then V — W is a nonsingular algebraic set (Lemma 1.6
of [AK,]).

For any set A < R” the Zariski closure A of A is defined to be the smallest
algebraic set containing 4. Given algebraicsets ¥ = R"and W < R™afunction
f:V — W is called an entire rational function if f(x) = p(x)/q(x) where p: R"
— R™, ¢:R" > R are polynomials such that g does not vanish on V. A
diffeomorphism f : V — W is ealled a birational diffeomorphismif f and f~ Lare
entire rational functions.

Consider E(n, k) > G(n, k) where G(n, k) is the Grassmann manifold of k-
planes in R" E(n, k) is the universal bundle over G(n, k). These universal
manifolds are nonsingular algebraic sets in a natural way

Gn, k) = {Aed,| A = A, A*> = A, trace(4) = k} |
E(n, k) = {(4,x)e G(n, k) x R"| Ax = x}

where .Z, is the space of (n x n) matrices (= an) and p(A4, x) = A. For a given
pair of nonsingular algebraic sets M < V < R" of dimensions m and v, the usual
functions

fM—-> Gnv—m), g:M - G(n,m,

f(x) = the (v—m)-plane tangent to V and normal to M at x, g(x) = the m-
plane tangent to M at x are entire rational functions (see [AK, ], [AK,]). There is
a birational diffeomorphism 6 : RP"~! — G(n, 1) given by 0[x,; ...; x,] = (a;))
) XX

>x?

B(V) is an algebraic subset of G(n, 1) = R”. Hence every projective algebraic set
is an afine algebraic set and vice versa.
In real algebraic geometry locally defined entire rational functions are

globally defined. This property does not hold in the complex case.

where q;; = . Then V' = RP"" ! is a projective algebraic set if and only if

LemMma 0.1. Let {Vj}i_, bedisjoint algebraic subsets of an algebraic set v,

and f;: V; > R" be entire rational functions. Then there exists an entire rational
function f:V - R" with f|, = f.

Proof . It suffices to prove this for k = 2. Write f; = p;/q; where p,, g, are
polynomials with g; # 0 on V, let ¥; = h; *(0) for some polynomials ;. Then

f 1 (pzqzh% plqlh%>

YA R A ™ =
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An important property of real algebraic sets is the complexification. For any
real algebraic set ¥ = R” one can associate a complex algebraic set V; = C" by
taking the smallest complex algebraic set containing V (recall R* = C"). dim(V,)
= 2 dim(V) as real algebraic sets. The complex conjugation on ¥V induced from
C" defines an involution j: Vi — V, with fixed point set V. This property imposes
some topological restrictions on V. Any x € V has a well defined link L(x)
= S, n V, where S, is a sphere of radius ¢ centered at x for a sufficiently small ¢
(recall algebraic sets are locally cone-like [M]). In [Su,] Sullivan observed that
for any x € V the Euler characteristic y(L(x)) of L(x) is even. This follows from
X(L(x)) = x(Lc(x)) = 0 (mod 2), where L(x) is the link of x in V.. The first
equality holds since L(x) is the fixed point set of the involution j on L(x), the
second equality holds since L(x) is a stratified space with only odd dimensional
strata. Algebraic sets are triangulated [Lo] and the local even Euler
characteristic condition implies that the sum of k-simplexes of a compact k-
dimensional algebraic set V* is a cycle [V] € H(V; Z/2Z) which we call the
fundamental cycle. If V' is connected then H,(V; Z/2Z) = Z/2Z and [V] is the
generator. This enables us to construct various polyhedra which can not be

algebraic sets. For example let X = S' U D? where f is the degree
s
3 map f:0D* — S'. Then X can not even be homology equivalent to a 2-

dimensional algebraic set since H,(X ; Z/2Z) = 0. The unreduced suspension Y
of RP? can not be homeomorphic to an algebraic set since it violates Sullivan’s
condition. However the reduced suspension Y of RP?, obtained from Y by
collapsing an arc running from the north pole to the south pole, is
homeomorphic to an algebraic set (since Y is an A4,-space, see §5). Hence unlike
the first example Y is homotopy equivalent to an algebraic set.

Another useful property of real algebraic sets coming from complexification
was observed by Benedetti and Tognoli [BT,]. They noticed that if a closed
smooth manifold M is a diffeomorphic image of a nonsingular algebraic set
under an algebraic map, then M — M has dimension less than dim(M) where M
denotes the Zariski closure of M. This can be easily generalized to:

Lemma 0.2. If f: X — R™ isanentirerational function from anirreducible
algebraic set such that x(f ~'(x)) isodd for a dense set of points x € f(X), then

dim(f(X) — f(X)) < dim f(X).

Proof: First replace X by the graph of f, then we can assume that X < R”"
x R™forsomenand f isinduced by the projection m to R™. By projectivizing we
can replace R” and R™ by RP" and RP™ above (i.e. imbed them as charts).
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Consider X © CP" x CP™ and let n¢: X¢ — V be the map induced by the
projection to CP™and V = ne(X ). By algebraic Sard’s theorem (3.7 of [Mu}]) n¢
is a fibre bundle map over the complement of a complex algebraic subset W of V.

The real part of W has real codimension = 1 in m(X). Therefore if dim(m(X)

— n(X)) = dim m(X) then we can find a point x, € (m(X) — (X)) n (V=W).
Also by hypothesis we can find a point x, € ©(X) n (V— W) with x(r ™ (x,)) odd.
The sets ¢ (x,) and me X(x,) are invariant by complex conjugation, and the fixed
point sets of the involutions induced by the complex conjugation are the empty
set and m~ !(x,), respectively. Hence (¢ !(x0)) = 0 (mod 2) and

w(me H(xy) = x(n”xy) = 1 (mod 2);

this is a contradiction since ni¢ 1(x,) & m¢ (x,) (because n is a fibre bundle map
over V— W). O

§1. RESOLUTION OF ALGEBRAIC SETS

Another important property of algebraic sets is the resolution property. This
property forces algebraic sets to satisfy many topological conditions (see §5).
Given an algebraic set V' and an algebraic subset L, the algebraic blowup of V
along L B(V, L) defined to be the Zariski closure of

{(x,0 fx))eV x RP" ' |xeV — L},

where f: (V, L) — (R", 0) is a polynomial whose coordinates generate I(L)/I(V)
and 6: R* — {0} > RP" ! is the quotient map 6(x, ..., x,) = [x;:..:x,]. The
amusing fact is that B(V, L) is well defined algebraic subset of ¥V x RP" 1.
Furthermore if V and L are nonsingular then B(V, L) is diffeomorphic to the
topological blowup of V along L B(V, L) = (V—interior N) u E(N) where N is
the normal disc bundle of L in ¥ and E(N) is the I-bundle over the projectivized
normal bundle of L in V; 1.e. E(N) is obtained by replacing each fiber D* of N by
RP* — int(D*). There are natural projections m, 7, making the following

commute
"
1% V
B(V, L) "

Given any polyhedron M with L =« M < V where L, V smooth manifolds then
we define B(M, L) to be the closure of n; (M) — =, {(L) in B(V, L).
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If M is a smooth manifold this definition coincides with the usual B(M, L).
From now on we drop the subscript and let B(M, L) > M to denote the
topological (algebraic) blowup if L = M are manifolds (algebraic sets). Any
inclusions L ¢ M < V giverise to inclusions B(M, L) < B(V, L). Given smooth
manifolds L €« M < Vand B(V, L) 5 V thenn~ }(L)is the projectivized normal
bundle P(L, V) of L in V and n~}(L) n B(M, L) = P(L, M).

Let V be a nonsingular algebraic set (a smooth manifold) and M be an
algebraic subset (a smooth stratified subset). Then ¥ 5 V is called an
algebraic (topological ) multiblowup of V along M if: © = ©, o, 0..0m, for
some k where V=V, 5V _, o .5 V, =V such that V,,
= B(V,, L)) 3 V; are blowups along nonsingular algebraic subsets (closed
smooth submanifolds) L; of V;. Furthermore L; = M, with dim(L,) < dim(M))
where M;,; = B(M,, L;), M, = M, and M, is a nonsingular algebraic subset (a
smooth submanifold) of V. We will denote M, by M. M is usually called the strict

preimage of M and L;’s are called the centers of the multiblowup. If furthermore ‘

the imbeddings L; = V;and M < V satisfy some particular property 2 we call
V 5 V a 2 algebraic (topological ) multiblowup.
Notice that if VV < R" is an algebraic set then we can assume that

k
V<= R" x TI RP% = R" x R"

i=1

for some m and m: ¥V - V is induced by the projection R* x R™ — R™.

THEOREM 1.1 (Hironaka [H]). Let V be a nonsingular algebraic set and
M be an algebraic subset. Then there exists an algebraic multiblowup V5 V
along M. Furthermore T |.-iNonsingsm IS a birational diffeomorphism.

This theorem says that a singular algebraic set can be made nice
(nonsingular) by blowing up along nice (nonsingular) algebraic subsets. We can
go one step further, namely starting with a nonsingular algebraic set we can
make it nicer (fine) by blowing up along nicer (fine) algebraic subsets. First we
need some definitions: Let M < V be nonsingular algebraic sets, then M 1is
called a fine algebraic subset if it is a component of a transversally intersecting
codimension one compact nonsingular algebraic subset of V. M is called a stable
algebraic subset f M = Zq < Z, = ... ©« Z,,, = V where {Z,}i_, are com-
pact nonsingular algebraic subsets with dim(Z;, ;) = dim(Z;) + 1. Similarly
in these definitions by changing nonsingular algebraic sets with smooth
manifolds we define fine submanifolds and stable submanifolds.
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Clearly fine algebraic subsets (submanifolds) are stable algebraic subsets
(submanifolds). Stable algebraic subsets are useful because they obey trans-
versality (Theorem 2.7). In algebraic geometry sometimes fine algebraic subsets
are called complete intersections. If M is compact and has a trivial normal
bundle in ¥ then M is a fine submanifold of V.

TueoreM 1.2 ([AKg]). Let V beanonsingular algebraic setand M bea
compact nonsingular algebraic subset. Then there exists a fine algebraic
multiblowup V 5> V along M.

Since any pair of closed smooth manifolds M < V are pairwise
diffeomorphic to nonsingular algebraic sets (Theorem 2.12), Theorem 1.2 has the
obvious topological version. An application of this theorem is Proposition 2.11
(the definition of o(0)).

There is a homology version of the resolution theorem, which says that
7./2Z-cocycles (or cycles) can be desingularized by blowing up. For a
given compact nonsingular algebraic set V let Hi(V; Z/2Z), AH (V; Z/2Z),
HY™(V ; Z/2Z) denote the subgroups of H (V; Z/2Z) generated by algebraic
subsets, stable algebraic subsets, imbedded closed smooth submanifolds
respectively. Let H%(V ; Z/2Z), AH*(V ; Z), H¥,(V ; Z/2Z) denote the Poincaré
duals of these subgroups.

THEOREM 1.3 ([AKg]). Let V beacompact nonsingular algebraic set, then
there exists an algebraic multiblowup V 5 V' such that, for all i

(a) n* H(V; Z)2Z) < Hip(V ; Z/2Z)
(b) n* H'\(V ; Z/2Z) ¢ AH\V ; Z/)2Z)

Furthermore if we fix i we can assume that the centers of the multiblowup has
dimension < dim(V) — i.

As a corollary to the proof of Theorem 1.3 one gets an algebraic version of
Steenrod representability theorem :

COROLLARY 1.4. If V is a nonsingular algebraic set and
0e H(V; Z/2Z),

then there exists an algebraic multiblowup V5V  along the centers of
dimension less than k and a k-dimensional nonsingular algebraic subset Z
of V and acomponent Z, of Z, suchthat ml|,,:Z,— V represents .
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(b) Implies that the algebraic cohomology H%(V ; Z/2Z) is closed under
cohomology operations [AK4]. For example to show that the intersection of
two algebraic homology classes is an algebraic homology class we take a
resolution ¥ 5 V which makes these algebraic subsets stable algebraic subsets,
then by Theorem 2.7 we can make them transversal and project the intersection
back into V] then the Zariski ciosure of this set corresponds to the homology
intersection of the original homology classes.

Since any closed smooth manifold is diffeomorphic to a nonsingular
algebraic set (a) applies to smooth manifolds. It gives some interesting
topological corollaries. Here is an example : Let M O(r) be the Thom space [ T] of
the universal R"-bundle. The Thom class generates

H'(MO(r) : Z)2Z) = H'*"(£"MO(r) ; Z/2Z)

hence it defines amap "M O(r) — K(Z/2Z, r + n). By taking n-fold loops on both
sides we get a natural map

p: Q" MO(r) - K(Z/2Z, 1) .

It is well known that any r-dimensional cohomology class of a closed smooth
manifold M is classified by a map f: M — K(Z/2Z,r) and the dual of this
cohomology class can be represented by an immersed submanifold if and only if
f lifts to Q"X" MO(r) for some large n. So it 1s useful to understand the map p.
Interestingly, Theorem 1.3 implies that p is an injection in Z/2Z cohomology as
follows: By taking the boundary of a tubular neighborhood V' of some big
skeleton of K(Z/2Z, r) in R" we get an inclusion f :V — K(Z/2Z, r) with f*
isomorphism for large *. By Theorem 1.3 we can take a multiblowup ¥ 5 V with
n* f*() € H¥,(V : Z/2Z), where 1 is the fundamental class. Hence the dual of
n* *(1) is represented by an immersed submanifold, therefore there is a map g
making the following commute

g

VoS QE"MO(r)

"l 1P

v L k@zpz

Since 7 is a degree 1 map it is an injection in cohomology, hence p* must be an
injection.

| il
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§2. NONSINGULAR ALGEBRAIC SETS

The fact that closed smooth manifolds are diffefomorphic to nonsingular
algebraic sets can be traced back to the following simple fact.

PrROPOSITION 2.1. Let L be a nonsingular algebraic set and K be a

compact set with L < K < R", let f:R"— R be a smooth function with
f |, = u for some entire rational function u. Then there is an entire rational

function p:R"™ — R which approximates f arbitrarily closely near K with
ply = u (if u is a polynomial then p can be taken to be a polynomial).
Furthermore if f — u has compact support then p can approximate f on all
of R"

Proof: First write f — u = X a;. B; where a; are smooth functions and

2

B; € I(L). Clearly we can do this locally, and then by putting these local
expressions together by partitions of unity we get the global expression. We
approximate a,(x) by polynomials o(x) near K andletp = u + X a; . B;. p(x) has

the required properties. If p — u has compact support we can define a smooth
functiong: " - Rbyg = (f—u)>060on 8" — (0, 1) and ¢(0, 1) = 0, where S"
< R" x R is the unit sphere and 0:S" — (0, 1) » R" is the stereographic

projection, 0(x, t) = l—x—t Then

g:(S",071(L) L (0, 1)) - (R, 0)

hence by the first part of the theorem g can be approximated by an entire rational
function

P (8,87 1(L) U (0, 1)) > (R, 0).

Letp = po0™! + wu ]

The following was introduced in [AK,] to simplify Nash’s and Tognoli’s
theorems.

ProprOSITION 2.2 (Normalization). Given L < K < R, W < R™ where

L, W arenonsingular algebraic sets and K isacompact set,and f:K - W a

smooth function with f |, = u for some entire rational function u:L— W.
Then there is an algevraic set Z = R" x R™ and an entire rational function
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p:Z — W and an open neighborhood U of K in R" and a smooth function
o :(U, L) -> (R™,0) such that

(i) Theset U = {(x, ¢(x))| x € U} = R" x R™ isanopen nonsingular subset
of Z.

(il) p isarbitrarilycloseto fom on U where m isthe projection to the first
factor.

(i) Lx 0c U and plixo = u

Proof: Letd:R™ — R™ be an entire rational function with
d(x) € G(m, m—dim W)

is the normal plane to W at x € W (from §0). By Proposition 2.1 there is an entire
rational function g:R" - R™ which approximates f on K with g |, = u
Define:

Z = {(x,y)eR" x R"|g(x) + ye W, 8(g(x) + y)y = y}
p:Z — R" p(x,y) = g(x) +y

(_/W’Z

\
¢ W
—_—
R" J
Rm

Clearly Z is an algebraic set. Let U be a small open tubular neighborhood of K
such that g is arbitrarily close to f on U. Therefore when x € U there is a unique
closest point v(x) on W to g(x). Define o(x) = v(x) — g(x) to be the vector from
g(x) to v(x). Hence @(x)is perpendicular to W atv(x) = g(x) + @(x),so @(x)is the
unique “small” solution of the equations

gx) + ye W o (gx)+ yew }
{S(Q(X) + )y = y} which is {y is L to W at g(x) + y
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Hence U = {(x, ¢(x)) | x € U} has the property
U=ZnUx {yeR"||y]| < ¢}

for some small ¢ > 0. Clearly Z, U, p has the required properties. ]

THEOREM 2.3 (Generalized Seifert Theorem). Let M™ < V° be a closed
smooth submanifold of a nonsingular algebraic set 'V, imbedded with a trivial
normal bundle, and let L < M be a nonsingular algebraic set. Then by an
arbitrarily small isotopy M is isotopic to a component of a nonsingular
algebraic subset of V fixing L.

Proof: LetV < R"andlet W, U be small open neighborhoods of M™in V?,
and in R" respectively. Let /' : W — R”™ ™ be the trivialization map of the normal
bundle of M in V, f is transverse to 0 € R°"™and f ~'(0) = M. Thenextend f to
f:U - R ™ Since f |, = 0 by Proposition 2.1 we can approximate f on
Closure(U) by a polynomial F:(R" L) — (R*> ™ 0). By transversality
F~Y0) n W is isotopic to f~Y0) n W = M. In general F~}(0) might have
extra components outside of U. W

It is interesting to note that in general the extra components of F~1(0) can
not be removed, there are homotopy theoretical obstructions [AKg] (even
when L = Q).

Remark 2.4. In Theorem 2.3 it is not necessary to assume that L is
nonsingular, it suffices to assume that some open neighborhood W of L in M
coincides with an open subset of a nonsingular algebraic set. The proof is the
same except it requires a slight modification in Proposition 2.1 (see [AK,]).

THEOREM 2.5 (Generalized Nash theorem). Let M™ < R" be a closed
smooth submanifold, and L < M be a nonsingular algebraic set. Assume that
some open neighborhood W of L in M is an open subset of some nonsingular
algebraic set. Then by an arbitrarily small isotopy M can be isotoped to a

nonsingular component of an algebraic subset of R" x R® keeping L fixed (for
some s).

Proof: Let U be an open tubular neighborhood of M in R and f: U
— E(n, k) be the map which classifies the normal bundle of M in U. f & G(n, k)
and f~Y(G(n, k)) = M. By using W we can assume f |, = u for some entire
rational function u (see §0). By Proposition 2.2 there is a nonsingular open subset
U of an algebraic set Z = R" x R® for some s, and an entire rational function
p: U — E(n, k) which makes the following commute
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R" xR U

bm \\\\

R" U —L—+ Enk > Gk

where 7 is projection, and f o mis closeto p,and L x 0 < U withp|, ., = u.
U = {(x, ox))| xe U}

for some smooth function ¢(x). Let p(x) = p(x, ®(x)) then p is close to f on U.
By transversality p~'(G(n, k)) n U is isotopic to f~}G(n, k) nU = M
in U. Since 7 is an isomorphism on U and p = pom,

p NG k) nU = n Y~ YG(mn k) n U) ~ M .

p~}(G(n,k)) n U is a component of an algebraic set by construction and
nonsingular by transversality, furthermore it contains L x O. ]

Let V be a nonsingular real algebraic set of dimension n. Recall
AH,_(V; Z/2Z) is the subgroup of H,_,(V; Z/2Z) generated by nonsingular
algebraic subsets. We define

H, (V) = H,_(V;Z/2Z)/AH,_(V;Z/2Z),

which we call the group of codimension one transcendental cycles. For any
codimension and closed smooth submanifold M < V let o(M) be the image
of the fundamental homology class [M] under the quotient map.

THEOREM 2.6 ([AKg]). Any codimension one closed smooth submanifold
M < V of a nonsingular algebraic set V is isotopic to a nonsingular algebraic
subset by an arbitrarily small isotopy if and only if o(M) = O.

Sketch of proof: For simplicity assume that M has a trivial normal bundle
and [M] is represented by a single nonsingular algebraic subset W of V. If
M A W = @ then M U W separates V into two components V., V_ with one
of them, say V., is compact (since M is homologous to W). Let f:(V, MUW)
— (R, 0) be a smooth function with f > O on V, and f < 0 on V_. We can
assume that f is transversal to 0 and is constant outside of a compact set
containing V.. By Proposition 2.1 we can approximate f by a polynomial
F:(V, W) - (R,0), then by transversality F~'(0) = M’ U W where M’ is
isotopic to M. M’ U W is a nonsingular algebraic set hence M’ is a nonsingular
algebraic set.
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If M n W # @ then we can find a smooth representative N of [M] with
NnM = @ and Nn W = @. By the first part we can isotope N to a
nonsingular algebraic set N’ by a small isotopy. Hence N' n M = () ; and since
N’ is homologous to M by the previous case M is isotopic to a nonsingular
algebraic set by a small isotopy.

The proof of the case M does not have a trivial normal bundle is more
difficult, we refer the reader to [AKg]. O

Proposition 2.10 implies that H' _,(V) is nontrivial in general. One of the
corollaries of Theorem 2.6 is that codimension one nonsingular algebraic sets
can be moved around by isotopies. A natural generalization of this fact is:

THEOREM 2.7 (Algebraic transversality [AKg]). Let V be a nonsingular
algebraic set and M < V be a stable algebraic subset. let N be a smooth
subcomplex of V. Then there exists an arbitrarily small isotopy f,: M -V
with  fo(M) = M and f,(M) .is a stable algebraic subset transverse to N.

Let (V) be the unoriented bordism group of a nonsingular algebraic set V.
Let n;‘(V) be the subgroup of n (V) generated by entire rational maps f : M
— V where M is a compact nonsingular algebraic set. By taking graph of f one
easily sees that every element of n;‘( V) has a representative (M, f), where M
c ¥V x R" is a nonsingular algebraic set for some n, and f is induced by
projection.

THEOREM 2.8. Let f: M — V be amap from a closed smooth manifold to a
nonsingular algebraic set V. Then (M, f)e n;:(V) ifandonlyif f x O canbe
approximated by an imbedding onto a nonsingular algebraic subset of V x R"
for some n.

Proof: One way the proof is trivial. Assume (M, f) e n;:( V), then there is a
smooth manifold Z and a map F: Z - V with Z = M U N and N is a
nonsingular algebraicset, F |,, = f and F |, is an entire rational function. Let Z
be the double of Zie.Z = d(Z x [—1, 1]). By taking graph of F we may assume
Z = V x R° is imbedded for some s. In particular N < Z is a nonsingular
algebraic subset of ¥ x R®. Then extend this imbedding to an imbedding Z
c V x R® x Rwhichisidentityon N x (—1, 1). Then by Theorem 2.5 we can
isotope Z to a nonsingular component of an algebraicset Y < ¥ x R"for some
n with N < Y. Since the codimension one submanifolds N and M of Z are
homologous, M can be isotoped to a nonsingular algebraic subset of Y, by
Theorem 2.6. ]

L’Enseignement mathém., t. XXIX, fasc. 3-4. 16
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CorOLLARY 2.9 (Tognoli [To]). Every closed smooth manifold is
diffeomorphic to a nonsingular algebraic set.

The hypothesis of Theorem 2.8 is not void in fact we have:

ProrosiTION 2.10 ([AKg]). For any k there exist a nonsingular con-
nected algebraic set V and a closed smooth codimension k submanifold M
< V' which can not be isotopic to a nonsingular algebraic subset in V x R"
for any n.

Proof: LetW = R™withm — k even, and X be an algebraic subset given
byxi + (x2—1).(x2—4) = Oandx; = x, = = x,, = 0. X isanonsingular
irreducible algebraic set of two components X, U X; each of which is
homeomorphic to a circle. Let N be any smooth submanifold of W with N n X
= X,, and dim(N) = m — k. Thenlet M = B(N, X,), V = B(W, X) 5> W be
topological and algebraic blowups, respectively. Assume that M x 0 was
1sotopic to an algebraic subset Y of IV x R" by a small isotopy. Then we get a
compact nonsingular algebraic set Z = Y N (nop)” '(X) and an entire rational
function f = mwo pwhere p: V x R" - V is the projection. Furthermore f: Z
— R™ has the properties: f(Z) = X, and f~}(x) ~ RP™"*"2 for x e X, by
transversality. Hence since X, = X and y(RP™ %" 2) is odd we get a
contradiction to Lemma 0.2. ]

V x R"

Recall n, (V) ~ H(V;Z/2Z) ® n(point) and n,(V) is generated by Q

x N 5 Q % V where n is the projection and N is a generator of 1 (point) and
g,[Q] is a generator of H(V; Z/2Z). Given (M, f) e n, (V) with (M, f) = £ 6
® U, then it follows that (M, f) e nZ(V)ifeach 0, H;‘(V; 7/27) ([AK,]). Ifan

- algebraic set V has the property H (V' ; Z/2Z) = H;‘(V, Z/27) for all * we say
that V has totally algebraic homology; therefore such algebraic sets have the
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property n (V) = ni(V). RP™ and more generally G(n, m) are examples of
algebraic sets with totally algebraic homology, because their homology is
generated by Schubert cycles. This property is invariant under cross products.
Also if L = V are nonsingular algebraic sets with totally algebraic homology,
then so is B(V, L) (Proposition 6.1 of [AKg]). It is still an open question that
whether any closed smooth manifold is diffefomorphic to a nonsingular algebraic
set with totally algebraic homology.

Therefore it would be useful to understand when a given homology class
0 e H _(V; Z/2Z) of a nonsingular algebraic set V lies in H;‘(V; Z./27). This can
be detected by a single obstruction o(6) as follows. Let M < V be a fine
submanifold of a nonsingular algebraic set, in particular |

M=VOCV1C...CV;CV,H=V
for some closed smooth manifolds {V;} with dim(V;, ;) = dim(V;) + 1, then let
M) = Inf{k|a(V}) =0 for i=k}

(make the convention a(¥,, ;) = 0). Recall the definition of «(V,) e H._ ,(V),
where n = dim(V). Theorem 2.6 says that if «(¥,) = 0 then V, can be made a
nonsingular algebraic subset of ¥ and therefore a(V,_,) € H',_,(V,) is defined...
etc. Hence by continuing this fashion we see that if &%(M) = 0 then M is isotopic
to an algebraic subset of V.

If M = Visjust a smooth submanifold of ¥, then let % (V, M) be the set of all
fine topological multiblowups ¥ = V along M (%(V, M)) # @ by Theorem 1.2
and the remarks proceeding it):

Tk . T -1 1

I7=Vk—>Vk~1 - .oV, =V,

where V; = B(V;_, L;_;),and L, = V,, M < V, are all fine submanifolds. Make
the convention M = L, then for (¥, ) € #(V, M) define

o(V,nm) = Inf {k —n|&L) = 0 for i < n}

Then o(¥, 1) = 0 implies that all &(L;) = 0, hence inductively we can assume
that L; = V;are nonsingular algebraic subsets and therefore we can make > V
an algebraic multlblowup and M < ¥ an algebraic subset. In fact o(V,m) = 0if
and only if ¥ 5 V is a stable algebraic multiblowup along M. Let

o(M) = Inf {o(7, ) | (V, ) e Z(V, M)}
and if 0 € H(V; Z/27Z) define
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c(0) = Inf {O’(M)

M o V x R® is an imbedding for some s,
p,[M] = 6 where p is the projection

Then we have:

ProposITION 2.11 ([AKgl). If ©e HYV,Z/2Z) then 0e HYV;Z/2Z)
if and only if o(8) = 0.
In particular this obstruction o(0) is a function of the codimension one

obstruction of Theorem 2.6. It measures whether certain codimension one

homology classes are transcendental. There is also a relative version of Nash’s
theorem :

THEOREM 2.12 ([AK;]). Let M be a closed smooth manifold and M,
oM i=0,..,k beclosed smooth submanifolds in general position. Then there
exists a nonsingular algebraic set V and a diffeomorphism. L: M — V such
that MM,) is a nonsingular algebraic subset of V for all i.

A proof of special case: Here we give a proof of the case when each M, is a
codimension one submanifold. Since RP" approximates K(Z/2Z, 1) for n large,
we can find imbeddings v,: M ¢ RP" with y; {RP"™1) = M, Consider the

k
product imbedding y: M < ][] RP}, where RP} = RP", v = (yy, .., ¥)- Then
i=1
by Theorem 2.8, after a small isotopy we can assume that y(M) is a nonsingular

. k k
algebraic subset V of [] RP} x R™ for some m (since [[ RP} has totally
i=1 i=1

k
algebraic homology). Let 7;: [[ RP} x R™ — RP" be the projection to the i-th
i=1 )

factor, and call V; = n7 {(RP" ')~ V then V; ~ M; by transversality. In

I

fact y induces a diffeomorphism

(M; My, ..M) = (V;V, ..., V). O

In [BT,] another proof of this theorem is given. Theorem 2.12 can be used to
produce distinct algebraic structures on smooth manifolds. If V' is a smooth
manifold we can define a usual structure set

V' is a nonsingular algebraic set
g:V' — Vis a difftomorphism

yAlg(V) = {(V', g)

~ 1is the equivalence relation (V’,g) ~ (V”, h) if there is a birational
difffomorphism y making the following commute
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ST~
Y
V”/

¥ ag(V)is the set of distinct algebraic structures on V. Hence a natural problem is
to compute ¥ (V), or at least produce nontrivial elements of this set. For
example if we take M = V asin Proposition 2.10, then by Theorem 2.12 (V, M) 1s
diffeomorphic to nonsingular algebraic sets (V', M'). Let | V| = | V'] denote the

underlying smooth structures and let V 5 |V |,V 5 | V| be the forgetful maps.

Then (V, g) and (V, ') are distinct elements of 4 ,(|V]), otherwise M would be
isotopic to a nonsingular algebraic subset of V.

An interesting question is whether algebraic structures on smooth manifolds
satisfy the product structure theorem; that is, whether the natural map

'SpAlg(M) X R" — yAlg(MXR")a (V, g9) — (V xR", g x id)

is surjection. The answer would be negative if one can find a smooth manifold M
and 6 € H (M ; Z/27) such that M can not be diffeomorphic to a nonsingular
algebraic set M’ with 8 e HXM';Z/2Z). To see this, pick any smooth
representative N LS Mof = g«[N]. By graphing g, we can assume N < M
x R"for some n and g is induced by projection. By Theorem 2.12 we can find a
diffeomorphism A : M x R" — V to a nonsingular algebraic set V' with A(N) is
an algebraic subset (one has to modify Theorem 2.12 to apply to this
noncompact case). Then there can not exist a birational diffeomorphism p: V
— M’ x R" where M’ is a nonsingular algebraic set diffeomorphic to M,

projection

otherwise A(N) > M’ x R" =" M’ would represent 0 ¢ H4(M'; Z)2Z).

§3. BLOWING DowN

Real algebraic sets obey some simple but useful topological properties:

ProrosiTiON 3.1.

(a) One point compactification an algebraic set is homeomorphic to an algebraic
set.

(b) Given algebraic sets L < V, then V — L is homeomorphic to an algebraic
set.

(¢) Givenalgebraic sets L = V with V compactthen V/L is homeomorphic
to an algebraic set.
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Proof:

(a) Let Z = R” be an algebraic set and assume that Z # R" and 0¢ Z
(otherwise translate Z). Let Z = f~}(0) for some polynomial f(x);then define

X
F(x) = | x|*f <W>’ where d is the degree of f(x). Clearly F(x) is a poly-
nomial and F ~1(0) is the one point compactification of Z, since x — % is the
X

inversion through the unit sphere.

(b) Let V = f~10), L = g~ *0) for some polynomials f,g:R" — R.
Define G(x, t) = | f(x)|* + | tg(x) — 1%, then G"}(0) ~ V — L.

(c) By applying (a) we get the one point compactification of G~ 1(0) to be an
algebraic set; if V is compact this set is homeomorphic to V/L. ]

This proposition implies that a set is homeomorphic to an algebraic set if and
only if the one point compactification is homeomorphic to an algebraic set.
Hence any noncompact algebraic set has a collar at infinity, since every algebraic
set is locally cone-like [M]. Also we get that the reduced suspension "X = X
x S"/X V S" of any algebraic set X is homeomorphic to an algebraic set.

There is a fancier version of the blowing down operation (c) (Proposition 3.3).
First we need to discuss projectively closed algebraic sets. Let p: R" — R be a
polynomial. Another interpretation of this concept 1s the following: Let A: R”
d. We call p(x) an overt polynomial if p; *(0) is either the empty set or {0}. We call
an algebraic set V = p~1(0) a projectively closed algebraic set if p(x) is an overt
polynomial. Another interpretation of this concept is the following: Let A : R”
— RP" be the inclusion Mxy,..,x,) = [1;x;..;x,] then V = p~}0) is
projectively closed if and only if A is a projective algebraic subset of RP" in other
words MV) is Zariski closed in RP” (see also [AK,]). Real algebraic sets along
with maps can easily be made projectively closed by the following.

PROPOSITION 3.2. Let f:Z — W be an entire rational function between
algebraic sets with Z nonsingular and compact. Then there is a projectively
closed algebraicset V < W x R" abirational diffeomorphism g which makes
the following commute

Vv o W x R"

ta L
z L ow

where T is the projection, n is some integer.
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Proof: By taking the graph of f we can assume that Z <« W x R™" = R’
for some r, and f is induced by projection. Also identify R” < RP" via A. Then let
Z be the Zariski closure of Z in RP". We claim dim(Z — Z) < dim(Z). This is
because if U is an irreducible component of Z then U n Z # (), and therefore
U—-Z=U~nRP ! is a proper algebraic subset of U where RP""*
= {[0; x,;..; x,] € RP"}. Since U is irreducible dim(U—2Z) < dim(U), also
dim(U) = dim(Z). Therefore dim(Z —2Z) < dim(Z). So Z — Z = Sing(Z). By
resolution of singularities [H] (Theorem 1.1) there is a nonsingular algebraic set
V < RP" x [] RP%such that the projection induces birational diffeomorphism

between V' and Z. In particular ¥ < R” x || RP%.
RP" x [ RP% ¢, RC* D7+t 17

is a projectively closed algebraic set. Hence V is projectively closed (check
details). ]

Now assume that L ¢ W < R™ be real algebraic sets,and V < W x R" be
a projectively closed algebraic set. Let g : R” — R be a polynomial with g~ *(0)
= L. Define

D,:W xR"> W x R"

by Dy(x, y) = (x, yq(x)). D, is a diffecomorphism on (W —L) x R" and DL
xR") = L x 0. Therefore D (V) is the quotient space of V by the equivalence
relation (x, y) ~ (x, 0) if x € L. We call the operation V — D(V)u L (L is
identified by L x 0) blowing down V over L.

Wx R = R3

| e

D(V)uUL
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PROPOSITION 3.3. Given L,W,V as above, then D,(V)u L is an
algebraic subset of W x R".

Proof: Let p:R™ x R" —» R be an overt polynomial of degree e with V
= p~1(0) and let g be as above. Define a polynomial r: R x R" — R by

", ) = q(x)° p(x, i)
q(x)

We claim r~'(0) = D(V) u L. It is easy to see that
r 10) n(W—L) x R" = D(V) n(W—L) x R",

so it suffices to show that r"}(0) n (LxR") = L x 0. We decompose p(x, y)
= pJSx,y) + a(x, y) where p,(x, y) is homogeneous of degree e and o(x, y) is a
polynomial of degree less than e. Hence if (x, y) € r~ *(0) n (L x R") then r(x, y)
= 0 and g(x) = 0, which implies r(x, y) = p,0, y) = 0. Then y = 0 since p is
overt, so (x, y) € L x 0. Conversely if (x, y)e L x 0 then y = 0 and g(x) = 0.
Hence r(x, y) = p,0,0) = 0, ie. (x, y) e r~1(0) n (L x R"). n

There is a more useful version of Proposition 3.3 which says that after
modifying D, we can get D (V) U L to be a projectively closed algebraic set
(Proposition 3.1 of [AK]). This allows us to iterate this blowing down process.

§4. ISOLATED SINGULARITIES

The topology of real algebréic sets with isolated singularities is completely
understood by the following Theorem.

THEOREM 4.1 ([AK,]). X ishomeomorphicto an algebraic set with isolated
singularitiesif and only if X isobtained by taking a smooth compact manifold W

with boundary O0W = U M, where each M; bounds, then crushing some
i=1

Ms to points and deleting the remaining M.
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One direction the proof follows from the resolution of singularities [H]. To
prove it to the other direction we need the following:

ProrosiTiON 4.2. If a closed smooth manifold M bounds a compact
manifold, then it bounds a compact manifold W such that there are transversally
intersecting closed smooth codimension one submanifolds W, .., W, with
W/u W, ~ con(M), ‘in other words U W, is a spine of W.

1

Proof: Let M = 0Z where Z is some closed smooth manifold. Then pick
balls D;, i = 1, 2, .., r lying in interior (Z) such that:

(a) UD,;is a spine of Z

1

(b) The spheres S; = 0D, intersect transversally with each other in Z

() uD; — 3D, is a union of open balls U B;.
j=1

Let Bj < B; denote a smaller ball. Then Z, = Z — ( interior(B) is a
Jj=1

manifold with spine { )S,, and

0Zy =My |) 0B, 0B, ~ "
j=1

J
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Order {Bj)} so that there is an arc from M to 0B intersecting exactly one S,.
Then attach a 1-handle to 0Z, connecting M to dB] get Z, = Z, U (1-handle)
as in the figure:

Z,

ThendZ, = M u () 0Bjand | JS; U C, is a spine of Z,, where C, is the circle

j=2
defined by the core of the 1-handle union of the arc. By continuing this fashion we
get Z, with 0Z, = M; and the spine of Z, is transversally intersecting

codimension one spheres and circles | JS; U | ] C;. We are finished except C; are
ji=1

not codimension one. We remedy this by topologically blowing up Z, along

C, ie. let W= B(Z, | JC)) and let W to be the projectified normal bundles

P(C;, Z,) of C; (i.e. the blown up circles), and B(S,, S:nJC;) we are done. [

Proof of Theorem 4.1: By Proposition 3.1 it suffices to prove this for one
point compactification of X. Hence we can assume that X is compact. Let W be a

compact smooth manifold, oW = U M; and each M, bounds. By Proposition

i=1
4.2 we can assume M; = 0W,such that each W, has a spine consisting of union of
transversally intersecting codimension one closed smooth submanifolds L;. Let
M= Wwou (W,
9
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By Theorem 2.12 we can assume that the manifolds (M ; Ly, ..., L,) are pairwise
diffeomorphic to nonsingular algebraic sets (Z; Z, ..., Z,). Let h: Z - R be an
entire rational function with h |, = i(h exists by Lemma 0.1). Let A : Z — Rbea
polynomial with A~1(0) = uZ;. By Proposition 3.2 there exists a nonsingular

l

projectively closed algebraic set ¥ = R? x R"and a birational diffeomorphism
g making the following commute '

V ¢ R? xR"
TRV
Z — R?
f

where f = (h,A). Let L = {(1,0), (2,0), .., (r, 0)} then by Proposition 3.3 we
can blow down V over L algebraically. This gives an algebraic set
homeomorphic to X. O

COROLLA.RY 43. Up to diffeomorphism nonsingular algebraic sets are
exactly the interiors of compact smooth manifolds with boundary (possibly empty ).

The following is a local knottedness theorem of real algebraic sets. It.is an
ambient version of Theorem 4.1. It says that unlike complex algebraic sets all
knots can occur as links of singularities.

THEOREM 4.4 ([AK,]). Let W™ be a compact smooth submanifold of
S"~ 1 imbedded with trivial normal bundle with codimension = 1. Then there
exists an algebraic set V < R" with Sing(V) = {0} such that
(B,, B,nV) ~ (B", cone(dW)) for all small & > 0, where B, is the ball of
radius € centered at 0. In fact €(@W) is isotopic to 0B,nV in 0OB..

By taking W to be the Seifert surface of a knot we get an interesting fact.

COROLLARY 4.5. Any knot K" 3 < §"7' s isotopic to a link of an
algebraic set 'V in R"

A sketch proof of Theorem 4.4: First identify W < R"™! ~ $" 1 — oo,
and call M = OW. Then apply the process of getting nice spines to W™
(Proposition 4.2);i.e. pick a family of discs D;,i = 1, ..., rin W whose boundaries
are in general position, and W/uD; = cone(M) and | JD; — [ JS; is a disjoint
union of open balls | |B; where S; = 8D;. Let W, be the manifold obtained by
removing a small open ball from each B;. Now by attaching 1-handles to W, asin
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Proposition 4.2 we obtain W,, whose spine consists of | JS; union circles { JC;,

Observe that this whole process can be done inside R"~* and C; and §; are
unknotted in R" 1

We claim that there is disjointly imbedded m — 1 spheres T, j = 1, .., sin W,
such that

(1) Each T, is unknotted in R"™'.
(_2) Each T, meets C; at a single point, and T, n C; = D fori # j.
(3) For each i there is B; = {1, 2, .., s} so that S; U | ] T, separates W,.

jEBi

This can be easily done as in'the following picture.

e .



TOPOLOGY OF REAL ALGEBRAIC SETS 245

(1) and (2) are easily checked from the picture. To see (3), let B,

= {JIC;nS; # D}
Let W, = W, u — W,. The imbedding W, = R"~! can be extended to an
0

imbedding of W;. Since T; and C; are unknotted and by (2), we can isotop W; so
that T, U C, in Wj coincides with S™~' U S§' in (S"" ' x §');, where (S™~ 1
x SY,j = 1, .., s are disjointly imbedded copies of the standard S™~ ' x Stin
R"~!. We can assume that some open neighborhoods of these sets in W; and
(S™~ ' x S"); also coincide. By Theorem 2.3 and Remark 2.4 we can isotop W; to a
component of a nonsingular algebraic set Z fixing T; U C; for all j. In fact after a
minor adjustment (to proof of Theorem 2.3) we can assume that Z is projectively
closed. Continue to call isotoped copy of S; by S..

Since as codimension one homology classes [S;] = [| ) T;] and T} is a
- JjeB;
nonsingular algebraic set, S; can be made a nonsingular algebraic set for each i
(Theorem 2.6). Hence the spine L = | JS; U | JC; of W, = Z can be assumed to
be an algebraic set. Since Z is projectively closed so is L.

Let p, g be overt polynomials with p~1(0) = Z and ¢~ !(0) = L. Define
V={(,neR"™" x R|7"" = g*x, 1)*, p*(x, 1) = 0}

where p*(x, t) = t'p(x/t), g*(x, t) = t°q(x/t) whered = degree p,e = degree q.
If (x,t)e V thent = 0; and if t = 0 then x = O since p is overt.

R xe R 'xe)n V)=~ R Lqg He)n Z) ~ R, M),

since ¢~ () N Z ~ dW, = M. We are almost done.

Let 7' = {(x,)eR" ' x R| |x|* +t* = €%}, and ¢,: R"" ! - g1
be the imbedding ©.(y) = (1+|y|?)~ Y/?(ey, €). Then

0. (ST V) = {yeR" ' p(y) = 0, g*y)(L+|y?) = &2

which is isotopic to M in R"™! for all small &€ > 0. Hence (S*" !, S""1nV)
~ (S"71, M) for all small £ > 0. ]

N/

M

o, takes R"" ! x ¢

to the upper hemi- gn-1
4 sphere of S7~! :
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§5. ALGEBRAIC STRUCTURES ON P.L. MANIFOLDS

To prove that P.L. manifolds are homeomorphic to algebraic sets we first
define a class of stratified spaces (A-spaces) which admit “topological
resolutions” to smooth manifolds, then we prove that these spaces are
homeomorphic to algebraic sets. Then the result is achieved by showing that this
class is big enough to contain all P.L. manifolds.

Define A,-spaces to be smooth manifolds. Inductively let A,-spaces to be
spaces in the form M = M, | J N; x cone(X;) where M, is an A4, _;-space and

0

%, are boundaries of compact A,_ ;-spaces and N; are smooth manifolds. The
union is taken along codimension zero subsets of dM, and N; x £, = N

x cone(X;). We define
M = (0My — {JN; x £) U [ JON; x cone(X)),

hence boundaries of 4,-spaces are A,-spaces. We call a space an A-space if itis an
A,-space for some k. If in the above definition we also assume that each X; is a
P.L. sphere then we call the resulting A-space A-manifold. A-manifolds are P.L.
manifolds equipped with above special structure. A-spaces are more general than
A-manifolds, for example they don’t have to be manifolds.

A-spaces are constructed so that they can be “topologically” resolved. If M 1s
an A,-space M, u | JN; x cone(X), we can choose compact 4, _, spaces W,
with 0W, = X,. We can construct the obvious A4, _; space M., = M,u N,
x W, There is the obvious map m, : M,_, — M which is identity on M, and
takes N; x W;to N; x cone(Z;) by collapsing N; x spine( W) onto N; x point.
By iterating this process we get a resolution tower:

m2

~ ~ m —~ —~ T
M=My—>M,>..>M_,—»M

an A, space M

S e, WSRO PRREI
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with M a smooth manifold. In fact by proving a generalized version of
Proposition 4.2 we can adjust W, so that each W, has a spine S, consisting of
transversally intersecting 4,_ , spaces without boundaries, and then each map
n, collapses N; x S; to N; x point. This makes m: M — M, where
T = M, ..o T,, very much analogous to a multiblowup.

TueoreM 5.1 ([AK,]). The interior of any compact A-space is
homeomorphic to a real algebraic set. Furthermore the natural stratification on this
algebraic set coincides with the stratification of the A-structure.

Theorem 5.3 tells that the class of A-spaces contain all compact P.L.
manifolds hence: |

COROLLARY 5.2. The interior of any compact P.L. manifold is P.L.
‘homeomorphic to a real algebraic set.

The idea of the proof Theorem 5.1 goes as follows. First define O (V), a
bordism group for an algebraic set V. It is the usual bordism group of maps of 4-
spaces into ¥V modulo the subgroup generated by maps X x N - N — V where
X is an A-space, N is a nonsingular algebraic set and the map is the projection
followed by an entire rational map N — V. Then inductively we prove a
generalized version of Theorem 2.8: that is if M < V is an imbedding of a
compact A-space without boundary into a nonsingular algebraic set V' such that
M represents 0 in O,(V), then M can be moved to an algebraic subset Z of V
x R" by a small isotopy (for some n). This implies the proof of Theorem 5.1 (by
taking V' = R"). Because one point compactification of an interior of a compact
A-space 1s a compact A-space without boundary hence is homeomorphic to an
algebraic set by above (and use Proposition 3.1 (b)).

Roughly the proof of the above claim proceeds as follows. Let M
= M, uU N x cone(X) < V then the bordism condition on M implies that
[N] € ng(V),so by Theorem 2.8 we can assume that N is a nonsingular algebraic
subset of V' x R™ for some m. Define B{(V xR™ N) = B(V xR™ xR, N x0),
then this contains a natural nonsingular algebraic subset N,(V x R™, N) = B(N
x R, N x 0) which 1s diffeomorphic to N. By continuing in this fashion let

BV xR™ N) = B(B,_,(V xR™ N) x R, N,_(VxR" N) x 0),
NV xR™ N) = B(N,_,(VxR™ N) x R, N,_;(V xR™ N) x 0).

Then we get a generalized algebraic multiblowup w, : Bi(V x R™, N )= V x R™
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such that m, *(N) is a union of codimension one submanifolds USz in general
position and

1 {(VxR"—N) = (VxR"—N) x R*.

Since M is an A,-space, Z = 0W for some compact A4, _,-space W. By proving a
generalized version of Proposition 4.2 we can assume that the spine of W is a
transversally intersecting codimension one A4, ; subspaces | JL; with 0L; = Q.
We then imbed the 4, _, space M, ., = M, u N x W (blown up M)into B,(V
x R™, N) such that

(i) M,_, is transversal to | JS; with M, _, n [ JS; = N x [ JL,
(i) m(M,_,) is isotopic to M by a small isotopy,
(iii) M,_, represents 0 in O (B, (V x R™, N)).

M M, _,

< z

N

US;

V x R™ B (VxR™, N)

This is somewhat hard to prove (see [AK¢]). Then by induction, with a small
isotopy M, _, can be moved to an algebraic subset Z of B(V x R™, N) x R for
some s. Hence Z still satisfies (i) and (ii), after composing w, with the obvious
projection. Then by using a version of Proposition 3.3 we blow down Z to
get an algebraic set homeomorphic to M.

The class of A-spaces does not contain all algebraic sets. For example the
Whitney umbrella x> = zy? is not an A-space. ‘

Therefore to classify real algebraic sets we need a bigger class of resolvable spaces

(86).
In order to show that P.L. manifolds admit A-structures one has to appeal to
algebraic topological methods. This is done in[AT,], here is a brief summary of
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[AT,]: One first verifies that 4,-structures on P.L. manifolds obey the usual
structure axioms ([L]). For example they satisfy the product structure axiom i.e.
for any P.L. manifold M an A,-structure(M x I),on M x Iisconcordantto M,

x I where M, is an A,-structure on M. Using [W] we can define an r-
dimensional A,-thickening on X to be a simple homotopy equivalence X 5 wr
where W" is an r-dimensional 4,-manifold (with boundary). Let T}(X) to be the
set of all r-dimensional A,-thickenings on X with the equivalence relation:
(W, f1) ~ (W,, f,) if there is an (r+ 1)-dimensional A,-thickening (W, F) with
W = W, u W, and making the following diagram commute up to homeotopy:

LM

X-—————»

f\/

There are natural maps TYX) = T," Y(X) given by (W, /) (W x I, f xid), so
using these maps we can take the direct limit T(X) = hgl T%(X). It follows that
the functor X +— T,(X) is a representable functor (see [Sp]), hence by Brown
representability theorem there exists a classifying space B 4, Such that T(X)
= [X; B4, ] There are natural 1ndu51ons B, , — B,,andletB, = hm B,,

There is a natural forgetful map B, — BPL Then one shows that the usual
structure theorem holds: Namely that a compact P.L. manifold M has an 4-
structure if and only if the normal bundle map (thickening map) M B p lifts to

B,. Let PL/A be the homotopy theoretical fibre of m, then:

THEOREM 5.3 ([AT,]). B, = Bp, is a trivial fibration, i.e. B, ~ Bp,
x PL/A and PL/A is a product of Eilenberg-Mclain spaces K(Z/2Z, n)’s.
The number p, of K(Z/2Z,n) for each n in this product is given by
0 if n<28,
26 if n=28,

infinite but countable if n > §.

Il

Pn

COROLLARY 5.4. Every compact P.L. manifold M has an A-structure and
the number of different A-structures (up to A-concordance) on M is given by

@ H"(M;n(PL/A)).

n=8

L’Enseignement mathém., t. XXIX, fasc. 3-4. 17
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Briefly the proof of Theorem 5.3 goes as follows: By a standard argument,
n(PL/A)) coincides with the concordance classes of A,-structures on S’ (the
exotic A4,-spheres). Since n(PL/A) = lim =(PL/A,) it follows by definitions
that the inclusion m,(PL/A) —» n# is an—fnjection, where n# is the cobordism
group of i-dimensional A-manifolds. Then we construct a Thom space M A4 such
that 1M A4) ~ n#(by using a transversality argument for A-manifolds). Then it
turns out that the map n* - H/(B,; Z/2Z) given by {M i B4} (Vpg), [M] s
an injection. We can put these maps into the following commutative diagram :

w(PL/A)  — nf
. % !
H,(PL/A;Z) 5> H(PL/A; Z/2Z) > H(B,: Z/2Z)

where h is the Hurewicz map, r is the reduction and g is induced by inclusion.
Since the other two maps are injections then f must be injection. In fact f is a
split injection since it is a map between Z/2Z-vector spaces. Hence h is a split
injection. This implies that all k-invariants of PL/A is zero, ie. PL/A is a
product of Eilenberg-Mclaine spaces [ [K(Z/2Z, n,). Then by dualizing the split
injection g o f we get a surjection

H'(B,; Z/2Z) - Hom(r(PL/A); Z,/2Z)
Let 8, € H"(B,; Z/2Z) such that A(3, ) 1s the generator of Z/2Z.
& = []8,, defines a map B, — [ K(Z/2Z,n) = PL/A.
Then the map © x &: B, » Bp; x PL/A turns out to be the desired splitting.
The calculation of p, can be done by using the geometric interpretation of

. (PL/A).
The set & (M) = @ H"(M ; n(PL/A)) measures the number of different

“topological resolutions” of M, up to concordance (i.e. A-structures). Therefore
often & (M) is infinite ; and % ,(M®) has 2%° elements for any closed 8-manifold
M5,

§6. ON CLASSIFICATION OF REAL ALGEBRAIC SETS

The resolution and complexification properties of real algebraic sets impose
many restrictions on the underlying topological spaces. To give a topological
characterization of algebraic sets one has to find all such properties, such that a
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set is homeomorphic to an algebraic set if and only if it satisfies these properties.
Call a polyhedron V an Euler space if y(Link (x)) is even for all vertices x € V.
Recall that all algebraic sets are Euler spaces, in fact in low dimensions this
topological property completely determines compact algebraic sets (and hence
all algebraic sets by Proposition 3.1).

THEOREM 6.1. Let X be a compact polyhedron of dimensions <2. Then
X is homeomorphic to a real algebraic set if and only if X is an Euler spaces.

This theorem was announced in [AK,] and a proof was given [AK]. Since
[AK -] did not appear in print we repeat that proof here. This proofis very useful
to understand the high dimensional case. It is done by first constructing a
“topological resolution” for X then proceeding as in the proof of Theorem 5.1.

Proof: The proof of case dim(X) < 1follows from Theorem 4.1, so assume
that dim(X) = 2. Let X' be the barycentric subdivision of X. Let X; = the i-
skeleton of X'. Then (exercise) X, satisfies the even local Euler characteristic
condition also. We will say a one simplex in X" has type i (i = 0,1) if the number
of faces containing it is congruent to 2i mod 4. Let X ,; be the unions of edges of
type i, then (exercise) X ;, and X, each satisfy the even local Euler characteristic
condition. Hence, they have resolutions ny; : Z,; - X,; where Z,; are unions of
circles, and the n,; are diffeomorphisms over X;; — X,.

First, we imbed X, in R*. Now let V; = B(R* X, ) and let u, : ¥; — R* be
the projection. We may imbed Z,,u Z,, in V; so that p,(Z,) v X, is
homeomorphic to Xy; and p,|; = my;. Since V; has totally algebraic
homology, by Theorem 2.8 we may assume after replacing V; by V; x R”" that
each component of each Z; is a nonsingular algebraic subset of V;. We now let
V, = B(Vy, Z,,uZy,) and X, : V, — V; be the projection and p, : ¥, - R* be
the composition of p; and A,. We will now imbed a surface Z, in V, so that

Ha(Z,) U n(Z10uZ) U X,

1s homeomorphic to X.

We pick some pairing of the faces coming into each edge, i.e. there are an even
number of them, and we divide them into groups of two. This gives a resolution
of X — X,, namely, take the disjoint union of the faces with vertices deleted and
identify two edges if they are in the same group of two. This will be part of our
surface Z,, but we will not imbed it until later. We will first imbed the part of Z,
lying over a small neighborhood of X,,.
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Take any vertex v of X, and let e be an edge containing v, leti = 0, 1 be such
that e = X,;. Then e = p,(U) for some interval U in Z,;. Let there be 4k + 2i
faces containing e. Pick a point p in p; *(v) » A *(u) where u € U is the point so
that p,(u) = v. Then in a neighborhood of p, we have two codimension one

submanifolds p; }(v)and A; *(Z,;). Weimbed k + isquaresin a neighborhood of
p as indicated below.

ir= 0 or 1 square

\

A (V) b (V)

We do this for each edge containing v. Notice that one of these edges is p,(U’) for

some interval U’ in Z,; so U n U = u, ie. the interval on the other side

of u. If i = 1, we connect the bottom squares of the two sides together
as shown below. |

In the end, we have a bunch of squares

]
1
1
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whose horizontal midlines are mapped by ., to v and whose vertical midlines are
mapped by A, to Z,, U Z,,. Furthermore, this map is either equivalent to x* or
x if we choose our imbedding nicely. To each corner of each square, we may
assign a face of X’ which contains v so that the following conditions are met : each
face containing v is assigned to exactly two corners, if e is the edge containing p,
of the top half of the vertical midline, then the faces assigned to the top two
corners each contain e and are, in fact, paired, and likewise, for the bottom two
corners and the bottom midline half. We may now form a number of polygons by
taking the vertical side edges of all the squares and identifying their endpoints, if
the corresponding faces are the same. We claim these polygons are the boundary
of a surface S which contains L, a union of arcs and circles in general position so
that S is a regular neighborhood of L, S n L is the union of the endpoints of all
the arcs in L and dS n L is also the union of all the midpoints of the sides of the
boundary polygons. ‘

TR ) el

Given this, we imbed S in V, so that S misses A; Y(Z,,0Z,,)and p; (X, —v) and
sop; '(v) S = L,and so S intersects the squares we have already imbedded in
the union of the side edges of all the squares, furthermore, these intersect in the
natural way so that the point of L n 4S which corresponds to the midpoint of a
side of a polygon, is mapped to the midpoint of the corresponding side of a
square. So, letting S be S union all the squares, we have that n,(S') is
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homéomorphic to the star of v in the union of the faces of X. This is because
clearly p,(S’) is the cone on p,(0S), but p,(0S’) is obtained by taking the polygon
formed by all the top and bottom sides of the squares and identifying endpoints
corresponding to the same face and identifying midpoints of all sides which map
to the same edge of X'. This is clearly the link of v in the closure of all faces.

We do this for all the vertices and we get a surface S”. We now add some more
squares. For each edge e of X', let v and v’ be its vertices. We have previously
paired up the faces containing e. For each pair of faces, we have a corresponding
top or bottom side of a square over v, and a top or bottom side of a square over v/
(namely the sides between the two corners assigned to the pair), we connect these
two sides with another square as shown (S is not shown).

new squarc

AT

T

My (V) uy (e) po i)

If we do this for each pair of faces coming into each edge of X', we get a surface S*
imbedded in V¥, so that pu,(S*) is homeomorphic to a neighborhood of X, in the
union of the faces of X'. It is now easy to imbed a bunch of discs (one for each face
of X’) and so get a surface Z, in V,, so that p,(Z,) is the union of the faces of X’
and so

Ho(Zy) U ny(Z10VZ1) U X

is homeomorphic to X.
We could now try to approximate Z, by a nonsingular algebraic set and then
blow down to finish off the proof, but the problem is Z, is not stable, 1.e. Z, is not




TOPOLOGY OF REAL ALGEBRAIC SETS 255

transverse to p; (X ,). However, we may, after replacing ¥, by ¥, x R assume
that Z, n p; *(X,) is a union of nonsingular algebraic sets. An exercise below
shows that if we blow up along each of these algebraic sets twice, then Z,
becomes transverse to p; }(X,). Then we are able to finish off by approximating
Z, by an algebraic set (Theorem 2.8) and blowing down, first over Z,, U Z,;
and then over X, (Proposition 3.3).

We deferred the proof that the polygon bounds the surfaces S, so we give it
here. First, by induction, we may assume all polygons have either one or two
sides, for we may take three sides and fill in part of the surface and reduce to the
problem with those three sides replaced by one side (see below).

7 The shaded region is filled in part, + is part of L. If
#r we can fill in the rest, then adding on 744 will fill
“ ' g
in all of it.

But we can easily fill in a polygon with two sides, and we can also fill in two one
sides. Since the total number of sides is even, we are done.

%%

two sides filled in two one-sides filled in

Exercise: Think of R" as {(x, y,z,w)|x,y,zeR and we R" 73} Let S
= {z=x%w=0}and T = {z = 0}. Blow up along the x axis twice and
along the y axis twice, and show that after blowing up S becomes transverse to
the inverse image of T, (assuming a = 1,2 and b = 1 or 2). Note that by
imbedding the S in the above proof correctly, we may assume that locally it looks
like this with T = p; }v). u

The proof of the 2-dimensional case is done by first constructing an
appropriate topological resolution. In the general case this leads us to make the
following definition. A topological resolution tower {V;, V;, p;;} is a collection
of smooth manifolds V., i = 0, ..., n, subsets Vic V,j=0,.,i — 1and maps
pji: Vi — V; satisfying the following properties:
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D piVinV) = VW for k<j<i.
(II)  pyje pji |Vjindi = Puilvov,, for k<j<i.
(III) pﬁl( U ij) = V;‘i a U Vmi .

m<k m<k

(IV) Vi, is a union of codimension one smooth submanifolds of V; in general
position ; we call them the sheets of V; ;. If S is a sheet of V;;then p;; 1(S)is the
intersection of ¥;; with a union of sheets of (] V,

m<k
(V) pj; is smooth on each sheet of V;;, and
Pji3Vji— U Vki_’Vj_ U ij
k<j k<j

is a locally trivial fibration.

(VI) Foranygqe Vi let g¢; = q, q; = pji(‘])'
Then there are smooth local coordinates

0,:(Upy0) S (Vi qoa =i, j,

where U, is an open neighborhood of 0 in some R0 x Rf! x .. x Rfa such
that:

m%ﬂm={®if%=°’

Cat

{xlﬂx,s=0}mUa if ¢, #0,

Cit

( ) [9 ! opﬂoel(x ]km H H xlkm (Pkm(x) lf k <j>

t=0s=

where I, is a nonnegative integer, and each ¢,,, is a nowhere zero smooth
function. x,; denotes the s-th coordinate of x in R, and [6; ' o p;; o 0(x)]im
denotes the m-th coordinate of 0; ' o p;; o 8(x) in R, R

Even though (VI) looks like an algebraic condition it is a topological
condition. It says that topologically the map p; has only certain types of
singularities (i.e. it folds or crushes). We call a topological resolution tower
{Vi, Vi, Dji} an algebraic resolution tower if all V,, V}; are compact algebraic sets
and p;; are entire rational functions.

The realization | 9 | of a (topological or algebraic) resolution tower 7

= {V, V;;, p;} is the quotient space | JVi/x ~ p;(x)forx € V};.| 7 |is a stratified

space with i-th stratum equal to ¥; — () ¥j;. It turns out that 1f is an algebraic
j<i
resolution tower then | 7 | is an algebraic set. | | is a generalization of an 4-

- space.
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Voa
)
\\) B
Py,
v folds the circle V;,
g _
onto an arc v,

Py, ( identifies L

Vo> AuBuUuCuD,

Jentifies Py,
—-Cub

V01 — {A,, Au’ BI’ B", C,, Dr}

Real algebraic sets are obvious candidates for realizations of topological
resolution towers: If X is a real algebraic set, it has an algebraic stratification

XocXjc..cX, ;cX,=X

with Sing(X;) < X,_,,i = 1, .., n. Then the resolution of singularities theorem
[H] says that there is a multiblowup:

V= Z, 57 > 2y Zy = X

with, : Z, — Z, is a multiblowup of X which resolves the singularities of X ,,
Le. there is a nonsingular V; < Z; making the following commute
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If w;; : Z; —» Z; is the composition projection, then m;, ; is a multiblowup of Z,
which resolves the singularities of the strict preimage of X, ; under ny;, i.e. there
is a nonsingular V., < Z;,, and the commutative diagram

Vier © Ziyy
! Voitt
Xiv1 & Zg

Let V; = nj; (V) () V;and m; |y = pji: Vi = V;. Then one can show fhat
= UV;‘/Pﬁ(X) ~ X

for xe V..

In fact after refining this process one gets:

THEOREM 6.2. A set is an algebraic set if and only if it is homeomorphic to a
realization | J | of some algebraic resolution tower I = {V, Vj, p;i}.

Hence we have natural maps

{Algebraio sets} L {realization of t013010gical}
—

resolution towers

onto P

realization of algebraic
resolution towers

where p is the forgetful map, and 1 is the composition. We will denote the set of
realization of topological resolution towers by £. To characterize algebraic sets
topologically, we need to show that p maps onto £%. Presently to prove this we
need each V; to be diffeomorphic to a nonsingular algebraic set with totally
algebraic homology (see §2). We believe that these restrictions should not be
necessary.

Once surjectivity of 1T is proven, then it would be useful to find the
combinatorial conditions which characterize elements of # (i.e. algebraic sets).
For spaces of dimension <2 the only condition is that the space has to be an
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Euler space (Theorem 6.1). In dimension 3 this is not sufficient. For example if X >
is the suspension X(Y?) of Y? where

AN

Y2 = = X (figure 8) U X (three points)
U an arc

then X3 is an Euler space but it can not be in #; in particular X> can not be
homeomorphic to an algebraic set (also see [K,] for a discussion of this).

In general we start with a Thom stratified space X, by refining the
stratification we can assume that each-stratum has a trivial normal bundle. Then
by proceeding as in [Su,] we can find obstructions o, € H{X(k); I',_, - ;) to X
being an algebraic set with this stratification, where X(k) is the k-th stratum of
X,n = dim(X) and I, is the cobordism group of i-dimensional elements of .
For example we can show I'y = '} = Z/2Z and I', = (Z/2Z)'. It would be
useful to compute the cobordism groups I', for * > 3 or reduce the computation

to a certain homotopy group of a universal space (as in the smooth cobordism
group). A more precise discussion of this section will appear in [AK,].
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