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homomorphism PGL(n, C) -» PGL(N, C). Then Xk(y) has eigenvalues v1?..., vN

with | vx | > | Vj | for j 2,..., N. By lemma 3, there exists a ^fc(r)-irreducible
subspace W0 of CN, associated to a representation a0 : F -+ GL(W0), such that
v1 is an eigenvalue of a0(y). As the Z-closure G of T in SL(n, C) is semi-simple, the

group G is perfect and a0(T) lies in SL(W0). As | vx | > 1, one has dimcW0 ^ 2.

Thus one may assume from the start that T contains a sharp semi-simple
element, and indeed by lemmas 1 and 2 two very sharp elements in general

position. The conclusion follows as in case 2 of the proof of the proposition in
section 4.

Now lemma 1 remains true without the hypothesis "semi-simple". This has

been announced by Y. Guivarch', who uses ideas of H. Fürstenberg to show the

following : given an appropriate subset S of T containing a sharp element, then
almost any "long" word in the letters of S is very sharp. Using this, one may
replace (ii) in the theorem above by the following a priori weaker hypothesis

(iir) T is not relatively compact.

Then, one first checks as for theorem 2 of section 4 that T contains hyperbolic
elements ; one concludes as in the previous proof, with Guivarch's version of
lemma 1.

For subgroups of PU(n), one may repeat the discussion at the end of section 4.

REFERENCES

[A] Ahlfors, L. V. Möbius transformations in several dimensions. School of
Mathematics, University of Minnesota, 1981.

[Ba] Bass, H. Groups of integral representation type. Pacific J. Math. 86 (1980), 15-51.

[BL] Bass, H. and A. Lubotzky. Automorphisms of groups and of schemes of finite
type. Preprint.

[B] Bourbaki, N. Eléments d'histoire des mathématiques. Hermann 1969.

rCLl Coddington, E. A. and N. Levinson. Theory of ordinary differential equations.
McGraw Hill, 1955.

[CG] Conze, J. P. and Y. Guivarch'. Remarques sur la distalité dans les espaces
vectoriels. C. R. Acad. Se. Paris, Sér. A, 278 (1974), 1083-1086.

[CR] Curtis, C. and I. Reiner. Representation theory offinite groups and associative
algebras. Interscience, 1962.

[DE] Dubins, L. E. and M. Emery. Le paradoxe de Hausdorff-Banach-Tarski. Gazette
des Mathématiciens 12 (1979), 71-76.

[D] Dixon, J. D. Free subgroups of linear groups. Lecture Notes in Math. 319

(Springer, 1973), 45-56.

[E] Epstein, D. B. A. Almost all subgroups of a Lie group are free. J. of Algebra 19

(1971), 261-262.

[FK] Fricke, R. and F. Klein. Vorlesungen über die Theorie der automorphen Func¬

tionen, vol. I. Teubner, 1897.



FREE GROUPS IN LINEAR GROUPS 143

[Gr] Greenberg, L. Discrete subgroups of the Lorentz group. Math. Scand. 10 (1962),

85-107.

[G] Gromov, M. Groups of polynomial growth and expanding maps. Publ. Math.
I.H.E.S. 53 (1981), 53-78.

[H] Hausdorff, F. Grundzüge der Mengenlehre. Veit, 1914.

[Hm] Hausmann, J. C. Sur l'usage de critères pour reconnaître un groupe libre, un
produit amalgamé ou une HNN-qxtension. L'Enseignement math. 27 (1981),
221-242.

[Ig] Ignatov, Ju. A. Free and nonfree subgroups of PSL2(C) generated by two
parabolic elements. Math. USSR Sbornik 35 (1 (1979), 49-55.

[Ka] Katznelson, Y. Sigma-finite invariant measure for smooth mappings of the circle.
J. d'analyse math. 31 (1977), 1-18.

[Ku] Kuranishi, M. Two elements generations on semi-simple Lie groups. Ködat
Math. Sem. rep. 5-6 (1949), 9-10.

[L] Leutbecher, A. Über die Heckeschen Gruppen G(À,). Abh. Math. Sem. Un.

Hamburg 31 (1967), 199-205.

[LI] Lichtman, A. On subgroups of the multiplicative group of skew fields. Proc. Amer.
Math. Soc. 63 (1971), 15-16.

[L2] On normal subgroups of multiplicative group of skew fields generated by a

polycyclic-by-finite group. J. of Algebra 78 (1982), 548-577.

LUI] Lyndon, R. C. and J. L. Ullman. Pairs of real 2-by-2 matrices that generate free

products. Michig. Math. J. 15 (1968), 161-166.

[LU2] Groups generated by two parabolic linear fractional transformations. Can.
J. Math. 21 (1969), 1388-1403.

[LS] Lyndon, R. C. and P. E. Schupp. Combinatorial group theory. Springer, 1977.

[Msl] Magnus, W. Two generator subgroups of PSL(2, C). Nachr. Akad. Wiss.

Göttingen, II Math. Phys. Kl. 7 (1975), 81-94.

[Ms2] The uses of 2 by 2 matrices in combinatorial group theory. A survey. Res. der
Math. 4 (1981), 171-192.

[Md] Majeed, A. Freeness of the group (an, bn> for some integer n, a, b e SL{2, C). J.
Math. Soc. Japan 29 (1977), 29-33.

[M] Mal'cev, A. I. On the faithful representations of infinite groups by matrices. Amer.
Math. Soc. Transi. (2) 45 (1965), 1-18.

[Mt] Maskit, B. On Poincaré's theorem for fundamental polygons. Adv. in Math. 7

(1971), 219-230.

[Mi] Matelski, J. P. The classification of discrete 2-generator subgroups of PSL(2, R).
Israel J. of Math. 42 (1982), 309-317.

[vN] von Neumann, J. Zur allgemeinen Theorie des Masses. Fund. Math. 13 (1929)
143-173.

[N] Newman, M. Pairs of matrices generating discrete free groups and free products.
Michig. Math. J. 15 (1968), 155-160.

[Ro] Rosenberger, G. On discrete free subgroups of linear groups. J. London Math
Soc. 17 (1978), 79-85.

[S] Serre, J. P. Arbres, amalgames, SL2. Astérisque 46 (Soc. math. France, 1977).
[Sh] Shub, M. Stabilité globale des systèmes dynamiques. Astérisque 56 (Soc. math.

France, 1978).
[Si] Siegel, C. L. Topics in complexfunction theory, volume II. Wiley-Interscience 1971.
[Th] Thurston, W. P. The geometry and topology of3-manifolds. Notes from lectures at

Princeton, 1978-1979, chapters 1-9.

[T] Tits, J. Free subgroups in linear groups. J. of Algebra 20 (1972), 250-270.



144 P. DE LA HARPE

[Wa] Wang, S. P. A note on free subgroups in linear groups. J. ofAlgebra 71 (1981), 232-
234.

[Wh] Wehrfritz, B. A. F. 2-generator conditions in linear groups. Archiv. Math. 22

(1971), 237-240.

[Wi] Weil, A. L'intégration dans les groupes topologiques et ses applications. Hermann,
1940.

Added in proof: See moreover the report by Yu. I. Merzlyakov "Linear groups",
J. Soviet Math. 14 (1980), 887-921.
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