
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 29 (1983)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: REPRESENTATIONS OF THE SYMMETRIC GROUP, THE
SPECIALIZATION ORDER, SYSTEMS AND GRASSMANN
MANIFOLDS

Autor: Hazewinkel, Michiel / Martin, Clyde F.

Kurzfassung: Contents

DOI: https://doi.org/10.5169/seals-52973

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 22.02.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-52973
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


L'Enseignement Mathématique, t. 29 (1983), p. 53-87

REPRESENTATIONS OF THE SYMMETRIC GROUP,
THE SPECIALIZATION ORDER, SYSTEMS

AND GRASSMANN MANIFOLDS ')

by Michiel Hazewinkel and Clyde F. Martin 2)

Abstract

A certain partial order on the set of all partitions of a given natural number n

describes many containment, specialization or degeneration relations in the,

seemingly, rather disparate parts of mathematics dealing with permutation
representations of Sn, the existence of (0, l)-matrices with prescribed row and

column sums, symmetric mean inequalities, orbits of nilpotent matrices under

similarity, Kronecker indices of control systems, doubly stochastic matrices and

vectorbundles over the Riemann sphere. In this paper we discuss relations
between all these subjects which show why the same ordering must appear all the

time. Central to the discussion is the Schubert-cell decomposition of a

Grassmann manifold and the associated (closure) ordering which is a quotient of
the Bruhat ordering on the Weyl group Sn.
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1. Introduction

Let k be a partition of n, k (k15 Km), kx ^ ••• ^ Km ^ 0, Zkf n. We

identify partitions (k j,Km) and(Kx,Km, 0,0). Quite a few classes of objects
in mathematics are of course classified by partitions and often inclusion,
specialization or degeneration relations between these objects are described by a

certain partial order on the set of partitions. This partial order on the set of all

partitions of n is defined as follows :

(k15 Kj > (K15 Km)

(1.1)

r r

iff E k,. s: E k) r 1,m
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Thus, for example (2, 2, 1) > (3, 2). Ifk > k' we say that k specializes to k' or that

k is more general than k'. The reverse order has been variously called the

dominance order [2], the Snapper order [34, 41] or the natural order [35]. It
occurs naturally in several seemingly rather unrelated parts of mathematics.

Some of these occurrences are the

(i) Snapper, Liebler-Vitale, Lam, Young theorem (on the permutation
representations of the symmetric groups)

(ii) Gale-Ryser theorem (on existence of (0, l)-matrices)

(iii) Muirhead's inequality (a symmetric mean inequality)

(iv) Gerstenhâber-Hesselink theorem (on orbit closure properties of SLn acting

on nilpotent matrices)

(v) Kronecker indices (on the orbit closure, or degeneration, properties of
linear control systems acted on by the socalled feedback group)
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