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3. Truth values in A for statements about (B, ^4)

For the rest of this paper, let JPBA { + -, -,0, 1} the language
of BAs and S£ S£BAu { U}. Let TBAU be the theory in ££ such that
the models of TBAU have the form (B, + -, —, 0, 1, A) where (.B, is

a BA and A is a subalgebra of B. We abbreviate a model (.B, y4) of
by (5, .4). We assume the construction and notations of

section 1. For each S£-formula cp (x1 xn) and bu g B, we defined

I V[&1 Al II j= 9» [ôx 0») K (p)}}

where Bp abbreviates (2?p, 2) and 2 is the two-element BA. Our first claim
is that if c || cp [b1 bn] || is a clopen subset of X for every cp, then

e(c)e A is first-order definable in J( (i?, .T) from the parameters bu ...,&„
g B\

3.1. Lemma. There is an effective procedure assigning to each formula
(p (xi xn) of S£ a formula s(p (yxx xn) of S£ (where y is a variable not
occurring in cp) such that for M |= TBAU> properties (i) and (ii) are equivalent
and (ii) implies (iii):

Ö || [^i ••• bn] I is clopen for every (p (xx xn) in S£ and bu bn e B;

(ii) M |= \/x1 \/xn 3y Sy (yx1 xn) for every cp (x1 xn) in S£\

(iii) if bu bn g B, then a e (c) where c || cp [b1 || is the unique
element b of B such that Ji |= s(p [bbx bn].

Proof. The inductive definition of s(p will show that (i) is equivalent to (ii)
and (i) implies (iii), the interesting cases being cp atomic or cp existential.

In both cases the fact that || cp [...] || is clopen will be expressed by stating
"a e (|| cp [...] ||) is the largest element of A such that e~x (a) ç || cp [...] ||".
This includes, if cp has the form 3 x\j/, the maximum principle for the
Boolean valuation

xj/,b1 bn-»I \j/ [bj_ bn] ||

of Jt in C: there is some b e B such that

|| * [b'bx... bn] || < fl tfr [bh bn] I

for every b' e B, and hence || xj/ [bbx bn] || || 3 xi/j [xb± bn] || We

now proceed to define the formulas s(p.
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a) Suppose cpis an atomic formula of ifBA, i.e. has the form ty

t2(xx...x„) where tut2 are terms in &BA. Let stp (yxl xn) be

the formula

u (v) a y ' t± y -12 a V/([/ (/) a y' - ti y ' h y' < y) •

b) Suppose cp has the form U (t (x1 xfj) where t is a term in Let

ij/, x be the atomic jSf^-formulas "t =1" resp. "£ 0". Let be the

formula

3y.i 3y2 [y m JT + JA A ^ (kixi ••• xn) A •••xn)] •

c) Suppose cp has the form —i \j/ (xx xn). Let be the formula

[y "h A (jF1X1 - Xn)l •

d) Suppose (p has the form \j/ (xx... x„) v % (x1... x„). Let ^ be the formula

3ji 3y2 [J yiy2 A s\}/ (yixi ••• xn) A ^ (72xi ••• xn)] •

£j Suppose (p has the form 3x if/ (.xx1 xn). Let sç be the formula

3xs$ (yxxx xn) a W V/ (/x'xi x„) -* y' < j]
Let g be the jSf^-formula stating that the supremum of the atoms of a

exists; gu is the relativization of cr to the one-place predicate U of «£?.

The models of TBA u {cr} are called separated iL4s in [3]. Let T be the

«^f-theory

T u { Vxx Vx„3 >> (yxt x„) I cp (xx x„) in if }
U {<JU,5ff(l)}

The last two axioms of T express, for a model Ji — (B, A) of TBAU,

that A and each stalk Bp are separated iLfs. Let K be the class of ^-structures

Ji (.B, ^4) where B is a and A is relatively complete in B. We
shall prove in section 4 that T is an axiomatization of the first-order theory
of K. The easy part of this is :

3.2. Theorem. Each structure Ji in K is a model of T\

Proof Let Ji (i?, J) e K, i.e. i? is complete and A is relatively complete
in B. Hence Ji r Tbau and A is a separated BA. By 1.1, || cp [b1 bn] ||

is clopen for every atomic formula cp of if and arbitrary è1? ...,bneB.
If || cp [b1 || and || [\jj [b1 bn] || are clopen subsets of X, so are
|| —I cp [b1 bn\ I and || (cp v \j/) [bx bu] ||. Hence we assume that cp
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has the form 3xxj/ (xx± xn) and that || xß [bb1 bn\ || is clopen for fixed

bu bn g B and arbitrary b e B. For the rest of the proof, we omit the

parameters bn. Let

uu {! i/j[I\ße

By our inductive assumption, u is an open subset of X. Choose, by Zorn's
lemma, a maximal family F — {(bh ct) | z e /} such that bteB, ct is a

clopen subset of u, ct ç || xß [bt] ||, z ^ j implies ct n Cj cj). It follows
that c, the closure of u cu includes u (by maximality of F). A is a cBA,

ie/
hence X is extremally disconnected and c is clopen. By completeness of B,
there is some b e B such that b • e (ct) bt for z e /. Thus, for z e /, ct

-1 "A M S- So> for ß eB,\\il/ [ß]|| £ « ç c s || i|r [i]|| || 3# (*) ||.

Finally we show that Bp is separated for each p e X. Let a (x) be the

5£^-formula stating that x is an atom and let ß (x), y (x) be the ££BA-

formulas a (x) v x 0 resp. Yj (a (y) -> y < x). Put M {/e ^ |

1 ß [/] || 1 || an(i Ie* b be the supremum of M in i?. We show that b (p)
is, for each p e X, the supremum of the atoms of Bp.

First suppose s e Bp is an atom of Bp. There is some fe M such that

f(p) s (note that || a [/] || is clopen for eachfe B). So/ < b and s f(p)
< b {p). — On the other hand, suppose t e Bp and s < t for every atom s

of Bp. Choose g e B such that g (p) t. Then pec || y [g] ||. For

f e M, e (c) -f < g, since qe c implies that / (q) is zero or an atom of Bq

and thus f(q) < g (q). By the definition of b, e (c) • b < g. This implies
(by pec) b(p) < g (p) r.

4. Decidability and completions of Th (K)

Call TsBA Tba u {cr} the theory of separated BAs, where TBA

is the theory of BAs and cr was defined in section 3. We give a short review

of the completions of Tsba- Let, for neœ, (pn be the if^-sentence stating
that there are exactly n atoms and xj/ the if^-sentence stating that there

is a non-zero atomless element. Let xn (9o v ••• v i)l so saYs

that there are at least n atoms. Define, for n e œ + 1 and ie 2 {0, 1},
an ifBA-theory Tni by

r„o TsBAu {<pn,-iil/}
TsBA u {<pn, ^ }
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