
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 28 (1982)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: NON-STANDARD MODELS OF PEANO ARITHMETIC

Autor: Kochen, Simon / Kripke, Saul

Kapitel: Note (Added in proof)

DOI: https://doi.org/10.5169/seals-52238

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 10.08.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-52238
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


230 S. KOCHEN AND S. KRIPKE

We now define the functions hj as before by

f akj for j < k
hj(k)

h2j-i (k) for j > k

A simple induction argument now shows that (1) holds for the axioms
and hence that S^/D is a model of Peano arithmetic. If as in Theorem 3

the akk is chosen as the least number so that the sequence akU akk satisfies

the above conditions then a true statement which is false in ^/D may be

constructed via the method of Theorem 3.

The disadvantage of this direct approach is that the model #7D
constructed in this manner is dependent in its definition upon logical formulas
and so is not as purely an algebraic construction. Moreover the independent

statement which results has no simple combinatorial expression as have

those given in Sections IV, V, and VI. Note that in this approach we have

not used the property peculiar to Peano's axioms concerning the limited
associates of the axioms which is expressed in the proof of Theorem 4.

This shows that the method outlined here applies to any recursively
enumerable set of axioms for arithmetic which is sufficient to allow the coding
required for Theorem 3. Thus, we may prove a general form of Gödel's
Incompleteness Theorem without the use of self-reference techniques. At
the same time the very generality of the approach outlined here indicates
that there is no hope by this method to avoid the use of metamathematics.

It is only the above-mentioned property of the Peano axioms vis-à-vis

limited formulas that allowed us the latitude to define suitable functions hj9

and hence the model #7Z), by means of a combinatorial principal without
reference to logical formulas.

Note (Added in proof)

The first sentence of the section entitled "Added in proof" of Kochen and

Kripke [12] p. 294, which was inserted by the second author, is not correct
and should be deleted in favor of the following corrected version. The first
author proposed that the Paris-Harrington statement is false in an initial
segment of any non-standard model, and this was verified jointly by the

two authors. Adapting this idea, the second author defined the set of
functions which result in the model of Section V. The first author
subsequently found the new set of functions which define the simpler model of
Section VI.
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The devices used in Section III are an adaptation of the ideas in Paris-

Harrington [3].

The approach outlined in (d) of Section VII is due to the second author

and leads to a concept of 'satisfying' formulas by finite sequences called

fuJfillability wich leads to model-theoretic proofs of many theorems (such

as Gödel's and Rosser's theorems) usually proved proof-theoretically and

to other applications to the model theory and proof theory of arithmetic.

It will be developed in a subsequent paper of the second author.
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