
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 28 (1982)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: NON-STANDARD MODELS OF PEANO ARITHMETIC

Autor: Kochen, Simon / Kripke, Saul

Kapitel: IV. Ramsey-type Theorems

DOI: https://doi.org/10.5169/seals-52238

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 10.01.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-52238
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


222 S. KOCHEN AND S. KRIPKE

then we can construct the sequence { h{} and the set êF to satisfy the

Stability and Closure Conditions via Theorem 2.

We could now proceed to show that the above condition is indeed
satisfied in N and thus construct a non-standard model of Peano arithmetic.
However, our goal is the construction of a mathematically perspicuous
model which is independent of the logical formulas. The functions { ht}
given by the above condition require the logical calculus in their definition.
Accordingly, we shall consider a larger class of functions than those

defined above, which we shall construct independently of logical formulas.
This class will be constructed from combinatorial principles derived from
Ramsey's Partition Theorem.

IV. Ramsey-type Theorems

The infinite Ramsey Theorem states that for every partition P : [N]e

-> r *) there exists an infinite subset X of N such that P | [X]e is constant.
In these circumstances one says that X is homogeneous for the partition P.

This set-theoretic theorem has various combinatorial consequences which

are formalizable in elementary arithmetic. One such immediate consequence
which we shall prove independent of the Peano axioms is the following.

Proposition 1. Let P : [N]e -» r be a primitive recursive partition. For

every natural number k there exists a finite subset X of N, with # X > k
and # X > 22 mm X, which is homogeneous for the partition P.

In order to apply Theorem 2 we require the construction of a set which
is simultaneously homogeneous for several partitions. This is easily done by
the infinite Ramsey Theorem. Suppose P1 : [Np -> r1 and P2 : [Np
-> r2 are two partitions. Let Xx be an infinite subset of N homogeneous for
Px. Then P2 | [Xf2 is a partition of [VJ®2, and hence there is is an infinite
subset X2 of Xx which is homogeneous for P2 (as well as Pf). This proof
extends immediately to finitely many partitions. A direct consequence is the

following generalization of Proposition 1.

Proposition 2. Let Pt : [N]e 1 ri} i < / < n be a set ofprimitive recursive

partitions. For every natural number k there exists afinite subset X of N

with # X > k and # X > 22m X, which is simultaneously homogeneous

for all the partitions Pu Pn.

x) We identify the number r with the set of all natural numbers < r.
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Proposition 2 may be expressed by a Yl°2 formula. First it is clear that

we can construct a ^-formula that expresses the properties that

1. Pt : [N]e* -> ri is a primitive recursive partition

2. z^ < Z2 ^ ••• ^znk
3. { zl5 znh } is homogeneous for Pt

4. k < nk

5. 22Z1 < nk

Proposition 2 asserts that for every k

N 1= 3z1 ...3znk/\

V. Construction of the Model

We now have all the ingredients at hand to construct a non-standard
model of Peano arithmetic, and we have only to assemble them according to
the specifications of Section II.

Let Pt be an effective enumeration of all primitive recursive partitions
Pi [N]6' -> rt. By Proposition 2 we have that for every k

N |= 3zj ...3z„k /\ <$>i

i^-k

where is the ^-formula of Section IV expressing the conditions (l)-(5)
satisfied by the partition Pt.

Following the prescription given in Section III we let aknk be the smallest
number such that akv aknk is an increasing sequence satisfying the
formula /\ (j)j. Now we define the functions hj by

j^k
h0 (k) nk for every k

and for j > 0

h do Iükj for j nk

Xhj^(k)2forj > nk.
Let {f\f<hj}.
Since 1 < h0thefunction 1 is automatically in 2F.

By Theorem 2 the sequence { hj } satisfies /\ <j>j in S^/D. We now
J < CO

prove that this implies that the sequence { hj } satisfies the Stability and
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