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NON-STANDARD MODELS OF PEANO ARITHMETIC *

by Simon KocHEN and Saul KRIPKE

It is fitting that in a Festschrift honoring Ernst Specker we discuss a
construction that combines two branches of logic in which Specker made
early and enduring contributions. These are the areas of model theory and
algorithmic complexity. It is appropriate in the more immediate sense that
the method of model construction presented here had its genesis in two
papers of Specker. One of these is the well-known article [1] with McDowell
on the existence of end extensions of non-standard models of Peano arith-
metic. The other [2] is on the falsity of a recursive form of Ramsey’s The-
orem. One of the by-products of our construction is a new proof of a
strengthened form of the result in [2].

The problem of constructing non-standard models of arithmetic to
prove independence results is as old as Godel’s Incompleteness Theorem
itself, and has been raised many times in the literature, e.g. in Scott [6].
The possibility immediately arose of proving independence not by the self-
reference technique of Godel but rather by the older model building method
used in geometry. In fact the existence of such models is guaranteed by
Godel’s Completeness Theorem. In axiomatic set theory these hopes were
amply fulfilled through the work of Gddel, Paul Cohen, and others, so that
known conjectures in analysis and algebra have by now been shown inde-
pendent by model building techniques.

In arithmetic the results until recently have been meager and negative
in character. For instance S. Tennenbaum proved that non-standard models
of Peano arithmetic could not be recursive structures. The best one can
attain is a 43 (= Y3 » [[3)-model. The recent remarkable results of
Paris, Kirby, and Harrington have entirely changed the situation. In Paris
and Harrington [3] a modified form of the finite Ramsey Theorem was
shown to be independent from Peano arithmetic. The method employed
in [3] was to show that this modified Ramsey Theorem implied the con-
sistency of Peano arithmetic and hence was unprovable. Another, earlier

" This a.rticle has already been published in Logic and Algorithmic, an international
Sy;nposnum in honour of Ernst Specker, Ziirich, February 1980. Monographie de L En-
seignement Mathématique N° 30, Genéve 1982.
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approach developed by Paris and Kirby ([4] and [5]) used a more model-
theoretic method, employing initial segments of models. In the present
paper we shall reprove the independence of the modified Ramsey Theorem
by the direct mathematical construction of a non-standard model of Peano
arithmetic in which this theorem is false. Although this method does lead
to a rather direct proof of the Paris and Harrington result, for us the focus
of this paper is on the fact that it is now possible to construct non-standard
models without any use of metamathematical concepts.

For the last twenty years or so there has existed an algebraic con-
struction of a non-standard model of Peano arithmetic. This is the well-
known ultraproduct construction. When applied to the standard model N
the ultrapower N/ D yields such a non-standard model. Unfortunately, the
ultrapower does the job of being a model of Peano arithmetic a little too
well, since N'/D is elementarily equivalent to N. Thus the model N'/D
cannot be used for independence proofs in arithmetic. On the other hand,
it does suggest the possibility that a modification of the ultraproduct
construction might lead to models which are elementarily inequivalent to IN.
Now, the ultrafilter D is exactly tailored to reflect the propositional con-
nectives and can scarcely be modified. The other half of the ultrapower,
namely the cartesian product N, which contains a sufficiently large set of
functions f : I — IN to deal with quantifiers, leaves one with a wider latitude
for modification by restricting to a suitable subset # of N’. The problem
then becomes one of finding a class of functions f : I — N for which & /D
is a model of the Peano axioms. We call such a model %#/D, where & # N,
a restricted ultrapower. The first non-standard model of Peano arithmetic,
constructed by Skolem [7], was in fact a restricted ultrapower, in which
the set & consisted of the first order definable arithmetic functions. How-
ever, this model, aside from requiring logical formulas in its definitions,
was, like the full ultrapower, elementarily equivalent to N. Other natural
candidates for the class & such as the family of primitive recursive functions
or of general recursive functions have been shown to yield restricted ultra-
powers which were not models of Peano arithmetic (See Scott [6]). The
models we construct are restricted ultrapowers. A surprising aspect of the
~ construction, in view of the aforementioned abortive candidates, is that
 the family & of functions we use is closely derived from the class of primi-
tive recursive partitions. However, the functions in & are defined via sets
 which are homogeneous for these partitions and these sets are not in general
recursive, by Specker’s result [2] (or even in Zf,’ , for fixed n, by a theorem of
- Jockusch [10]).
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Here is a brief description of the simplest model which we construct
later. Let {P } be an effective enumeration of all primitive recursive
partitions P; : [N]’ . It is an immediate consequence of Ramsey’s
Theorem that there ex1sts a finite set X, in N, with # X, >k, min X,
which is homogeneous for Py, ..., P. Let { @iy, -, @y, } DE a0 enumeration
of X, in increasing order. Let the functions /; : N — N be defined by

J<mn

h. (k) = Ukj
J h_ (K2 >

Now let
= {fI13iVif@() <h;@}.

Then, for any non-principal ultrafilter D, the restricted ultrapower & /D
is a non-standard model of Peano arithmetic. If, in addition, we assume
that X, has been chosen so that g, is a minimum, then the above con-
sequence of Ramsey’s Theorem is false in this model.

II. BoUNDED ULTRAPOWERS

In building the model we have endeavoured to motivate each stage of the
construction. Since this is a modification of the ultraproduct construction
it is natural to aim at reproducing (to a degree) the main properties of the
full ultraproduct. The first property of the ultraproduct we mimic is the
Y.o$ property that a formula is satisfied in the ultraproduct if and only if
it is satisfied in a set of factors lying in the ultrafilter. Of course, we wish
to have this true for only a limited set of formulas to avoid constructing
a model elementarily equivalent to N.

By a limited formula we mean one in which every quantifier occurs in
bound form: Vx < zor dx < z

If f, g € N', we write f < g to mean f (i) < g (i) for all i e I. A natural
constraint on our proposed set & is that it be closed under <,ie. f <ge ZF
implies fe#. We call the restricted ultrapower & /D resulting from such
an & a bounded ultrapower. This condition is suﬁﬁc:lent to prove the L.os
property for limited formulas.

The formal language we use for Peano arithmetic has the constant 0 and
two binary relation symbols ¢ (x, y, z) and = (x, y, z) (denoting x+y =
and x -y = z in N). By not having the functions + and - in the language
we avoid having to assume at the outset that % /D is closed under + and -
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THEOREM 1. Assume %D is a bounded ultrapower. Let ¢ (x4, ..., X,)
be a limited formula and f,....f,e F. Then FIDE= ¢ (f1,.0fn) if

and only if {iIN = ¢ (f1 (D), ... f, (i) } € D.

Proof : We proceed by induction on the length of ¢. For atomic formulas
the equivalence is an immediate consequence of the definition of & /D.
That the equivalence is preserved under the logical connectives follows
exactly as in the full ultraproduct case from the properties of the ultra-
filter D.

Now assume that ¢ (xy, ..., x,) has the form (x; < x) ¢ (xy, ..., X, X))
Suppose that

s ={iINE 3x; <))V (f1(),.... [,(D,x;)}eD.

Then for each i e s, there exists in N an element a; < f, (i) such that

N }: ‘ﬁ(ﬂ (l)asfn(l)a ai)'
Define the functions g : N — N by

0 a; for ies
1) =
g 0 for ié¢s.

Since g < f, € F, we have g Z. Now{iIN =Y (f @), s fu (), 9 ()}
= s € D. By the inductive hypothesis
FID = Y (f1serfns9%
or  FID = @x;<fU (f1sees furxy)
ie. FID &= d(fl, s fn).
The other half of the equivalence is immediate.

We can extend this result a little further in one direction. The proof of
the following consequence is obvious. ‘

COROLLARY. Let ¢ (x4, ..., X,) be a Z?-formula. Then

FID = ¢ (f1, . fn) implies {i|N = ¢ (fy @), .. ()} eD.

The second property of ultraproducts we copy is the saturation property.
The w;-saturation property of a structure & is usually formulated as
follows. Let { ¢; (2) } be a countable sequence of formulas with coefficients
in o/ and the indicated free variable z. Then & = dz "\ ¢, (2) for

0 j=n
every n implies o |= dz "\ ¢, (2).

j=i
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An immediate consequence of the saturation property is the following
apparently stronger statement: Let { ¢; (z4, ..., z,,j) } be a countable sequence
of formulas with coefficients in .o/ and with the indicated free variables.
Then

A = dzy o dzy NG (215 s Zag)

Jj<k
for every k implies that
& = Az, .. Az, 00 AN (215 e, Zn) -
ji=1

It is this form of the saturation property which we shall adapt in con-
structing the model &#/D. We shall require the property only for a fixed
sequence { ¢; } of limited formulas which we shall specify later in the
construction of the model. We shall in addition find it useful to add a
condition relating the free variable z; with k£ and n, in the form of a limited
formula ¢ (k, n;, z;). We could here replace z; by a finite sequence of the
free variables but we shall not need this added generality.

Let ¢ (x,y,z;) and ¢ (zq, ..., z,,j), j=1,2,3,.., be limited formulas
with the indicated free variables. We assume that »; increases with j. Suppose
that for each k

N = dz; ... Hznk(ﬁb (ks s 21) A N @5 (215 eens an))

<k
Given k, let a4, ..., a;,, € N be such that
N |= ¢ (k,ny,a11) A /\ ij (A1 5 vees aknj) .
j=k
Define the functions /; by
h, (k) = n, forallk,
and for j > 0,

o) = ay ; for n, >j
d arbitrary fornm, <j.

THEOREM 2. Let F < NN  contain the Sunctions  h;,j=0,1,2, ..,
and 1 (the identity function) and be closed under <. Then

F|D = dx dy 3z, ...Ezn...(qﬁ(x,y,zj)v/\ /m\qﬁj(zl,...,znj))

j=1
Proof : Since the formula ¢,, occurs as a conjunct in ™\ ¢ ; form, >m,

j=<n

we have N f: ¢m (akla L) akm)° le N }:: qsm (hl (k)s e hm (k)) ThUS, by
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Theorem 1
FID |= ¢(hi,...,h,).
Again, for every k
NE ¢ (k,ny, a,), so that
by Theorem 1
FID |= ¢ (A7, ko, hY) ,

proving the theorem.
We shall in the sequel be taking for & the smallest set of functions
closed under < and containing 1 and all the 4,’s. In other words we let

F={fIf<1 or 3Jjf<hy.

As an example of the use of the Saturation Theorem 2 we show how we
can ensure that & is closed under + and - . Since

fog < h; implies f+g,f g <h;

it clearly suffices to assume that A7_; < h;. Thus, if we assume that the
condition z 12 —1< z;occurs in the formula ¢ ;, then, adding &; (k) = & f_ 1 (k)
for j > n, to our definition of #z;, we have that hi_i< h;, so that & is
closed under + and - . We shall call this the Closure Condition on { /; }.

Again, we can guarantee that 1 e % by assuming that ¢ (k, n, z;)
includes the condition z; > k.

Up to this point in our construction of /D there is no guarantee that
the difficulty with the full ultrapower has been obviated. It may happen
that #/D = N, so that % /D cannot be used for independence results.
To obtain a true arithmetical statement which is false in % /D we now add
the condition that the sequence { ¢; } of limited formulas is a recursively
enumerable set. It follows immediately that the sequence { ™\ ¢;} |

Jj=n

is also a recursively enumerable set. Since the satisfaction relation for limited
formulas in N is a primitive recursive relation there is a Z(l’-formula
v (x, ¥, z) such that '

N & y(k,m, z) o ¢ (k,n, z) A /\¢j(z1: ---:an) .

Jj=k

- Here y (k, n, z) holds if and only if z is a code number of a sequence of
~length n, such that ¢ (k,m,z) A /\ @; (2, ..., z,;) holds, where z
Jj=k

.= B (i, z) and B is the G&del f-function (as given e.g. in Shoentfield [8] §6.4.)
: i

IS
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Suppose that, as in the hypothesis of Theorem 2, we assume that for
every k

N |: 3Zl "'Hznk[(p(kanka Zl) A /\¢_] (le °'°’an)]

ji=k
We now construct the functions { /; } of Theorem 2 with greater care. For
each k, we choose the sequence a;, ..., a,, to be the least sequence sat-
isfying
¢ (k,ny, z1) AN ¢j(zla cees an)

i=k
in N. The precise measure of what we mean by least is not critical, but we
shall take it to mean that the largest element of a4, ..., @, is @ minimum
for all possible choices of ayy, ..., a4, satisfying the above formula. We
shall henceforth assume by appropriate re-labeling that a,; < ., < ...
< Gy, SO that gy, is the minimal element. We now claim that

FID = " Vkdndzy ... 3z, [¢(k,n,z) A A\ P; (24, s Zn) ]

j=k
or, more precisely,
FID = = Vkdndzy(k,n,z).

Since N = Vk dzy (k, n, z) we have obtained a true arithmetical state-
ment which is false in %/ D. Note that it follows from Theorem 2 that for all
keN

F|D = dndzy(k,n, z).

THEOREM 3. #/D = — Vkdndz y (k, n, 2).

Proof : Assume that on the contrary
F|D = Vkdndzy(k,n, z).
Choose k = 1*. Then there exist r, g € & such that
FID |k y (1%, 1%, g%).

By the Corollary to Theorem 1 we have for an infinite set ¢ of k’s (lying
in the ultrafilter D)

N v (k, 7 (k), g (k) (D

Now since f (r, g) <r!) e &, there exists an i such that

:B(r:g)<hi'

1) See Shoenfield [8] § 6.4.
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Choose k£ > i lying in ¢. Then h; < h,, so that

9gr (k) (k) = :8 (7‘ (k): g (k)) < hk (k) = aknk .
But by (1) the sequence
91 (k)a sy (k) (k)

satisfies the above formula. This contradicts the minimality of a,,.

I111. PEANO ARITHMETIC AND THE STABILITY CONDITION

Theorem 1 suffices to construct a non-standard model of a theory of
arithmetic in which all the axioms are expressed by limited formulas. The
induction axioms of Peano arithmetic however involve arbitrary elementary
formulas. To deal with this problem we shall associate with each formula

¢ () of arithmetic a limited formula ¢ (y; z) V) called the limited associate

of ¢ (¥).

We assume that ¢ (y) has been reduced to prenex normal form. To

obtain the formula ¢ (y; z) we replace each quantifier Ox; in ¢ (y) by
the bounded quantifier QOx; < z;,. The bounding variables z, are to be
distinct from the variables occurring in ¢ () and also distinct from each
other.

Although Theorem 1 allows us to prove the validity of limited associates
of the Peano axioms in the model % /D, we need a provision for inferring
from this the validity of the Peano axioms themselves in &/ D.

To obtain the desired result it would suffice to show that for some

suitable vector i in #, #|/D = ¢ (y; h*)implies /D = ¢ (y). However,

if we consider the case where ¢ (»)is (Vx) (y #x), we find F/D = ¢ (h*, h*)
but #/D &= — ¢ (h*). This example shows that we must restrict the

range of y, i.e. require that for all f<h, F/D = ¢ (f*, h*) implies
FID = ¢ (f*). To prove F/D = ¢ (f*) for all fin & it thus suffices
to construct an increasing sequence { 4, } in &, cofinal in &, such that for
all 7, j with i < j?) and all fe & with f < I,

1) Here and later y and z denote vectors of variables.
2) Here and later j denotes a vector { ji,...,jn ), i <j means i< minj, and Ak;
denotes the vector {k Fy5 wwen fn>’
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FID = ¢ (f*; h%) if and only if F/D = ¢ (f¥). ()

Now the equivalence (1) refers to a formula ¢ (y) with unbounded
quantifiers and so is not a tractable condition to handle via Theorems 1
and 2. We shall accordingly replace (1) by an equivalent condition which
refers only to limited formulas. To see what this condition is consider the
case where ¢ () is a formula of the form (Vx) ¥ (x, y), where y is quantifier
free. Suppose that for some 7, j with i < j and all fe & with f < &; we have

FID & (43
i.e. Z/D = (Vx <h’}f) U (f*,x)
If condition (1) holds then

FID = (Vx) ¥ (f*,%)
and hence

FID = (Vx<hE)Y (f*,%)

for all j* > i.
Thus, for condition (1) to hold it is necessary for the truth value of

the limited formula ¢ (y;z) to eventually stabilize. We formulate this
condition as follows.

We shall assume for the rest of the paper that the sequence
h; = {hj, ..., by, > substituted for the bounding variablesz= (z;, ..., z;,
in the limited formula ¥ (y; z) is an increasing sequence (i.e. » < s implies
J» <Js and hence h; < h; ). Thus, the smaller the scope of the bounded
quantifier (Qx; < z; ) in ¥ (y;z) the larger the substituted element h;r

in the sequence h; = <{hj,, ..., h; >.

Stability Condition. For every limited formula ¢ (y;z) and for all
i,j,j  withi<j, i<]j’

FID = (Vy<h) (Y (y; ) =y (3 1))

We shall now prove that this condition suffices to establish (1) (c.f. [3]
Proposition 2.2).

LEMMA 1. Assume that { h;} is an increasing cofinal sequence in F
which satisfies the Stability Condition. Then for all i < j

FID = (Vy < ) (6 (1) < (v ).

L’Enseignement mathém., t. XXVIII, fasc. 3-4. 15
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Proof : We shall assume that ¢ () is already in prenex normal form. We
proceed by induction on the number of quantifiers occurring in ¢ (y). For
quantifier-free formulas the equivalence is clearly true.

Now assume that ¢ (y) has the form (dx;) ¥ (x4, »). Then ¢ (y; 2)
has the form (Ix,<z)) ¥ (x1,y; 25, .o, 2,). F/D = ¢ (f*) if and only if

F|D =  (b*, f*) for some be Z.
By induction it follows that #/D &= ¢ (f*) if and only if #/D

= @(b*,f*, hjys .., i) for all j,,.j,, with i< j, <..<j,. By
cofinality & < h;,, for some j; > i. Hence
FID = ¢ (f%) if and only if F/D = (Fxy < KW Cepa S35y o 1)
Le. #/D = ¢ (f*; i), where j, = (o fa o>
By the Stability Condition, #/D = ¢ (f*; hfﬂ) for this j, > i1s equiva-
lent to #/D = g/; (f*; hj.) for all j > i, completing the induction step.

THEOREM 4. Assume that { h;} is a cofinal sequence in F with h 3
< h;,y which obeys the Stability Condition. Then % |D is a model of the
Peano axioms.

Proof. The axioms Vx Vy dzo (x, y, z) and VxVydz=n (x, y, 2)
are valid because & is closed under + and -
Every other non-induction Peano axiom qb is a Hl-statement Thus

N = d)(z) By Theorem 1, #/D = (j)(z) Hence /D = ¢.
Now let ¢ () be the induction formula

[ (0,) A (V) (¥ (x, ) =¥ (x+1, )] = (VX) ¥ (x, ) .
We may assume that ¥ (x, y) is in prenex normal form.

Note that for any formula # (x)

N = [7(0) A (Vx<w)(n(x) » 1 (x+D)] = (Vx <w) 1 (x).
Hence, if n (x) is a limited formula then Theorem 1 implies that
C FD e [10) A G<w (1) > G+ D)] > (Vx<w) 1 () |

A
- In particular, taking for u the limited associate ¥ (x, y;z) of ¥ (x, y),
| we have that
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FID &= [@(O,y; z) A (Vx<w) (@(x,y; Z) > Y (x+1,y;2)]
- (Vx<w)y (x,y; 2) (1)
We now assume that #/D = ¢ (0, g*) and #/D = (Vx) (¥ (x, g*))
-y (x+1, g*)) for some vector g of functions in &.

We have g < h; (i.e. max g < h;) for some i. Choose any j, ¢ with
i>t>i By Lemma 1, #/D = ¥ (0, g*; 4;). Assume for x < h, that

FID = Y (x, 9% b)) .

By Lemma 1,
FID = ¥y (x,9%) .

Hence,

FID = Y (x+1,9%
so that, again by Lemma 1,

FID = U (x+1,0% 1)
Thus, by (1),
FID = (Vx <)y (x, y*: ).

It follows from Lemma 1 that

F|D = Vxy(x,g%).

We have thus proved that the induction formula ¢ () is valid in &/D.

It remains for us to construct a suitable sequence { #;} of functions
satisfying the Stability Condition. Let {i;} be an effective enumeration

of all the limited formulas. The Stability and Closure Conditions have the
form

F|D = 3z,...3z,... N [Vz<z) W, (s z;
1zicj,j'<
l=s<ow

=Y, (y; Zj’)) A Z_]?—'l < zj]

Now this condition has precisely the form needed for the conclusion of the
Saturation Theorem 2. Thus, if we can show that for each k

N&3z.3z, A [(Vy<2)(l052)
=i<j,j'<ng
1=s<k

oY (1325)) A 25y < 7] *)
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then we can construct the sequence { #;} and the set & to satisfy the
Stability and Closure Conditions via Theorem 2.

We could now proceed to show that the above condition is indeed
satisfied in N and thus construct a non-standard model of Peano arithmetic.
However, our goal is the construction of a mathematically perspicuous
model which is independent of the logical formulas. The functions { 4; }
given by the above condition require the logical calculus in their definition.
Accordingly, we shall consider a larger class & of functions than those
defined above, which we shall construct independently of logical formulas.
This class will be constructed from combinatorial principles derived from
Ramsey’s Partition Theorem.

IV. RAMSEY-TYPE THEOREMS

The infinite Ramsey Theorem states that for every partition P : [N]°
— r ') there exists an infinite subset X of N such that P | [X]° is constant.
In these circumstances one says that X is homogeneous for the partition P.
This set-theoretic theorem has various combinatorial consequences which
are formalizable in elementary arithmetic. One such immediate consequence
which we shall prove independent of the Peano axioms is the following.

ProrOSITION 1. Let P :[N]® — r be a primitive recursive partition. For
every natural number k there exists a finite subset X of N, with # X >k

and #X >22"" X, which is homogeneous for the partition P.

In order to apply Theorem 2 we require the construction of a set which
is simultaneously homogeneous for several partitions. This is easily done by
the infinite Ramsey Theorem. Suppose P; :[N]' — r; and P, :[N]?
— r, are two partitions. Let X; be an infinite subset of N homogeneous for
| P;. Then P, [ [X]°? is a partition of [X,]2, and hence there is is an infinite
 subset X, of X; which is homogeneous for P, (as well as P;). This proof
- extends immediately to finitely many partitions. A direct consequence is the
~ following generalization of Proposition 1.

PROPOSITION 2. Let P; : [N]*¥ — r;, i <i < n be a set of primitive recur-
& sive partitions. For every natural nu_mber k there exists a finite subset X of N
Cwith #X >k and #X>22"""
for all the partitions Py, ..., P,.

, which is simultaneously homogeneous

1) We identify the number r with the set of all natural numbers < r.

‘i
|
|
b
.
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Proposition 2 may be expressed by a HS formula. First it is clear that
we can construct a Z?-formula ¢, that expresses the properties that

P; : [N]°* — r; is a primitive recursive partition
2y < 2y < .o <2y

1
2
3. {zy, ..., Zy, } is homogeneous for P;
4, k< n

5

22" <,
Proposition 2 asserts that for every &

N & dz,...dz, "\ ¢:.

i<k

V. CONSTRUCTION OF THE MODEL

We now have all the ingredients at hand to construct a non-standard
model of Peano arithmetic, and we have only to assemble them according to
the specifications of Section II.

Let P; be an effective enumeration of all primitive recursive partitions
P; : [N]°* — r,. By Proposition 2 we have that for every k

N = dz, ...z, "\ ¢,

i<k
where ¢; is the Z?-formula of Section IV expressing the conditions (1)-(5)
satisfied by the partition P;.

Following the prescription given in Section IIT we let a;,, be the smallest

number such that @, ..., a,, 1S an increasing sequence satisfying the
formula /~\ ¢;. Now we define the functions %; by

=k

ho (k) = n, forevery k

and forj > 0
. for j <
hj (k) _ { Ay j , or j < ny
h;_y (k) for j > ny.

Let 7 = {f|f<h;}.
Since 1 < &, the function 1 is automatically in £.

By Theorem 2 the sequence { /; } satisfies "\ ¢ ;in F|D. We now
J <o

prove that this implies that the sequence { 4; } satisfies the Stability and
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Closure Conditions in &#/D. As we saw in Section III it suffices for this
purpose to show that for each &

N + dz,..3z, 1 /N [(Vy<z) (¥ (y; 2))
=i<j,j <ng
1=s<k

<> Yy, zp) A Z_?-—1 < z;] (*)
Let ¢; be the length of the sequence y in ¥; (y; z). Define the partitions
T:IN?>2, 0,:N>¢>+1,and S, : [N]***! - 2 by :

1 if a2 <b
T(a,b) = .
0 if not
Q;(a) = min (a, [t;log, a] + 1)
and for ae N, ¢, ¢’ € [N]°

1 if (Vy<a)(h;(y;0) =¥ (y; )
0 if not.

Si (a> c, C’) = {

The partitions 7, Q;, and S; are clearly primitive recursive since ¥; (y; z)
is a limited formula. Hence T, Q4, ..., Ok Si, ..., S, occur in the sequence
{ P;}. Thus by looking sufficiently far in the sequence we can find a set
X. = { &y .-, @4y, } which is homogeneous for T, Qy, ..., Ok, Sys o5 Sk

. ,%h1
with n, >k, 2 .
Since a,, > a,fl, T (a1 > ) = 1. Hence, by homogeneity,

T(a,b) =1, ie. a*<b,

for all a < b in X,.
Since # X > 1, and X, is homogeneous for Q;, a,; > t;log,; a;; .

The number of sequences of numbers < a,, of length 7; is < a;;i. The
ti

number of distinct sequences of truth values of length a;jl is < 2%! Now

¢

a1 a1 L
m > 2*> >2 since a; >t;1og,a, . Thus there are distinct ¢, ¢’ > a
in, X, such that

(Vy < ayy) (‘ﬁ; (y;0) & ¥; (5:¢))
ie. S;(a, ¢ ¢) = 1.

By homogeneity

S;(a,b,b") =1  forall a <b,b' in X, *,
proving (*). h
|
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We have thereby shown that /D is a model of the Peano axioms.
Since g, was chosen minimal, Proposition 2 is false in & /D, and hence
independent of the Peano axioms.

Proposition 1 is also false in &/D. In fact it is provable in Peano arith-
metic that Proposition 1 implies Proposition 2. This is a consequence of
the following lemma, provable in Peano arithmetic (c.f. Lemma 2.9 in [3]).

LEmMMmA 2. Let P, :[NI'i—r, 1 <i<nm, be n partitions. There is a
partition P : [N]° — r such that for all subsets H of N of cardinality > e,
H is homogeneous for P if and only if H is homogeneous for all the P;.

We may also obtain a purely finitary combinatorial principle which
is false in our model.

PROPOSITION 3. For all natural numbers e, r, and k there exists an N,
such that for all partitions P : [N]° — r there exists a subset X of N, with

X >k and + X >22""", which is homogeneous for P.

This result follows immediately from the infinite Ramsey Theorem by an
application of K&nig’s Lemma. If we drop the condition that # X > 27 mn
then we obtain the usual finite Ramsey Theorem. Ramsey [11] gave a proof
of the latter theorem which is formalizable in Peano arithmetic. Propo-
sition 3 directly yields Proposition 1, for if P : [N]®* — r is a partition and k&
is a number then by considering the partition P l [N]°, where N is the
number provided by Proposition 3 we obtain the required homogeneous
set X for P | [N]¢ and hence for P. This proof may be carried out in Peano
arithmetic. Thus, Proposition 3 is false in our model and independent of the
Peano axioms.

VI. A SIMPLER MODEL

The condition in Proposition 1 that # X > 22 "X can be simplified and
so yield a simpler sequence { /; } of functions which define the model &/ D.
In this section we describe such a model by using a combinatorial conse-
quence of Ramsey’s Theorem wich is closer to the proposition proved
independent in [3].

ProOPOSITION 4. Let P : [N]®* — r be a primitive recursive partition. For
every k there exists a finite subset X of N, with #X >k and %X
> min X, which is homogeneous for the partition P.

Proposition 4 implies Proposition 1 via the following result, the proof
of which is the same as the proof of Lemma 2.14 of [3].
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LEMMA 3. Let P :[N]° — r(e >2) be a partition. There is a partition
P* :INJ® - r* (where r* depends only on m, e, and r) such that if X*
is a finite subset of N, homogeneous for P* with % X* >e+1 and #X
> min X, then the set X = [log,log,] (X*) is homogeneous for P, and

#X >e+1 and #X>22™"%,

Moreover, if P is a primitive recursive partition, then P* can be chosen to
be primitive recursive.")

Since this proof that Proposition 4 implies Proposition 1 may be carried
out in Peano arithmetic, it follows that Proposition 4 is also false in our
model &#/D. However, our aim here is not merely to give a simple inde-
pendent statement but to construct a simpler model for Peano arithmetic.
Once again we actually use a version of the combinatorial principle which
applies to several partitions. The following result is implied by Proposition 4
in Peano arithmetic.

PROPOSIION 5. Let P;:[NI'i—r;, 1 <i<mn, be a set of primitive
recursive partitions. For every k there exists a finite subset of N, with
#X >k and #X >min X, which is simultaneously homogeneous for all
the partitions Py, ..., P,.

We now construct a non-standard model via Proposition 5. Let { P;}
again be an effective enumeration of all the primitive recursive partitions
P; :[NI"" > r. Let ¢y, ..., Gy, be an increasing sequence with ¢, the
least number such that ¢4, ..., ¢, 18 homogeneous for all Py, ..., P, with
cr1 <m, and k <m,. Define the functions g; by

go(k) = n, forevery k

and forj > 0

Crj for j <m,

9; (1) = { g1 (K for j >n,.
Let 7 = {f|3jf<g,} -

We shall show that 4 /D is a model of Peano arithmetic by proving that
there is an increasing sequence { /; } which lies in and is cofinal with &
and which satisfies the Stability and Closure Conditions. We set

h; = [log, log, gj] .

1) Here, as is customary, [x] is the greatest integer < x.
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Since h; < g, h;e #. It follows from Lemma 2.13 of [3] that there i1s a
prlmltwe recursive partition R such that if X is homogeneous for R, with

4 X > min X and # X > 3, then for every x, y, € X, x < y implies 22 < .

Since this partition appears in the enumeration { P;} at some point %, it

g5 (D . .
follows that, for all i > k and j < n;,2*" < g;4+1 (). Thus, if for a

(i)
given j we choose an m > k such that n,, > j, then, for all i > m, 2297t <

j @
gj+1 (i). For every i < m choose an s; with 22" o gs,(i). Let

s = max (S1, -y Sy—1,J T 1)
Then
2" < gs .

Thus /1, = [log,log,g,] > g, proving that { /; } is cofinal in &#.

For each partition P, in the sequence { P; } there exists another partition
P, (= P,) satisfying the conditions of Lemma 3. By the definition of the
functions g ;, the set { gy (¢), ..., g,, (¢) } is homogeneous for P, and n, > 1,
n, > ¢, (¢). Hence, by Lemma 3, the set

{ hl (Z)a vy hnt (t)} = { logzlogzgl (I)L a0y [1Og210g29nt (t)]}

is homogeneous for P, and n, > > 221 Thus, as in the previous section,
the sequence { /; } fulfills the conditions which ensure the satisfaction of the
Stability and Closure Conditions. This proves that &#/D is a model of the
Peano axioms. Once again, since ¢, was chosen as minimal, it follows that
Proposition 5, and hence Proposition 4, is false in &% /D, and therefore
independent of Peano arithmetic.

As before we may formulate a finite version of this combinatorial
principle.

PROPOSITION 6. For every e, r, and k there exists an N such that for
every partition P : [N]® — r there exists a subset X of N, with # X >k
and # X > min X, which is homogeneous for P.

Again it is provable in Peano arithmetic that Proposition 6 implies
Proposition 4, so that Proposition 6 is false in our model. Proposition 6
was first proved independent of Peano arithmetic in [3] by showing that it
implies the consistency of Peano arithmetic and then applying Gd&del’s
Theorem.

Let C, = {i I [ < Cyy, ;- The model #/D is an initial segment not only

of the ultrapower N'/D but also of the smaller ultraproduct [T CdD.
keN
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This indicates that the function C given by C (k) = ¢, is a very rapidly
growing function. In fact the function C majorizes every recursive function
which is a provably total function in Peano arithmetic.

THEOREM 5. Let f be a recursive function. Let  be an elementary

statement expressing the condition that f is a total function. If \y is provable
in Peano arithmetic, f(k) < C (k) for all sufficiently large k.

Proof. Suppose ¢t = { k lf(k) > C (k) } is infinite. Let D be a non-
principal ultrafilter such that ze D. Then f* > C*. On the other hand,
f*=fA*e F/D, so that f* < C*, a contradiction.

It follows a fortiori that if NV is the smallest integer to satisfy Theorem 5
then this function N also majorizes every provably total recursive function
(c.f. Theorem 3.2 in [3]).

We mentioned in the introduction that a by-product of our construction
is a new proof of Specker’s theorem that there exists a recursive partition
with no recursively enumerable infinite homogeneous set. In fact we may
obtain the stronger theorem that for each e > 2, there exists a primitive
recursive partition: P : [N]° — 2 such that P has no infinite homogeneous
set in ZS (c.f. Jockusch [10], Theorem 5.1). We outline the proof of this
result. Let ¢ (¥) be any formula. As in Section III, the limited associate

¢ (y;z) of ¢ (y) defines a partition P : [N]®* — 2 such that every sequence
{ b; } of natural numbers homogeneous for P satisfies the Stability Condition

for ¢ (y; z) in N. Hence, for any vector a in N ¢ (a) holds in N if and only

if ¢ (a; b) does. It follows that the set { a l N |= ¢ (a) } is recursive in the
set { b;}. Thus the set { b; } is not in ) ,.

VII. VARIATIONS

We conclude with a series of remarks on various modifications of our
construction.

(a) It is easily proved that if & is closed under < and contains 1, then
Z | D is non-denumerable, for every non-principal ultrafilter D. Thus, this
construction leads only to non-denumerable models. However, a slight
variation of the basic construction yields denumerable models. Note that
in the proof of Theorem 1 the function g is primitive recursive in f. It
follows that we may define # = {f I djf < h; and fis primitive recursive




MODELS OF PEANO ARITHMETIC 229

in i;}. The equivalence f = g in & defined by a non- -principal ultrafilter D,
viz { i | f(@) = g (i) } € D, may now be directly defined by a Hz-formula
This shows how to construct || 9-models of Peano arithmetic in the form of
restricted ultrapowers.

(b) We may reduce the size of our models even further. Since in the proof of
Theorem 1 the function ¢ is defined from f by means of a limited formula g
is even elementary recursive in fin the sense of Kalmar (see Kleene [11] §57
for a definition of elementary recursive functions). Thus, we may take & to
consist of all functions which are elementary recursive in and majorized by a
function #4;, for some j. Moreover, since the functions P; from which the
functions 4; are derived (Section IV) are defined by means of limited
formulas, we may also take our sequence of partitions { P; } to consist of
elementary recursive partitions rather than primitive recursive partitions.

(c) It is possible to give the ultrapower a more algebraic appearance by
switching from models of N to models of the ring Z of all integers. Let T
be an axiom system for an ordered ring in which the non-negative elements
obey the Peano axioms. Define the functions /; as in Section V (or the g;
of Section VI). Let & be the ring of all functlons f: N — Z such that,
for some j, l_f | < hj. It is easily seen, as in Scott [6], that the ultrafilters
are in one-one correspondence D «» Pp, with the minimal prime ideals P,
in &, such that #/D = &% /P, Principal ultrafilters correspond to principal
prime ideals. Thus, we may construct non-standard models of Z by dividing
the ring & by a non-principal minimal prime ideal P in %#. A non-standard
model of N may then be selected as the set of those elements in % /P which
are representable as the sum of four squares.

(d) It is possible to by-pass the Stability Condition in defining a non-
standard model #/D. It was condition (1) of Section III that assured us
that #/D was a model of the axioms. We may define the family & to
guarantee that condition (1) holds in a direct manner. We outline this
approach now. Reduce the conjunction of the first k axioms to prenex
normal form ¢,. We may associate with ¢, a sequence f;, ..., Sim, Of Skolem
functions in the usual manner. For each k define the sequence of natural
numbers aq, ..., @ by induction. Let

ayy =k +1
and, for 1 < j < k, let

s 2 .
ayj+1 = any number greater than a;; and the values of f,,, ..., Siony, @S
the arguments range over values < a, I
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We now define the functions 4; as before by

Ay for j <k
bk = 4 .
o1 (k) for j > k.

A simple induction argument now shows that (1) holds for the axioms
and hence that #/D is a model of Peano arithmetic. If as in Theorem 3
the g, 1s chosen as the least number so that the sequence a,, ..., q, satisfies
the above conditions then a true statement which is false in # /D may be
constructed via the method of Theorem 3.

The disadvantage of this direct approach is that the model &%/D con-
structed in this manner is dependent in its definition upon logical formulas
and so is not as purely an algebraic construction. Moreover the indepen-
dent statement which results has no simple combinatorial expression as have
those given in Sections 1V, V, and VI. Note that in this approach we have
not used the property peculiar to Peano’s axioms concerning the limited
associates of the axioms which is expressed in the proof of Theorem 4.
This shows that the method outlined here applies to any recursively enu-
merable set of axioms for arithmetic which is sufficient to allow the coding
required for Theorem 3. Thus, we may prove a general form of Gddel’s
Incompleteness Theorem without the use of self-reference techniques. At
the same time the very generality of the approach outlined here indicates
that there is no hope by this method to avoid the use of metamathematics.
It is only the above-mentioned property of the Peano axioms vis-a-vis
limited formulas that allowed us the latitude to define suitable functions /;,
and hence the model /D, by means of a combinatorial principal without
reference to logical formulas.

NOTE (ADDED IN PROOF)

The first sentence of the section entitled “Added in proof” of Kochen and
Kripke [12] p. 294, which was inserted by the second author, is not correct
and should be deleted in favor of the following corrected version. The first
author proposed that the Paris-Harrington statement is false in an initial
segment of any non-standard model, and this was verified jointly by the
two authors. Adapting this idea, the second author defined the set & of
functions which result in the model of Section V. The first author subse-
quently found the new set &% of functions which define the simpler model of
Section VI.
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The devices used in Section T1I are an adaptation of the ideas in Paris-
Harrington [3].

The approach outlined in (d) of Section VII is due to the second author
and leads to a concept of ‘satisfying’ formulas by finite sequences called
fulfillability wich leads to model-theoretic proofs of many theorems (such
as Godel’s and Rosser’s theorems) usually proved proof-theoretically and
to other applications to the model theory and proof theory of arithmetic.
It will be developed in a subsequent paper of the second author.
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