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(b) = (a) : Assume (b). Then A is self-adjoint and positive definite. Define a
new inner product <--> on Z(A) by <v,w>:= (Av, w). Then, for
v, we Z(A), g € G, we have:

<t(gv, tlgw> = (Atg), tgw) = (A~ ") Atglv, W)
= (At(g ™ ilg)v, w) = (Av, w) = <v,w>,

ie. <tug), tlgw> = <wv, w>.Thus tisa unitary representation on Z(A4) with
respect to the new inner product. (Weak continuity of tis easily proved.) Let & be

the extension of this representation to a unitary representation in the Hilbert
B

space completion #(c) of Z(A) with respect to <-, ->. Then t ~ o, where B is

the closure of the identity operator on 2(A) (cf. Lemma 4.4). Note that we have
also proved the last part of the theorem.
The equivalence of (c) or (d) with (b) follows from Theorem 4.5. H

6.2. THE case SU(L, 1)

It follows from (2.30) that

(64) _ Ceonynm = (_l)m—n Ce, ~%.m.n-
Combination of (6.3), (2.29) and (6.4) yields
(65) ﬁé. A = TCg’ -

In §6.1 we showed that a necessary condition for unitarizability of an
irreducible subquotient representation t of m; , is the equivalence of t and 7. In
view of (6.5) and Theorem 4.7 this is only possible if A, = =+ A, thatis,if A is real or
imaginary. If A is imaginary then %, , = =, ,, so m ; is already unitary. Let us
now examine the case that A is real and nonzero. Then t, ;, = n, _,. If tis an

irreducible subquotient representation of n, , then t ~ T with (cf. (4.10))

(66) A(bm = Cf;, A, m ('bma (bm € r}f(’t) s

where ¢, ; ,,1s given by (4.9). Now a sufficient condition for the unitarizability of
T is that the coefficients ¢, , ,, are all positive or all negative for ¢,, € #(1).
Referring to the classification in Theorem 3.4 we will examine these

coeflicients. (Because of equivalence, it is not necessary to treat the cases where
A <0)
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(a) Mo 2(A>0, MZ +3) .
(—A+ )]m]
m = ’ Z.
Co. 1. 0t Do me

Co.5. m has fixed sign iff 0 < A < 3

(b) L ,(A>0,A¢Z) .
( 7\‘)r11—1‘—— L
C%,;\’mzm 1 ,m+j€{0,1,2,...}.
m+=
No fixed sign. 2
(c) ‘ m; 5 and m; ;(A+E€Z+73, A>0).
(Im| — A+

Cepm = ,meZ + & |m|=r+ 3.

SR QA Dy ’
Fixed sign.
(d) 0 (A +EeZ+4, 1>0).

(=1 1 3
S = G Trmigt—m YT T Bk gy

No fixed sign except if A = 3 & = 0.

Combining these results with Theorems 3.4, 4.7 and 5.4 and Prop. 4.2 we
reobtain BARGMANN’s [2] classiffication of all irreducible unitary
representations of SU(L, 1):

THEOREM 6.2. Any irreducible unitary representation of SU(1,1) s
unitarily equivalent to one and only one of the following representations:

1) e iW(§=0,3, v>0), Ty o, 1" o T, o (unitary principal series ).
2) Tto‘ )‘(0<>\,<%) On Cl Spanl..., d)_ 1> (.1)0, d)l'/‘ ...!

with respect to the inner product

— A+ D
(__)_'_‘ O, » (complementary series).

< Om Gy > = Ot D

3
3) n;kandn;x<§=00r%,7»=E‘;-i—%,&—}-—i,...)
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on

Cl Span{®; 1 5, d+ 32, -
and

ClSpan{.., & 532 ¢ 23},

respectively, with respect to the inner product

— (o)
<P O,> 1 = (m| = (+3) O, n (discrete series ).
A+ Djm| -0+ 9

4) ng. , (identity representation).

6.3. NOTES

6.3.1. Following BARGMANN [2], most authors prove Theorem 6.2 by
infinitesimal methods. VILENKIN [43, Ch. VI] uses the method of the present
paper. TAKAHASHI [ 39, §6] decides about unitarizability by considering whether

T 5. n n 18 @ positive definite function on G.

6.3.2. A method related to this section was used in FLENSTED-JENSEN &
KOORNWINDER [15] in order to find all irreducible unitary spherical
representations of non-compact semisimple Lie groups G of rank one. They
examined the nonnegativity of the coefficients in the addition formula for the
spherical functions on G. See also [27, §6.4].

6.3.3. A generalization of Theorem 6.1 can be formulated for not necessarily
abelian K and, partly, for K-finite 1, cf. [27, Theorems 6.4, 6.5].
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