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Now substitute (5.8) into the right hand side of (5.10). Thus, for the proof of
Prop. 5.5 we have to show that each continuous character a on Ifn(G) takes the
form

(5.11) oif) Ff{t)e~Xt du f e /-„(G).

for some X e C. In §5.5 we will prove:

Theorem 5.6. Let G SU( 1, 1), nefZ. The mapping f -» Fnf is a

topological algebra isomorphism from Ifin{G) onto .(^even(R), the algebra of
even C00functions with compact support on R.

Thus, in view of (5.11) we are left to prove:

Proposition 5.7. The continuous characters on ^even(R) have the form

00

h—> h{t)e~1'dt

— oo

for some X e C.

5.5. Completion of the proof of the main theorem

By the discussion in §5.4 we reduced the proof of Theorem 5.4 to the task of

proving Theorem 5.6 and Prop. 5.7. Theorem 5.6 was partly proved in Prop. 5.3.

It is left to prove that / -> Fnf is injective on Ifn(G) with image ^even(R) and that
the inverse mapping is continuous. In order to establish this we identify both

Ifn(G) and @evcn(R), considered as topological vector spaces, with ^([1, oo)) and

we rewrite f - Fnf as a mapping from ^([1, co)) onto itself. This mapping turns
out to be a known integral transformation, for which an inverse transformation

can be explicitly given. First note:

Lemma 5.8. The formula

(5.12) f{x)g(x2)

defines an isomorphism of topological vector spaces f - g from ^even(R) onto

^([0, oo)).
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Proof. Clearly, if g e 0([O, oo)) then / e ^even(R) and the mapping g ^ f is

continuous. Conversely, let / e ^even(R) and let g be defined by (5.12). By

complete induction with respect to n we prove: g{n)(0) exists and there is a

function fn e ^even(R) such that

fn(x) gw(x2), e R

and /-/„:^even(R) ^®even(R) '? continuous. Indeed, suppose this is proved

up to n— 1. Then

2x(f"-l))'(x2) /;_,(*) fn-1 (y)-

gw(x2) \

For / 6 If„(G)define

fn- i(tx)dt :f„{x).

1

,2
(5.13) 7(x) : f(( (X1)2 )\ xe [l,oo).

1)2 X

For f e ILX n(G) define

(5.14) Rchjt) : h(t),teR.

Lemma 5.9. The mapping f - f defined by (5.13) is an isomorphism of
topological vector spaces from Ifn{G) onto ^([1, oo)). The mapping h -* h

defined by (5.35) is an isomorphism of topological vector spaces from ^even(R)

onto S?([l, oo)).

Proof The second statement follows from Lemma 5.8. For the proof of the

first statement introduce global real analytic coordinates on G by the mapping

(z,
fKi + |z|2)T z

z
1 1

e~2i*(l+\Z\2j2

from C x (R/47tZ) onto G. If g e ^([1, oo)) and

r((k\ l + |z[2)i z \\ A/ i

/ - :

V\ z e-F^l + lzl2)^//
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then / e /^„(G), J g and the mapping -* is continuous. Conversely, if

/ e then /, as a function of z and cj>, is radial in z, so the function

/ <! i =2)i z \ pz / ,zeR,
^ z (i+z2F

j_
belongs to ^even(R). Now make the transformation z {x2 —1)2 and apply
Lemma 5.8. It follows that f e ^([1, oo)) and that the mapping / -> / is

continuous.
Define the Chebyshev polynomial Tn(x) by

(5.15) ^„(cos 0) : cos nQ

It follows from (5.7) that, for / e In(G) :

F}(t) e*

~ l2L ' 2l
7(\chjt+iizei!|) I — ——

\|ch\t + \ize2Î\'

e2 7(k/»ît + ï('zei'|)T2|„|l— —
U\

so

F}(t) 2 7(y)T2\„\{y
1 ch\t){y2 —

This formula shows that Fnf is even on R, so Fnf e ^even(R). Now, by (5.14):

(5.16) F}(x) 2 f(y)T2\n\(y ^Xr-* e [1, co]

For n0, (5.16) takes the form

F°Ax) 2 7(y)(y2-x2) lydy.
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The problem of inverting this just means to solve the Abel integral equation, as

was pointed out by Godement [20]. Indeed, we get

T(y)
d „— F°r(x)(x2 — y2)*dx

dx

For general n, we can use an inversion formula obtained by Deans [7, (30)], see

also Matsushita [30, §2.3] and Koornwinder [27, §5.9] :

Theorem 5.10. For m0, 1, 2,..., ge®([1, co)), x e [1, oo) define

(5.17) (Amg)(x): 2 g(y)Tm(y2-x2)

(5.18) (Bmg)(x): -R" g'(y)Tm(x y)(y -

Then Am and Bm map ©([1, co)) into itself and AmBm id, BmAm id.

This theorem shows that / Fnf is a linear bijection from In{G) onto
^even(R). Finally in order to prove the continuity of the inverse mapping, we
show that Bm is continuous. Just expand Tm(x~ly) as a polynomial and use that

dy
h(y)(y2-x2) 2 ydy

y ' jy) h{y){y2-x2) 2ydy

by the properties of the Weyl fractional integral transform (cf. [11, Ch. 13]). This
completes the proof of Theorem 5.6.

Proof of proposition 5.7. Extend a to a continuous linear functional on
^(R), for instance by putting a(/) Oif/ is odd. Choose fx e ^even(R) such that
a(/i) # 0. Let

P3y)/i)(.x) : fi(xR.

L'Enseignement mathém., t. XXVIII, fasc. 1-2. 6
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By the continuity and homomorphism property of a we have, for / e ^even(R):

o(/i)a(/) at/i*/) -
Hence

<4My)fi)f(y)dy

<*(/)

where

mmdy, f e ®even(R),

ßW: Ka(/i)) ^(VWi) + '/(/.I >)./;))

Then ß is even and it is a continuous function by the continuity of a. It follows
from the homomorphism property of a and from the fact that ß is even, that

ßMßOO U${x+y)+ ß(*-.y))>

so ß(0) 1. This is d'Alembert's functional equation. By continuity, Re ß(x)

> 0 if 0 ^ x ^ x0 for some x0 > 0. Then ß(x0) cosh c for some complex c

a + ib with a > 0, —\k < b < jk. Now, following the proof in Aczel [1,
2.4.1] it can be shown x) that for all integer n, m ^ 0

p(p x.) - »»h q.
So, by continuity and evenness of ß :

ß(x) cosh — x ] for all x g R

5.6. Notes

5.6.1. Some other examples of Gelfand pairs (G x X, K*) are provided by G

- SO0(n, 1), K SO(n) and G SU(n, 1), K S(U(n) x U( 1)), cf. Boerner
[4, Ch. VII, §12; Ch. V, §6], Dixmier [8] or Koornwinder [27, Theorems 5.7,

5.8].

5.6.2. The main Theorem 5.4, which was first proved in the case of unitary
representations by Bargmann [2], is a special case of the subrepresentation

l) I thank H. van Haeringen for this reference.
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