Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 28 (1982)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE

Artikel: THE REPRESENTATION THEORY OF SL(2, R), A NON-
INFINITESIMAL APPROACH

Autor: Koornwinder, Tom H.

Kapitel: 5.2. Spherical functions of type

DOI: https://doi.org/10.5169/seals-52233

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 10.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-52233
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

74 T. H. KOORNWINDER

5.2. SPHERICAL FUNCTIONS OF TYPE 0

Let G be a unimodular Icsc. group with compact subgroup K. Let

K*: = {(k,k)e G x K|keK}.

Let € K and let © be a K-unitary representation of G. Then t ® & (§ the
contragredient representation to 9) is a K*-unitary representation of G x K on
H (1) ® H(D).

LEMMA 5.1.  The multiplicity of 6 in t|g isequalto the multiplicity of the
representation L of K* in 1 ® & |g,. 1 isirreducibleiff t ® & isirreducible.
T s unitary iff T® & is unitary.

This can be proved immediately. By using the results summarized in §5.1 we
conclude that (G x K, K*)1s a Gelfand pair if there exists a continuous involutive
homomorphism o on G such that for each (¢, k) e G x K we have og)
= k,g " 'k,, a(k) = k k™ 'k, for certain k,, k, € K. Furthermore, if (G x K, K*)
is a Gelfand pair and if the irreducible representation t of G is unitary or K-finite
then t i1s K-multiplicity free. In particular, this applies to SU(1, 1):

ProrosiTioN 5.2. If G = SU(1,1) then (Gx K, K*) isa Gelfand pair.

Proof. For ge SU(1, 1) define af(g): = (g~ '). Then o is a continuous
involutive automorphism on G and a(a,) = a_, on A, a(uy) = u_4 on K. Since
G = KAK, a has the required properties. OJ

Let (G x K, K*) be a Gelfand pair. Identify G x {e} with G. A spherical
functionon G x K is completely determined by its restriction to G. By using the
results mentioned in §5.1 we obtain the following properties. First, a continuous
function ¢ on G is the restriction to G of a spherical functionon G x Kiff ¢ # 0
and

d(x)d(y) = Jd)(x’(yk_ Ndk, x,yeG.

Next, let
I1(G) (or 12(G))

= {f € CG) (or CX(G)) | f(kgk™") = f(g),
geG, ke K}.
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These are commutative - topological algebras under convolution and their
characters are precisely of the form (5.1), where ¢ is a spherical function on G
x K.If ¢ is a spherical function on G x K then thereis a § € K such that for all
x € G the function k — ¢(xk) on K belongs to 8. Then & is called a spherical
function of type & on G (with respect to K), cf. GODEMENT [ 19]. It is funny that
spherical functions of type & are on the one hand generalizations of ordinary
spherical functions for (G, K), on the other hand restrictions to G of ordinary
spherical functions for (G x K, K*).

For convenience, we take a one-dimensional § € K. Then a spherical function
¢ on G. x K is of type o iff

P(xk) = d(kx) = o(k)d(x), xeG keK.
Let

I 5(G) (or IZ4G))
L= 1/ € CAG) (or C2(G))| f(xk) = f(k)
= (k) f(x), xe G, ke K} .

These are closed subalgebras of I(G) (or I2°(G)) and their characters are precisely
of the form (5.1), where ¢ is a spherical function of type 8. Finally, if T is a K-
unitary representation of G and if #(t) contains a unit vector v satisfying t(k)v .
= &(k)v, unique up to a constant factor, then x — (t(x)v, v)is a spherical function
of type d. ‘

5.3.  THE GENERALIZED ABEL TRANSFORM
Let G be a connected noncompact real semisimple Lie group with finite

center. Use the notation of §2.2. For given Haar measures dk, da, dn on K, A, N,
respectively, normalize the Haar measure on G such that

(5.2) ff J f(kan)e** 189 dk da dn, f € C(G)

KXxAxXN

(cf. HELGASON [25, Ch. X, Prop. 1.11]). Note the property

(5.3) ff(n)dn = g?rlloga) Jf(ana“ “dn, f e C(N),aec A

(cf. [25, Ch. X, proof of Prop. 1.117).
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