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of rank 1 (i.e., dim(4) = 1)can be written as Jacobi functions of certain order (cf.
HARISH-CHANDRA [23, §13]). This motivated FLENSTED-JENSEN [14] to study
harmonic analysis for Jacobi function expansions of quite general order (o, B),
o > B > —1 This research was continued in several papers by Flensted-Jensen
and the author.

3. THE IRREDUCIBLE SUBQUOTIENT REPRESENTATIONS
OF THE PRINCIPAL SERIES

3.1. SUBQUOTIENT REPRESENTATIONS

We start with the definition and some general properties and next derive an
irreducibility criterium (Theorem 3.2) and a decomposition theorem 3.3.

Let G be a lcsc. group and let t be a Hilbert representation of G. Let 5, be a
closed subspace of #°(t) and let P, be the orthogonal projection from #(t) onto
H . Define

(3.1) Tolglv = Potlglv, geG,ve H,.

Then t(g) € L () for each ge G, to(e) = id.,, and g — 15(g)v: G — H#, is
continuous for each v € #,. If also

(3.2) T0(g9192) = T0(91)70(92), 91,9, € G,

then 1, 1s a Hilbert representation of G on #, and it is called a subquotient
representation of T. Formula (3.2) is clearly valid if # is an invariant subspace of

H (1), 1e, if tHgve #H, for all ge G, ve #, In that case, 1, is called a
subrepresentation of T.

LEMMA 3.1, Let #, beaclosed subspace of #(1), let #, be theclosed
G-invariant subspace of (1) which is generated by Ho and let A, :

=, N H;. Then 1, isasubquotient representation if and onlyif #, isG-
invariant.
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Proof. Let P, and P, denote the orthogonal projections on #, and # |,
respectively. It follows from (3.1) that

To(g192)v — To(g1)T0(g2)V
= Potlg,)P1Ug)v, ¢1,9,€G,ve Ay .

A 1 1s the closed linear span of all elements P,1(g,)v, g, € G, v € #,. So (3.2)
holds iff Pyt(g,)w = O for all g, € G, we H#,. O

Let K be a compact subgroup of G and suppose that 1 is K-unitary. Let t, be
a subquotient representation of t on #, and let #, and # , be asin Lemma 3.1.
Then ', and #, are G-invariant subspaces, so #, = H#, A A1 is K-
invariant. It follows that 7, is K-unitary and that to(k)v = t(k)v,k € K,v € # . If
K is compact abelian and if t is K-multiplicity free then 1, is also K-multiplicity
free, M (o) = A (7) and 14 ., s(9) = T, s(g) for v, 6 € M(1y), g € G.

Let again K be a compact abelian subgroup of G and t a K-multiplicity free
Hilbert representation of G. Let J#, be a K-invariant closed subspace of #(x).
Then, by Lemma 3.1, 1, defined by (3.1) is a subquotient representation if and
only if we can partition the K-basis for #(t) into three parts, the first part
providing a basis for S, such that, for each g € G, the corresponding 3 x 3 block
matrix of (t,5(g)) takes the form

*
* O
*

*

(3.3)

-
(@)
*

THEOREM 3.2. Let K be a compact abelian subgroup of the lcsc. group G
and let 7 beaK-multiplicitj/free Hilbert representation of G. Let t, bea
subquotient representation of 1. Then the following three statements are
equivalent :

(a) 1, is irreducible.

(b) For some &e M(ty) we have 1,5 # 0 # 15, forall ve M(ty).
(c) Forall v,8€ .M(ty) we have 15 # 0.

Proof. First note: if v € #(7,) and (v, d,) # O for some y € .4(1,) then ¢,
(element of the K-basis) belongs to the t,-invariant subspace of #(t,) generated
by v. Indeed,

(v, §,)0, = f Yk~ ek do

K




REPRESENTATION THEORY 63

and

(b) = (a): Let 0 # ve #(1,). Let #, be the T,-invariant subspace of
#(1,) generated by v. Then ¢, € #° for some y € #(1,). Now, for some g € G,

(To(g)(j)y, (bs) = To,s, y(g) = Tg, y(g) # 0,

50 To(g)d, and ¢, are in #,. For each Be .#(t,) we have (to(9) s dp)
= Tp5(9) # 0 for some g€ G. Thus ¢ge ', for all Be A (1), so #'y = H(Ty).

(a) = (c):  Suppose 1,; = 0 for some vy, & € .#(t,). Then, for all g€ G,

(to(9)ds d,) = 0. Hence, the to-invariant subspace of #'(t,) generated by dg 18
orthogonal to ¢., so T, is not irreducible.

(c) = (b): Clear. O

Let © be K-multiplicity free, K being compact abelian. Define a relation < on
M) by:y < 8ifft, 5 # 0. Then y < & iff ¢, is in the t-invariant subspace of
H(1) generated by ¢;. It follows that

B<yandy<d=P<3

Define arelation ~ on (1) by:y ~ difft, 5 # 0 # 15 ,. Itfollows that ~ isan
equivalence relation on .#(t) and that, ift, ; # 0,0 ~ y,p ~ Sthent, 5 # 0.1t
follows that, for a given equivalence set, we can partition .#(t) into three parts,
the first part being the equivalence set, such that the corresponding 3 x 3 block
matrix for (t,4(g)) takes the form (3.3). In view of Theorem 3.2 this proves:

THEOREM 3.3. Let G be a lcsc. group with compact abelian subgroup K
and let t be a K-multiplicity free representation of G. Then there is a unique
orthogonal decomposition of #(t) into subspaces #(t;), where the 1s are
precisely the irreducible subquotient representations of T

3.2. THE case SU(1, 1)

ForLe C,& = 0 or 3, the representation n, , of G = SU(1, 1) on L(K) (cf.
(2.8))is K-multiplicity free with K-content given by (2.13). By inspecting (2.29) for
small but nonzero t and by using (2.24) it follows that
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