
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 28 (1982)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: THE REPRESENTATION THEORY OF SL(2, R), A NON-
INFINITESIMAL APPROACH

Autor: Koornwinder, Tom H.

Kapitel: 2.4. Notes

DOI: https://doi.org/10.5169/seals-52233

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 10.08.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-52233
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


60 T. H. KOORNWINDER

Substitution of (2.23) and (2.22) yields {m ^n):

(2-28)

-- -W"~Wt) ~m-(fôr-'"(in

(X + "+l)'"-" (sh±t)m-"(ch±t)m+m+ ">

(m — n)l

Application of (2.16) gives a similar result in the case m < n. Finally we
conclude :

Theorem 2.1. The canonical matrix elements K m n{at) (X e C ; £, 0 or

j; m, n e Z + t e R) o/ 5(7(1, 1) can he expressed in terms of Jacobi

functions by

(2-29) *t. x, ». „(a,) (sHr)|m-"i (cfcitr+yjs""1-m+n) m,
(\m — n\)

where

_ j(l + n+i)m-n if ^ n

(2-30) C£,,X,m,n- if II > »II

In view of (2.24), formulas (2.29) and (2.30) describe the asymptotics of

H- m, n near t 0.

2.4. Notes

2.4.1. The principal series of representations was first written down for

SL{2, R) by Bargmann [2], for SL(2, C) by Gelfand & Naimark [18], and for a

general noncompact semisimple Lie group by Harish-Chandra [21, §12].

2.4.2. Bargmann [2, §10] already obtained explicit expressions in terms of

hypergeometric functions for the canonical matrix elements of the irreducible

unitary representations of SL(2, R). He solved the differential equation satisfied

by these matrix elements, which is obtained from the Casimir operator. Vilenkin
[43, Ch. VI, §3] gives a derivation of these expressions which is similar to our
derivation in §2.4, starting from the integral representation (2.15).

2.4.3. It follows from the present paper that the spherical functions for

SL(2, R) can be expressed as Jacobi functions of order (a, ß) (0, 0). More

generally, the spherical functions on any noncompact real semisimple Lie group
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of rank 1 (i.e., dim(X) 1) can be written as Jacobi functions of certain order (cf.

Harish-Chandra [23, §13]). This motivated Flensted-Jensen [14] to study

harmonic analysis for Jacobi function expansions of quite general order (a, ß),

a > ß » -i This research was continued in several papers by Flensted-Jensen

and the author.

3. The irreducible subquotient representations
OF THE PRINCIPAL SERIES

3.1. SUBQUOTIENT REPRESENTATIONS

We start with the definition and some general properties and next derive an

irreducibility critérium (Theorem 3.2) and a decomposition theorem 3.3.

Let G be a lese, group and let x be a Hilbert representation of G. Let 0 be a

closed subspace of (x) and let P0 be the orthogonal projection from Jf(x) onto
Jtf0. Define

(3.1) z0(g)v : P0x{g)v geG,veJP0.

Then x{g) e f°r each ^eG, x0(e) — id., and g -> z0(g)v: G - is

continuous for each v e 34? 0. If also

(3-2) ^oididi) ^0(01)^0(92)»e

then x0 is a Hilbert representation of G on and it is called a subquotient
representation of x. Formula (3.2) is clearly valid if 0 is an invariant subspace of
Jf(x), i.e., if x(g)veJf0 for all g e G, ve In that case, x0 is called a
subrepresentation of x.

Lemma 3.1. Let be a closed subspace of Jf(x), /et be the closed
G-invariant subspace of J-f(x) which is generated by and let

x
;

Jf2nJf^. x0 is a subquotient representation ifand only if je 1 is G-
invariant.
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