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Hence

(2.15)

1

4k

n%,i,m,n(at) (ch^ty

1 - th\t e'*)-» + »- 1/2(1 _ f/,if 1/2ei(m-^

t e R, m,n e Z + £,

The following symmatry is evident from (2.15):

(2-16) - m, -n(a,) ^ I m „(a,).

2.3. Calculation of the canonical matrix elements

Let us calculate the integral (2.15). In view of (2.16) we can suppose m ^ n.

The binomial expansion

CO (q\
(2.17) (1-z)-* X TT2*' lzl < 1'aGC'

k o k\
where

T(a + k)
(2.18) (q)fc a(a+l)...(a + k-l)^•can be substituted for the first two factors in the integrand of (2.15). Now
interchange the order of summation and integration and perform the integration
in each term. Then we obtain (ra^n)

(2-19) nt,x>mJa,) (-±-±%~" 1

(m — n)\

2F1(A, + m + -|, \ — n + ^;m — n+ 1 ; (t/i|t)2),

where the 2FX denotes a hypergeometric series, defined by

- (tfUhL
(2.20) 2Fi(a,b;c;z):=L z | z | < 1, a, e C,

4 0 (c)k

cf. [10, Vol. I, Ch. 2],

The expression (2.20) is clearly symmetric in a and b. As a function of z, the

2Fl has an analytic continuation to a one-valued function on C\[l, oo).

Application of the transformation formulas
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(2.21) 2F1(a, b-c-z) (1

-z)~b2F

b; c; —

(1

—z)~a2F^a,c;

(cf. [10, Vol. I, §2.1 (22)]) to (2.19) yields

(2.22) x. m. „(a,)

(S^J)î)m-"(c/iit)'m""2F1(^--'n+i -X-« + i;m-n+l;-(sliit)2)
(m — n)

+ " + ^"»-" (^if)-"-"(cfeiff + "2Fj(X + m +i -X + m + i;m-«+l; -(sh|f)2).
(m — n)

It is more elegant to express the hypergeometric functions in (2.22) in terms of

Jacobi functions c^"'p) (|i, a, ß e C, a f{—1, — 2,...}), which are defined on R by

(2.23) P)(t)

:= 2f1(^(a + ß +1 + ip), i(a+ß + 1-ip); a +1 ; -( )2)

(cf. Koornwinder [36, §2]). Clearly,

(2.24) C p,(0) 1

(2.25) 4>ÎT- PV)

(2.26)
'

<t>ÎT" P)(t) 4>(%w(t) •

The function (J)1*'P) satisfies the differential equation

-(p2 + (a+ß+l)2)u(t),
where

Aa,p(t):= [sht)2^\chtf^\

and u : cj)^
ß is the unique solution of (2.27) which is regular at t 0 and

satisfies u(0) =* 1. For fixed a > —1, ße R, Jacobi functions ß) form a

continuous orthogonal system with respect to the measure Aa $(t)dt, t > 0.
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Substitution of (2.23) and (2.22) yields {m ^n):

(2-28)

-- -W"~Wt) ~m-(fôr-'"(in

(X + "+l)'"-" (sh±t)m-"(ch±t)m+m+ ">

(m — n)l

Application of (2.16) gives a similar result in the case m < n. Finally we
conclude :

Theorem 2.1. The canonical matrix elements K m n{at) (X e C ; £, 0 or

j; m, n e Z + t e R) o/ 5(7(1, 1) can he expressed in terms of Jacobi

functions by

(2-29) *t. x, ». „(a,) (sHr)|m-"i (cfcitr+yjs""1-m+n) m,
(\m — n\)

where

_ j(l + n+i)m-n if ^ n

(2-30) C£,,X,m,n- if II > »II

In view of (2.24), formulas (2.29) and (2.30) describe the asymptotics of

H- m, n near t 0.

2.4. Notes

2.4.1. The principal series of representations was first written down for

SL{2, R) by Bargmann [2], for SL(2, C) by Gelfand & Naimark [18], and for a

general noncompact semisimple Lie group by Harish-Chandra [21, §12].

2.4.2. Bargmann [2, §10] already obtained explicit expressions in terms of

hypergeometric functions for the canonical matrix elements of the irreducible

unitary representations of SL(2, R). He solved the differential equation satisfied

by these matrix elements, which is obtained from the Casimir operator. Vilenkin
[43, Ch. VI, §3] gives a derivation of these expressions which is similar to our
derivation in §2.4, starting from the integral representation (2.15).

2.4.3. It follows from the present paper that the spherical functions for

SL(2, R) can be expressed as Jacobi functions of order (a, ß) (0, 0). More

generally, the spherical functions on any noncompact real semisimple Lie group
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