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Now replace u by tu to get
- (28) E =) x1XaXs () Xa¥o (1—1) X1 (W) x1X2 (1 —1) {1 + ¢ (u);

= J (01X2X3 X1¥2) J Lo Xax2)+ J (X1X2X3Ps X1X2) J (X1, x1X2) 5

where the Jacobi sums J are defined above (18). Since %2, %3, x3, and ¥, are
nontrivial, (5) now follows from (18).

Remark. 1f x1%2, X1X3» OF X2X3 is trivial, we can easily evaluate E directly
from its definition. Otherwise, E can be evaluated simply from (28).

8. CHARACTER SUM ANALOGUES OF (1), (1a) AND (1b)

Let x,, %2> X3, ® be characters on GF (g), where ¢ has order 2, p > 2. Set
= 1. The discriminant of the polynomial

— Z t y -
i=0
is a polynomial in t, ..., t, which shall be denoted by D,. Write
=Y (-
i=0
We conjecture that the following analogues of (1), (1a), (1b) hold foreachn > 1

029 "G (1Y) G ) G ()
o or g T P X2 (B X0 (D -Uo G ) G )

provided that the n characters x,x,x5 " "' (0<j<n—1) are all nontrivial;

—G (4™ G (uxd)

(292) X1 () X3 (D) GT = T
t1, ...,géGF (q) ' 3 - U G (x3)
for all ¥,, x5; and
1 1 —$(2)G(9) G(E)
(29b D 2 T3~ 212) =
) x ...,g;sGF (9) X3¢ (Dn) C H G (x3)
for all .

Formulas (29), (29a), and (29b) have been verified by computer for some small
primes g with n = 3, 4. Of course the formulas are well known for n = 1. For
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n = 2,(29a) and (29b) are not hard to prove, and (29) follows from the proof of
(4). (For example, if x5 in (29) is trivial, one makes use of (19) and (21)-(23).)
Forn = 3, we can prove (29b), but not (29) or (29a). The ad hoc proof given
below appears to shed little light on the general case.
THEOREM. For n = 3, (29b) holds.

Proof. Allrational fractions below are to be interpreted as integers (mod p);

1
for example, > equals (p+ 1)/2. We must show that

_ (2 . QG (D)GH)G )
60 A= T 26D (74 = _ o

for any character x on GF (g), where
Dy = u*v® — 4u® — 4t — 27t* + 18tuv .

First suppose that p = 3. Then

A=) xbWv*—u—1? CT(%Z‘“)

t,u, v

v¥(Q0 u t

=0 — q‘G (dx’) = —qG(xd),

= TG T o @i —wt - + T o (— T

since G (V) = G () for any character {. Now (30) follows with the aid of (26).
Next, suppose that p > 3. Completing the square in ¢, one has

203 wv\?
D27 —c—[t+ 2%
o/ ¢ (+27 3)’

4 [v? 3 :
= —[— — . T
where ¢ 27(3 u) hus

WRNA= ) xd)(c—-tz)gT(v?—")

t,u,v -

= u};gT(v?—“);xq) c=8) {1 + ¢ ()}
- ) (7 (3 -4) Y10 =06 0
kY (79 4y > x(C)CT(UZ‘Z_“)a

céO
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where K = xd (—=1) Y x () and J = Y 3o (1—1) ¢ (1).
rThus

u, v

oena =Ky (s x<2i_/,>JZX3<%—u>§T(UT“).

2
v .
Replace u by u + 3 to obtain

1RNA = —Ko(6)G (@) + x(%)l Y 2 (—wer(s )

u, v

4
- 4O G@) (K + x(ii) JG ()}

d 1f s trivial, then K = & (—1)(g—1),J = —b (—1),and G (%) = 1, and the
desired result (30) follows. If y is nontrivial, then K = 0 and

| J = —G(x9) G(9)/G (x)
E by (18), and (30) follows with the aid of (26).
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