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204 R. J. EVANS

6. Proof of (4)

For characters i|/l5..., vj/m on GF (q), define the Jacobi sum

j (vj/,,= (-1r+i x (xi)... K (xj.
xi, XtneGF (q)
xi + +xm 1

We will use the well-known fact that if v|/1 \|/2 v|/w is nontrivial, then

m

(18) J(x|/1(....*|/J G (v|/t vJ/J-1 [j G OW) •

i= 1

Let S denote the left side of (4). IfXi, %2, or is trivial, then it is easy to verify
(4) directly, with use of (18) and (26) below. Thus assume that %t, %2, and are
nontrivial. With the change of variables

u xy, v x + y,
we have

s X Xi (") Xî (1 + u —ü) X3{1 + 4) (t>2 —4u)}
u, ueGF (q)

It therefore remains to show that

(19) St X Xi(")X2(l + "-f)X3(f2-4u) R (Xi, X2> X3<t>) •

U, Ü

Replace i; by w + 1 — i; to get

(20) S1 £ Xi(")X2(f)X3(l + "2 + y2-2u-2i;-2uü).
u, u

Replace w by u/t, and v by v/t, to get

(21) S2 - -S1G(XlX2X?)

X X Xi(")X2(l;)X3(f2 + "2 + ';2-2"i-2y£-2Mü)i;r<').
t f 0 u, v

Since X1X2X3 *s nontrivial, the restriction t ^ 0 may be dropped. Then replace t

by t 4- u + v to get

s2 X Xi (u) X2 M X3 (t2 —4uv)çr«+ u + »>,

t, U, V

Replace w by ua and i; by vb to get

(22) -S3 S2G (xi) G (%2)

X X Xi (")X2 Wx3(t2-4 uvab)C,Ti'
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Replace a by a/{4uvb) to get

«3 1 I xAu)xAv)iAt2-aK^
t a,b, u, vf 0

Since Xi is nontrivial, the restriction a ^ 0 may be dropped. Then replace a by

t2 — a to get

S3 I I %Au)%2(v)%3(a)tT{t + b{v-1)+il ^ 0)
a, t b, u, v f 0

/4uvh\ t2(u- l)
-G(x3) I I xAv)xAv)x3

ufO, 1 b, vfO V1 UJ t

/ uvb \ /4uvb\
The inner sum on t equals — Çru-tJ <\> -—-J G (()>).

Hence

(23) S4 S3(G(X3)G(4))X3(-1))"1

E E Xi(")X2(f)X34>(^j)çT^<I'""1)+rr"l-
u f 0, 1 b, vf 0 */

Therefore,

s4 E E xiX3<l>(")x2X3<l>(y)x3<t>f^-r:N)Zx3<l>(fe)Cr(Ml'~1)+rr")-
u f 0, 1 y f 0

Since Xi and Xa^ are nontrivial,

S4 -G(x3<t>) E XlX3<i>(")X2X3<t>(f)X3<l>^^—J—^

so

(24) S4 — x3 (4) G (x3<t>) (XiX3<k X2X3<t>rX34>) •

Combining (21)-(24), we get

„ _
X3 (-4) G (x3) G (<|>) G (x3<(>) J (XiX3<t>. X2X3<t>, X3<t>)

(ZJJ Gl —
G (X1X2X3) G (Xi) G (x2)

Applying (7) with I 2, we find that for any character X3,

(26) X3 - 4) G (X3) G («fr) G (x3<W X3<> - U «G (xi) •

Since Xi and %2 are nontrivial, it follows from (25) and (26) that

X3<t> (-1) G (xi) G (Xi) G (x2) J (XiX3<t>> X2X3<1>, X3<l>)
(27) S,

q g (xix2xi)
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Since XiX2X3<\> and %3§ are nontrivial, (19) now follows from (18) and (27).

Remark. We evaluated S (the left side of (4)) only under the assumption that

X1X2X3 and (X1X2X3)2 were nontrivial. We now indicate how S can be simply
evaluated in terms of Gauss sums when this assumption is dropped. If Xi, %2• or
xl is trivial, one can easily evaluate S directly from its definition. If x1X2X3 is

trivial, then one can evaluate S l (and hence S) from (20), by first replacing u by
u-1, then replacing v by vu'1, to obtain

Finally, suppose that Xi> X2> xi and X1X2X3 are nontrivial. Then can be

evaluated from (27).

Si £ x 1X2X3 (u) %3 (1 + u2 + V2 - 2u- 2v- luv)
U, V

7. Proof of (5)

Let E denote the left side of (5). Since X1X2 1S nontrivial,

y to
x + yf - 1

X1X2 (y-x).

1 + X
Set t

y

t + i

u so

u + 1

Z XlX3WX2X3(")XlX2(t-")XlX2(l-"t)-
U,tf- 1

Since X1X3 an(l X2X3 are nontrivial,

E= Z XiX3(t)X2X3(w)XiX2(t-")XiX2(l-wt)-
U,tf 0

Replace t by t/u to obtain

E= Z XiX3Wx?(")XiX2(f-"2)XiX2(l-0
U,tf 0

Z X1X3 W X1X2 (1 — £) Xi («) X1X2 (t-u) {1 + 4> (u)}
U,tf0
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