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76 H. L. HILLER

Hence, there are at most [G : H] free parameters in determining %eVH
and clearly each choice gives an invariant. This finishes the proof.

Corollary 5.6. dim {Hp} [W : We] | We | and the Xw,

w e W6, are an R-basis for Hp.
Proof. Chevalley [8] has shown that Sw, hence Hw, is abstractly

equivalent to the regular representation of W, as a W-module. Hence,
(5.5) applies and the result follows.

It is now possible to "restrict" the Pieri formula (4.5) for Hw to Hp.
We have

Theorem 5.7. If w,w' e W6 and in Hw

Xw-Xw. X c(w,w', w")Xw„
then in Hp wew

Xw-Xw,= X c(w, w', w")Xw„
W" 6 W6

Proof. One need only observe that the vector space map r : Hw -> Hp
given by

f if w e We
r (Xw) J w

0 otherwise

is a retraction. Then, applying r to both sides of the first equation yields
the second equation since the invariants form a subalgebra.

This result will be useful in the next section for computing inside the

algebra of ^-invariants. Notice that an appropriate Giambelli formula
for Hp is not as easily obtained. This is because the Giambelli formula
for Hw gives Xw as a polynomial in the Xsfs and not all of these are in the

algebra Hp, so this is not quite the right thing.

6. Application:
The combinatorics of the classical Pieri formula

In the last section we saw that given a pair (W, We) of a Coxeter group
and a parabolic subgroup, one could construct a formula to describe the

multiplication of Schubert generators in the invariant subalgebra Hp. In
this section, we examine the particular case (In+k, Ik x Zn) where Im denotes

the symmetric group on m letters. Indeed, Zn+k is the Weyl group of the

root system of type An+k-l9 which we recall briefly here. Let V'
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equipped with the usual inner product and let el9 en+k denote the

standard basis. Zn+k acts by permuting these basic elements. This action
is effective on the (n + k — l)-dimensional subspace

r n+k n+k

v=\ £ V,: E A( o
I= 1 i= 1

and it is easy to see A {et - e^ji:i can be chosen as the corresponding
root system. In addition, the simple roots 1 {et - ei+ 1^i^n+k-i and

the positive roots A+ {et - induce the usual transpositions of
the basis vectors.

The main result of this section is the identification of the Pieri formula
for Hlkn*+ln with the classical Pieri formula (see [7, 16]).

We begin with a rapid review of Chern's Schubert calculus for the co-
homology of a complex grassmannian [7]. Let Gk(Cn+k) denote the space
of ^-dimensional complex subspaces in Cn+k. This is a compact, smooth
manifold of dimension 2nk. Ehresmann [14] described a cell-decomposition
for Gk 0Cn+k) (along with other algebraic homogeneous spaces) whose cells

are identified by certain Schubert symbols (du <4), where

1 < dx < < dk < n + k

Each symbol yields a cohomology class <^d1 dk} of dimension

9 V ^ n V fc(fc+1>
2 X {d- 1) - X dt) ~

i 1 i 1 Z

Geometrically, dky is the cocycle dual to the cell

{XeG+Cn+k):dim(XnR

It is easy to see the d?s describe the "jump-points" in the sequence

0 < dim (.XnC1) < dim (In C2) < < dim (InC"+fc_1) < n + k

where 0 £ c1 <= C2 ç £ Qn+k js standard flag determined by the
coordinate axes.

On the other hand, Gk (Cn+k) can also be profitably thought of as the
homogeneous space G/P where G is the complex Lie group GLn+k (C) and
P is the maximal parabolic subgroup of the form

GLk(C)

0 GLn(C)
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If K denotes the maximal compact subgroup Un+k of G then we also have
the identification Gk (Cn+k) K/(Uk x Un).

More generally, one can consider a complex semisimple Lie group G

and a parabolic Pe in G corresponding to a subset 0 of the simple roots 1.
The homogeneous space G/Pd has been studied by various authors and

we will assume known that

H*(G/P„;R) s

This will be the basic topological input [2].

Now we fix G to be the Lie group of type An+k_ x and 6 1 — {a^}
(where we write ocj ej - ej+1 and Sj saj) so that Gk(Cn+k) G/Pe.

We begin with some easy length computations.

Lemma 6.1. If weW, then

l(wSij)-l(w)
where

_
r +1 w (o < w 0')P,JI- 1 w> (0 > w (j)

and

f j {i < z < j : w (z) is between w (i) and w j)}
In particular, I (wsiy) I (w) + 1 if and only if (/) w (i) < w (j) and

(ii) there are no intermediate w-values, i.e. Iuj <fi (we often abbreviate

this pair of conditions by w (i) < < w (j).
n— 1

Proof Recall the length function on is given by l(w) £ ej (w),
j 1

where ej | {z > j : w (i) < w (j)) |, the number of inversions of w. Hence

l(wSij) -/(w) (e^-e;) + (ej-ej) + £ (ez'~ez)
i <z < j

where (w) and et et (wstj). Certainly, right multiplication by
does not affect the values of et below i or above j. Also

et ej + \{i <z <j:w(z) <w(j)}| e,- + e

e- e; - 1 { i < z <; : w(z) < w(0 } I e, - c

so we get
(ei ~ed+ (?]' -ej)(ej + e~ed +

eê Pi.yd/j.jl +1)
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It is easy to see

Pi, j if zelui
0 otherwise

e* - ev

putting this all together we get the result. The second assertion follows

immediately.
We can now write down (4.6) for Hw, W Yn+k

+fcProposition 6.2. If w e £n+/c, 1 </<« + £- 1, then in HYjji

xH'Xw= Y
(M)

where (b, t) satisfies b < / < t and w (b) < < w (t).

Proof By (4.6), XWSbt appears with coefficient ((eb~et)v, cot) if and only
if I (wsbt) I (w) + 1. This is equivalent to the last condition by (6.1).

Finally (eb — et)v eb ~ et ocb + + af_l5 so that first condition is

also needed and the coefficient is correct.

Remark. The Poincaré dual of this formula appears in [18, p. 265].
We now identify the set of left coset representatives W6. If

1 < d± < < dk < n + k and df < < d„ is an ordered enumeration
of the complement then we define (dl9 dk) e Yn+k> by

(d1,..l,dk)(i){ dil <
{ dt_k fc + l<i<fe + n

(We also write X{d1,..., dk) when it is convenient.)

Lemma 6.3.

We {fdi, df) \ 1 d± < < dk ^ n + k|
and l(dt,dk)£ (dj-j).

j= 1

Proof. Clearly / ((dx,, dk) st) / (dt ...,dk) + 1, for all i # k by
+i
k

(6.1), for example. Since I WeII I / I I the first

assertion follows. For the second, we need only observe

ej(du...,dk)=di ~j if j <
0 otherwise.
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This lemma indicates how the Schubert notation arises from a group-
theoretic point of view. That this notation is consistent with the geometry
is a theorem of Demazure [12].

A Pieri formula should compute the product of Xw (a linear generator,
by (5.6)) and an algebraic generator. Since the map

S{V)Wd - {HW)W°

is onto we can find algebraic generators by computing the images of We-

invariants. In general, WQ is a (reducible) Coxeter group, so we have the

fundamental invariants [20]. In our case, we have simply

S(V)W° ZEt,,...,^,...,^]
where st{eu ...,ek), 1 < i < k, and as Sj(ek+1, ek+n), 1 <y <n
and Sj denotes the jth elementary symmetric function in an appropriate
number of variables. One knows c (oy) suffices to generate HSo we

compute

Lemma 6.4.

c(*y) (-l)jXSk+j_u...,Sk (-iyx(l,2,...,/c-l,k+j)
Proof. By section 2

c(aj) E
I (W) j

If we write At for Aat, then clearly At (cry) 0, if t # k and

v Sj (ßk + 1 • • * i ek + n) $j {ßk, k+ w)

Ak{Gj)
— ek+l

(ek+l ~~ek) Sj~l (efc + 2> •••) ek + n)

ek ek+ 1

~~ 1) sy-l (e/c + 2> •> e/c + n)

We can continue by induction and get Ak+j_ l ...Ak(Cj) (-1)J, while

any other sequence of simple roots yields zero.

We now proceed to a computation of

X(1, 2, k- 1, k+f) X(du dk).

The case y - 1 is easy.



SCHUBERT-COXETER CALCULUS 81

Proposition 6.5.

X (1, 2, ...,k-l9k + l)X(dl9

d( + 1 < d. + 1

Proof. Since (1, 2, 1, k+1) sk, we apply the case i k of
(6.2) and observe w (7) w(t) if and only if w (t) ^ w (b) + L

We now observe

Lemma 6.6.

C ~~ SJ (^sk -'r 1 ~~^sk ' -i-2 -f 1 ' * * *'

Proof. By the tables of [6], the z-th fundamental weight is

mi &! + + et - 7~r I <7! (e1?..., on+fc)
+/c

Hence cot- et + + o- (mod 7W) and we get

c(cjj) c(s;(efc+1,... ,e*+„))
C (s, ((!>£+x—CO*, —con + t_1))

Sj(^st + 1
— ••• >

since c kills Iw and (3.4 ii).
This suggests the following computation.

Lemma 6.7. For all z, k + 1 < i < k + n, w e W; in H}w

{xH-xSi+t)xw= E xwstt- E *WS6i
i < t k < b ci

w (i) << w (t) w (b) << w (i)

W (b) <<w (i)

Proof Computing with (6.2), we get

Xst Xw Y XWSbt + Y %
wsitb ^ I — 1 / < t

i <t w (Z) < < w (t)
w (fe) << w (0

L'Enseignement mathém., t. XXVII, fasc. 1-2.
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and

Z + Z Xwsbi
b ^ i — 1 b < i

i <t w (b) <<w (i)
w (b) << w (t)

Upon subtracting and breaking up the second term the desired expression
follows.

Theorem 6.8. In

Sj(XSk+1-XSk,...,-X,n+k_JX{du...,dJ (-1

where the summation ranges over (eu ek) satisfying dt < et < di+1
k k

and Y, ei J+ E di-
1=1 i= 1

Proof. Of course

E (x
fc+1 < < tj^k+n J J 11

where we set X, 0. It is not difficult to check that the third term ofsk + ri

(6.7) alone yields the right-hand side. Hence it remains to show that the
contributions arising whenever either of the first two terms of (2.7) are
involved cancel in the final summation. To do this it suffices to show that
the resulting subscripts in W do not lie in We. (Then they must have
coefficient zero since His a subalgebra of Hw.)

Now the first two terms of (6.7) always give a transposition above

k + 1 and it must be elementary one by (6.1), say su i > k. Such a

transposition will send an element of W9 out of We. We claim no further
transposition sbt9 with either b > i or t > z, will put the subscript back

in W9. Both cases are easy to check and the proof is complete. Finally, by
a substitution from (6.4) we get

Corollary 6.9. (Pieri formula). In Hlkn**n H*(Gk(Cn+k))

X (1, 2,..., k — 1, k +j) X {d±, dfc) T X (e1, efc)

where the summation is as in (6.8
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Remarks 1. The above formal arguments are equally valid for the Chow

ring of the grassmann variety over an arbitrary algebraically closed field.

2, One can hope to mimick the above strategy for the homogeneous

space S02n+1{Un. The group G is of type Bn and the maximal parabolic is

determined by the "right-end" root. It is not difficult to write out the Pieri

formula for the flag manifold of type Bn (see the author's "Pieri formulae

for classical groups", preprint). In addition, W°, for this case, can be

identified with the power set of {1,2,...,«} and one can compute
c (aß 2X{jy (The 2 occurs because c is not onto.) Still the problem is

complicated by multiplicities. We hope to return to this elsewhere.
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