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74 H. L. HILLER

Example. Recall that in Hl3 we computed

1j(-xl + x>,x;+2x2>,)

By (4.6), one can compute

X2s =XSnS
a sß sa

Xs Xs Xs s + Xs ssß sa sß sa s<x sy?

Y2 — Y

and this confirms our earlier computation.

5. Hw AS A W-MODULE AND PARABOLICS

If W, 5) is a Coxeter system and 6 ^ S then (IT#, 0) is also a Coxeter

system [6, p. 20] and We is called a parabolic subgroup of W. In addition,
it is easy to see that a geometric realization (A, I) of W, S) can be restricted

to a geometric realization of We, 0). The collection {Jr0}0c:S of parabolic
forms a lattice of 2|5' distinct subgroups where, for example, We n PfV

WQc\Q>. We will eventually be concerned with the set of left cosets of We

in W. We define W6 {w e W : l(ws) / (w) + 1 for all se 6}. The

following basic result is well-known [6, p. 37 and p. 45].

Theorem 5.1. Every element w of W can be uniquely expressed as
we - wd with wd e We, we e We and furthermore I (w) / (w0) + I (w0).

This immediately yields

Corollary 5.2. W6 is a complete set of left coset representations for
Wd in W and furthermoreprovides an element of the coset ofminimal length.

In this section we analyze the subalgebra H^9 of ^-invariants in Hw.
The most straightforward approach is to compute exactly the action of W

on Hw. This is easily done by exploiting the computation (4.1).

Theorem 5.3. The structure of Hw as a W-module is given by

\ Xw - if l(wsx) 1

s?* X M

xw - L (sxw 1(y)v,<x)Xw. if Z(w) - 1.
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Proof. As in (4.5), choose A such that s Ag (A) ôgw. Then, since c

is a W-map

Xw C (sa Al) Z £ A w> (sa A) Xw>

w' eW

X aAw,(l-a*Aa)(A)Xw,
w' eW

XW- L (eAw.<x*)Aa(Ä)Xw.
w' w

Xw - I by (4.1)
y

g —> w

S (ff-1 (y)*, a)-yw
y

g —»• w'
i igsa) Hg) + i

9sa w

*w- X (S.W-1 (?)",<*)*„,
y

WSa —» w'

Note, that the summation in the next to the last line is non-vacuous if and

only if / (w^a) / (w) — 1. This completes the proof.

Corollary 5.4. Xw e H^6 if we We.

Proof Immediate from (5.3) and the definition of W6.

The following elementary result shows that the Xw, w e W9, are actually
an R-basis for H^6-

Lemma. If a finite group G acts on a real vector space V via the regular
representation and H is a subgroup of G, then

dimR {Ve) IG:H]
Proof Let {eg}gG be a basis for V, so that

9' ' e9 eggt

Then if x Z igE yH> we claim ig igr> 9=9* (m°d H). Indeed,
geG

if g g' h, h e H, then

Çg> coefficient of eg. % in

coefficient of eg> in h'1 %•

coefficient of eg,h in %

«,•
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Hence, there are at most [G : H] free parameters in determining %eVH
and clearly each choice gives an invariant. This finishes the proof.

Corollary 5.6. dim {Hp} [W : We] | We | and the Xw,

w e W6, are an R-basis for Hp.
Proof. Chevalley [8] has shown that Sw, hence Hw, is abstractly

equivalent to the regular representation of W, as a W-module. Hence,
(5.5) applies and the result follows.

It is now possible to "restrict" the Pieri formula (4.5) for Hw to Hp.
We have

Theorem 5.7. If w,w' e W6 and in Hw

Xw-Xw. X c(w,w', w")Xw„
then in Hp wew

Xw-Xw,= X c(w, w', w")Xw„
W" 6 W6

Proof. One need only observe that the vector space map r : Hw -> Hp
given by

f if w e We
r (Xw) J w

0 otherwise

is a retraction. Then, applying r to both sides of the first equation yields
the second equation since the invariants form a subalgebra.

This result will be useful in the next section for computing inside the

algebra of ^-invariants. Notice that an appropriate Giambelli formula
for Hp is not as easily obtained. This is because the Giambelli formula
for Hw gives Xw as a polynomial in the Xsfs and not all of these are in the

algebra Hp, so this is not quite the right thing.

6. Application:
The combinatorics of the classical Pieri formula

In the last section we saw that given a pair (W, We) of a Coxeter group
and a parabolic subgroup, one could construct a formula to describe the

multiplication of Schubert generators in the invariant subalgebra Hp. In
this section, we examine the particular case (In+k, Ik x Zn) where Im denotes

the symmetric group on m letters. Indeed, Zn+k is the Weyl group of the

root system of type An+k-l9 which we recall briefly here. Let V'
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