
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 27 (1981)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: LOCALLY HOMOGENEOUS VARIATIONS OF HODGE STRUCTURE

Autor: Zucker, Steven

Kapitel: §2. Vector bundles on \M

DOI: https://doi.org/10.5169/seals-51751

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 15.04.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-51751
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


250 S. ZUCKER

§2. Vector bundles on T\M

Let T be a discrete subgroup of G which acts freely on the symmetric space M,
and put S T\M. We will discuss two standard constructions ofvector bundles

on S.

The first type is the quotient by T of a homogeneous vector bundle on M.
Specifically, let (x, W) be a finite-dimensional representation of K. Then £(x) is

defined as the quotient of G x W by the following identification under the

action of K :

(2.1) (g, w) ~ (gk~l, x(k)w) if ke K.

E(x) is naturally a C00 vector bundle on M, and the left action of G on M is

covered by the obvious left action of G on E(x). Thus, we may take the quotient
by any T as above to obtain a bundle E (T, x) on S. Alternatively, E (T, x) is an
associated vector bundle of the principal K-bundle T\G. Note that if (x, W)
decomposes as a represe ntation of K into

<t, W) ®| 1(x, Wd,

then one gets an induced decomposition

(2.2) E(T,x) ~ ®U£(r,x,.).
We may identify sections of E (T, x) as the T-invariant sections of JE(x), which in
turn are given by mappings cj) : G -> W which satisfy

(2.3) cj> {ygk~x) x (k) <|> (g) for all y e T, g e G, k e K

An Hermitian metric can be placed on E (T, x) by a choice of x (K)-invariant
inner product on W. (Such exist because K is compact.) The corresponding
constant metric on G x W descends to E (T, x), in view of (2.1).

(2.4) Example. Taking x Ad |pc, we have a natural isomorphism of E (x)

and the complexified tangent bundle to M, and we may take quotients by T.

The second type of vector bundle is the flat bundle associated to a finite-
dimensional representation (\j/, V) of T. We let O (\|/) denote the quotient of

M x V under the action of T :

(m, v) ~ (y m,\|/(y) v)

Sections of O (\(/) are given by functions / : M - V such that
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(2.5) / (yx) v|/ (y) / (x) if yeF, xeM.

The local sections ofO (v|/) determined by constant K-valued functions determine

a flat structure on O (i|/), whose sheaf of locally constant sections will be denoted

V.

The two constructions above are related by the elementary

(2.6) Proposition. Let (p, V) be a representation of G (which then

restricts to representations of K and T). Then the mapping

Ë: G x V -+ G x V,

defined by Ë(g,v) (g, p (g)'1 v), induces an isomorphism of C00 vector

bundles

S:<D(p|r)^£(r, Py.

(2.7) Remark. Let (p, V) be a finite-dimensional representation of G, and

(\|/, W) a finite-dimensional unitary representation of T. We note that by the

standard ruse of replacing G by G' G x U (W\ where U (W) denotes the

unitary group of W, V ® W becomes a representation space for G', and so the

bundle $ (p|r®vj/) falls into the class of bundles covered by (2.6).

A natural metric on O (p|r) is provided by the admissible inner product T

(1.9). For g e G, v,weV, let (at gx0 e M)

(2.8) <v,w>gxo T(p(g~x) v,

Since K acts isometrically with respect to T, it follows that (2.8) is well-defined on
M x V ; and it is evident that the action of T is isometric, so (2.8) descends to
® (p|r). T also determines a metric in E (r, py, and it is clear that the mapping E

of (2.6) is then an isometry of bundles.

Assume next that M is Hermitian. Then to every finite-dimensional
holomorphic representation (a, W) of Q is associated a Gc-equivariant
holomorphic vector bundle E (a) on M, constructed as in (2.1). By restricting to
M and taking the quotient by the action of T, we obtain the holomorphic vector
bundle E (r, a) on S. ß-invariant subspaces of W determine holomorphic sub-
bundles of Ë (r, a). Along the same lines as (2.6), we have :

(2.9) Proposition. Let (p, V) be a representation of G (which then determines
representations of Q and T). Then the mapping

S : Gc x V -> x V,
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defined by H (g, v) (g, p (g)
1 v\ induces an isomorphism of holomorphic

bundles

S:0(p|r)^£(r, pc|Q).

Every representation x of K determines a holomorphic representation of Kc,
which then extends to a representation aT of Q by setting aT to be trivial on P~,
since K normalizes P~. The Cœ isomorphism E (T, x) E (r, aT) imparts a

holomorphic structure to E (T, x) ; however, an isomorphism (2.2) need not be

holomorphically compatible with (2.9).

(2.10) Example. Taking x Âd+ Ad K | + we obtain a holomorphic
isomorphism

E (x) ~ 0M (holomorphic tangent bundle of M),

and we may take quotients by F. Therefore, since the Killing form gives (p+)*
~ p~ as a representation of K,

E(T, ApAd~) - Qps

(Here and elsewhere, we identify a vector bundle with its locally free sheaf of

germs of sections.)

There is a relation of the preceding to automorphic forms, coming from the

following. Let W be a finite dimensional vector space over C. Then an

automorphy factor y is a Cœ mapping

:Q x M GL(W)
which satisfies

(2.11) i) ^ (g, x) is, for fixed g, a holomorphic mapping from M into GL (W\
ü)/ (gh, x) / (g, hx)/ (h, x).

We observe thatyis then completely determined by the function/ (g, x0) on G.

Given such a /, one forms the automorphic vector bundle A (F,/ a

holomorphic bundle, by taking the quotient of M x W under the action of T :

(x, w) ~ (yx,/ (y, x) w) for all y e T, x e M, w e VF

Sections of A (r,/ are then given by functions /: M -> W such that

(2.12) / (yx) / (y, x) / (x) for all y g T, x e M ;

these are called automorphic forms.
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From an automorphy factor one obtains a representation x^ of K by

setting

T; (k) =/ (k, x0),

because of (2.11, ii). We then have

(2.13) Proposition. Let y be an automorphy factor. Then there is a Cœ

isomorphism

induced by the mapping

G x W -+ G x W

¥9,w) {g,/ (g, *0) w) •

I
'i (2.14) Remark. For a representation (p, V) of G,
t
{ / (& x) p (g)

$ defines an automorphy factor, for which (2.13) is a reformulation of (2.6).

Conversely, to the Lie group G is associated its canonical automorphy factor

/ (see [7, p. 397]), which is a C00 mapping / : G x M Kc which satisfies the

equations of (2.11); and / (g9 x0) is the Kc-component of g in G a U
P+ KCP~. Then each representation x of K determines an automorphy

factor

y, (g, x)T (/ (g, x)).

In this case, the mapping of (2.13) extends to a biholomorphic mapping of
U x W, from which it follows that

¥:£(r,
is an isomorphism of holomorphic bundles. Thus we have also, for instance,

Q.% — A(F, ^APAd~) -

In this manner, holomorphic sections of bundles E (T, x) become given as spaces
of automorphic forms. One also uses (2.13) to construct local frames for E (T, x).
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