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"5 THE LINE-SPHERE TRANSFORMATION =~

The homogeneous contact manifold of co-directions in complex
projective 'spacei‘P.?, obtained from the simple complex Lie algebra of type
A5, must coinside with that of oriented co-directions in.complex Euclidean
space E?3, obtained from the algebra of type D, in view of the isomorphisms
A; ~ D;. To exhibit this explicitly, we introduce a third homogeneous
contact manifold in, terms of which both of these can be conveniently
described, namely, the space of lines in the quadric * in P° of Section 1.

5.1. We carry out the construction of 2.10 for the simple complex
Lie algebras of type B, and. D, making the restriction to type D, later.

Letg = o (4; C), complex square matrices X for which’X4 + 4 X = 0,
where : : ) |

—10 0 —
A = 1 0 0 1, in case B,
0 1, 0 _|
or , |
B I A Pl | ,
4 A:,‘ LT, —1 incase D, -,
| 1, 0 _|

that is, the ‘qﬁa__dratic‘ form defining g is /
& + 2€1~fz+1 t ...+ 251521
or '
251fz+1 + + 261521

respectlvely [4, (16 3) and (16. 4)]. | |
We exhibit the details of the ‘construction for the case of D, For B,
one need only carry along an additional initial row and column in the -
matrices, as well as the correspondmg roots; the conclusions are the same.
Thus g consists of 21 by 21 matr1ces of the form ‘

__ ,X3 —tX1 I3 PRC-S
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where X; is [ by / and arbitrary and X, and X 3 are [ by / and skew-"
symmetric. For Cartan subalgebra §) of g take diagonal matrices H of the

form
H = diag(hy,...,h | —hy, ..., —h).

Let 51, i=1,2,..,1 be the linear function on § which assigns #; to
H:6,(H) = h, The roots of g with respect to § are

iéi i'5] i,j=1,2,...,l. »
and i #j
and the root vector E, corresponding to the root « is

- Ey |

E&i._aj = . ’ i :'éjﬂ
- 0 _Eji |

E6i+5j = ’ l <j:
0 0 _

E—éi—éj = ' , 1<]j,

where E; is the / by / matrix with 1 in the i row and j™ column and Os
elsewhere [4, (16.3) ]. A system of simple roots is

51_52,52"53, 011 — 0y, and — 0; — 05,

(this is not the same choice as in [4, (16.3)]), for Wthh the maximal root

18
p == 011 — 0y,

[4, App., Table E]. The Killing form of g is { X, ¥y = (2/~2) tr (X V),

but we replace this With (X, Y > = %—tr(X Y) for convenience. Then B

the H, in I)v are given by X | |
 Hugus, = diag (0, 0, £1,0,..,0, £1,0,..,0] ——),

where the +1s occur in the i™ and j* entries and the second / entries are
the negatives of the first / entries. Especially, |

H, = diag (0, ...,0, =1, =1} 0,...,0,1, 1)
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It is now straightforward to determine for which roots o we have
(H,,H,» >0 and find that p in (i) of 2.9 consists of matrices of the

form

‘ arbitrary 0 0
negative (I—2) by (/I—2)
transpose skew-
of lower symmetric 0 0
right O J— 0 0O

0 e 0 00
* * 0 0
arbitrary
/by
skew- 0 0
symmetric , * K
% % £ %

where the starred entries are arbitrary.

5.2. The connected centerless simple group G = PSO (4; C) is transi-
tive on the lines of the quadric Q*'~?

SRS S o ¢y =0

in P?'"1 by Witt’s theorem. The Lie algebra of the isotropy subgroup
of the line /, joining

is p. Hence

%0, ...,0,1,0) and %O0,...,0,0,1)"

G/P = space of lines in Q%' 2

The element W = E, of p giving the contact structure on G/P, as in 2.7, is

0
0
0 -1
1 O

oo
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In general, the construction of 2.10 gives .the (2n— 1)-dimensional
homogeneous contact manifold of lines in the quadric Q"*! in prt2,
where Q"*1 is ~ | |
Eof + 281 &g + o + 268y =0

in case B, when n is even, n+3 = 2/+1, and @"*! is Q2'~2 above in
case D; when nis odd, n + 3 = 2/; n > 2.

The real contact structure on the (22— 1) dimensional space of lines of
Q"™ in real projective space P"*2 is described by viewing all quantities
in the foregoing discussion as being real. Especially, G, of 2.11 is the
one- or two- component centerless group PSO (4; R) consisting of real
contact automorphisms.

5.3. The line joining x = *(x,, X4, X,, x3) and y = "o Y15 Y2 V3)
in complex projective space P> has Pliicker coordinates Dij = XY — Xy
These coordinates are the coefficients of the bivector X A y with respect
to the basis ‘ :

€1 N€y, €3 A€y, €3 Neg, eg Ne3, ey Aey, ey A ey,
where ey = (1, 0,0,0),...,e; = *(0,0,0, 1), and satisfy

' DPo1P23 + Po2P31 + PosPiz = 0,
[6, §69]. If we set

$1 = D12, 52=P31= '537=P23;
54=P03a $s = Doz » 55=Po1,

we have that the lines of P> correspond to the points of the quadric Q*

5164 + 6285 + &8 =0

in P°. Two lines of P3 intersect exactly when their corresponding points
on Q* are conjugate, that is, the line joining these points lies entirely in Q%,

To a point x in P* we associate all lines of P? incident with x and hence
a plane lying in Q% To a plane u in P? we associated all lines of P3 lying
in u and hence a plane lying in Q4. These two families of planes doubly
rule Q*. To a surface element or co-direction in P3, that is, a point x and
incident plane u, is then associated all lines of P3lying in u and incident
with x. In Q* this corresponds to the intersection of the planes corresponding
to x and u and is a line. Hence, the 5-dimensional spaces of co-directions
in P* and lines in Q* correspond. naturally.
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Note that the co-direction in P?3 consisting of the point x, = *(1, 0,0, 0)
and the incident plane u,: x5 = 0 in 3.2 corresponds to the line /, of
Q* joining the points * (0,0, 0,0, 1, 0) and *(0,0,0,0,0,1) in 5.2. For,
to the co-direction (x,, 1) is associated all lines of P> joining x, and a
point ¥ = * (¥o» 1, Y2, 0) of ug; such a line has Pliicker coordinates

61 = 09 62 =09 63 =,09
&, =0, &=y, & =V1>

and corresponds to a point of Q* lying on /.

The projectivity g in PSL (4; C) permutes the lines of P> by
X A Y- gx A gy, a projectivity of P? which preserves Q*. In this way
one obtains the isomorphism A; =~ Dj:

0 1,
PSL(4;C) ~ PSO(4;C), A = ( | 1
— 13 0 S

[4, (25.8.4") ]. The spaces of co-directions in P* and lines in Q* are homo-
geneous under PSL (4; C) and PSO (A; C) respectively; hence the corres-
pondence between these spaces is as homogeneous spaces. In fact, since
(xo, o) and I, correspond, their isotropy subgroups, as described in 3.2
and 5.2, correspond under the isomorphism.

From the isomorphism of the groups, we obtain the isomorphism of
the Lie algebras s1(4; C) ~ o (4; C), where X in sl (4; C) is sent to the
linear transformation x A y = (Xx) A y + x A (Xy) in p (4; C). With
X = (a;), i,j = 0,1, 2,3, the matrix of this transformation with respect
to the basis e; A e; is

a1 +az;  —ass —dy3 0 Aio —azp |
—as; Ay +asy  —ag;p | —dyg 0  as
—dszy —dsz dzz +ass3 @20 —dasp 0
0 —doy Qo2 Qoo Td33 EY3 asy
dy - 0 —do3 Az Qoo +0az; Ay
. —dp; Qo3 0 a3 A1z Qoo +ayy ;
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this describes the isomorphism explicitly. Under this isomorphism, the
Lie algebras of the isotropy subgroups of (X9, 4o) and /,, as in 3.1 and
5.1, correspond. Moreover, the element '

—0 0 0 17
0O 0 0 O
of sl (4;C)
0O 0 0 O
| | 0 0 0 0
i1s sent into the element
0 0
of n(4; C).
0O O 0
0
0O 0 -1
0 1 0 _

Since these are the root vectors for the maximal roots which determine
the contact structures, as in 3.4 and 5.2, we conclude:

The 5-dimensional manifolds of co-directions in P3 and lines in Q%
are isomorphic as algebraic homogeneous contact manifolds.

This isomorphism holds for the real contact manifolds also; cf. 3.5
and 5.2. The real connected centerless groups PSL (4; R) and PSO (4; R)
are isomorphic; each consists of the elements fixed under complex
conjugation of matrix entries. o .

5.4. The algebraic homogeneous contact manifolds of lines in the §
quadrics $""* and Q"*', 4.3 and 5.2, are isomorphic since they are both |

obtained from the simple complex Lie algebra of type B, or D, by the
construction of 2.10. This isomorphism can be exhibited explicitly by -
means of a contact transformation which reduces to the line-sphere trans-
formation, as described in Section 1, when. n = 3, 7
Throughout, unprimed quantities refer to @1 and primed quantities
to Y"*1. Set n + 3 = 2/ + 1 or 2/ according as 7 is even or odd; n > 2.
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Thus, |
— 1 0 0 ] _
0 1,
G = PSO(4; C), A = 0 0 1, or
‘. 1, 0
0 1, 0 _| — —
and |
— 2.1, 0 ]
G =PSO(A;C), A’ =
-2 0 0
0 0o 0 -1
» 0 —1 0 _

These are groups of projectivities preserving Q"1 and ¥"*1, respectively,
in P"*2,

In case 7 is odd, the transformation which we consider is
§1=°‘1+\/—10‘2 5z+1=°‘1—\/—1°‘2

624=‘O‘3‘*"\/ji°‘4 fz+2=0‘3f\/—:1a4

Cloa = Oy_p + v — Lo,y €212 = Oy — \/‘;1“n—1
&—q = o, + 4 Caim1 = o, — A
& = o = —V.

This is a projectivity of P"*2 which sends the quadric ¥"*?

0+ .o =22 —ur =0

into the quadric Q"*!
28801 + . +28E,, = 0.

In case » is even, the first equation of the transformation is &, = \/ Eal
and the remaining ones are like the above.

As before, we exhibit the details of the calculations for the case of
n odd. For n even one need only carry along an additional initial row
and column in the matrices; the conclusions are unchanged.

The matrix T of the transformation is




— B 0 —
1 1.0 0
0
0 01 0
T e
B 0
1 -1 0 0
0

L 0 0O 0 —-1_J°,
where B is the (/—2) by (2/—4) matrix

-1 Jo _

» 1 /-1 _]
and B is its complex conjugate; 7 has inverse
— ‘B 0 ‘B 0 ]
T-1 i 1 0 1 0
2 O 1 0 0 -1 0
0 2 0 0"
| 0O O 0 -2 _]

By direct calculation we ascertain the following:

(DA =*'TAT and hence G' = T~! GT. G and G’ are conjugate,
but do not coincide, in PSL (n+3; C). As a consequence, g’ = T ~14T.

(2) I; = T™!1,; the line lo in Q"1 joining
| ‘0,...,0,1,0) and %0,...,0,0, 1)

is sent to the line /," of ¥"*! joining
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0, ...,0,0 | 0,0,1) and ¥0,..,0,1| ~1,0,0).

Hence their isotropy subgroups, as in 5.2 and 4.3 are conjugate:
P’ =T 1PT. As a consequence, p' = T ' pT.
(3) The Cartan subalgebras of g and g’ in 5.1 and 4.4 are conjugate:
p =T 'HT. In fact, for
H = diag(hy, ... by | —hyy e, —h)

in h, we have

1 | ‘— 0 J/—1n ] | [ 0 =1k, :]
T 'HT = diag L ¥ TE g L ;
| -/ —1h 0 — =1h_, O

™ 0 B, 0 0 T
By 0 0 0
0 0 h O
0 0 0 —h | _

in §’.
4) The elements W and W’ of the Lie algebras which give the contact

structures on G/P and G'/P’, as in 5.2 and 4.4, are conjugate:
W' =T-1' WT. We conclude:

‘The (2n— 1)-dimensional manifolds of lines in Q"*! and lines in P"*?
are isomorphic as algebraic homogeneous contact manifolds. The isomor-
ohism is a consequence of the projectivity T carrying ¥"*! into Q"*1.
T sends lines of ¥"*! into lines of "*! and is a contact transformation.

5.5. Gy = PSO (4; R) is a real form of G; it consists of the elements
of G fixed under the conjugation g — g of G, complex conjugation of
the matrix -entries of g. The Cartan subalgebra §) of g, as in 5.1, is stable
and the maximal root p = —§;,_y — §, is real. With P, = G, n P, we
obtain from 2.11 the real contact manifold |

Go/Po = space of lines in "' in real P"*2,
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a real form of G/P; cf. 5.2. The same remarks apply to the réal form
Gy = PSO (A’; R) of G’ for the conjugation g — §'. With Py = Gy NP,
we obtain the real contact manifold

Gy/P, = space of lines in ¥"*! in real P"*?

= gpace of pencils of mutually tangent oriented spheres in
real E" -

= space of oriented co-directions in real E”,
a real form of G/P cf. 4.7.

Since G’ = T~ G T, we can exhibit Go/Py, as well as Go/P,, as a real
form of the complex contact manifold G/P. T Gy P! is the real form of

G = TG T ' consisting of the elements fixed under the conjugation @

obtained by transporting the conjugation g’ — g’ of G’ to G, namely
g->T (T YgT)T ! =8"15GS

where S = TT!. In the case of n odd,

| —0 0 |1, 0 T

in the case of n even, S has an additional initial row and column with a
1 in their common first entry and 0s elsewhere. tSAS = Aand S* = 1,,;, §
so the complex conjugation ¢ — S~ 1E preserves the quadric Qi A
point or line of "1 is fixed under this conjugation exactly if it is the image
under T of a real point or line of ¥"*'. The latter constitute the orbit M
on Q"*! of T Gy T ~1. The isotropy subgroup in TGy T~* of the line /, §
of @"*1is TGy T 'nP=T P, T~1. Furthermore, the Cartan subalgebra &
h of g in 5.1 is stable under the conjugatmn X—> S 'XSofg;in fact for

= dlag (hyy ... Iy —hyy.., —hy)
in h, we have JRP

ST'HS = dia\g (—Aﬁiv‘a SN RPN T 7 Ry, Bmgy =Ry, =R,
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in case of n odd; the maximal root p = —§,_, —&, is real, p (S™* H S)
= p (H). Hence, the contact structure on T G, T /TP, T~! is that
obtained from G/P by 2.11. We conclude: :

Go/Py, and TGy T /TPy T, the latter isomorphic to Goy/P,, are
two reals forms of the complex contact manifold G/P.

5.6. We observed in 5.3 that the space of co-directions in complex
projective space P>, by means of Pliicker’s line geometry, is isomorphic
to the space of lines in the quadric Q% in complex P>, and that this iso-
morphism makes real line geometry correspond to a real form of Q4.
We found in 5.4 and 5.5 that the space of oriented co-directions in complex
Euclidean space E* of Lie’s higher sphere geometry, which is the space
of lines in the quadric ¥* in complex P>, is isomorphic to the space of
lines in the quadric Q* also, and that this isomorphism makes real sphere
geometry correspond to a second real form of Q*. That is, real line geometry
and real sphere geometry are two distinct real forms of complex line
geometry. The line-sphere transformation establishes the isomorphism
of the spaces of lines in ¥* and lines in Q*. The former places real sphere
geometry in the foreground, the latter, real line geometry.

5.7. The isomorphism of 5.3 may be used to describe sphere geometry
in terms of co-directions in complex P>. Real sphere geometry then leads
:0 the real form PSU (2,2) of PSL (4; C).
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