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5. The line-sphere transformation

The homogeneous contact manifold of co-directions in complex
projective space P3, obtained from the simple complex Lie algebra of type
A3, must coinside with that of oriented co-directions in complex Euclidean

space E3, obtained from the algebra of type Z)3, in view of the isomorphisms
A3 D3. To exhibit this explicitly, we introduce a third homogeneous
contact manifold in Terms of which both of these can be conveniently
described, namely, the space of lines in the quadric Q4 in P5 of Section 1.

5.1. We carry out the construction of 2.10 for the simple complex
Lie algebras of type Bt and Dh making the restriction to type D3 later.

Let g o (A; C), complex square matrices Xfor which tXA + AX 0,
where

10 0

rH

'

oo

oy—io

- o i, -
A —

r

-h o_

in case B,

or

in case Dl }

that is, the quadratic form defining gis
fo2 + 2£i£/+i + +

or
2^1^ + 1 + + 2^2*

respectively [4, (16.3) and (16.4)].
We exhibit the details of the construction for the case of Dt. For Bt

one need only carry along an additional initial row and column in the
matrices, as well as the corresponding roots; the conclusions are the same.

Thus g consists of 2/ by 21 matrices of the form

^3 _
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where X2 is / by / and arbitrary and X2 and are / by / and skew-
symmetric. For Cartan subalgebra ï) of g take diagonal matrices H of the
form

H diag(A1,h, j -hu...,
Let ö;, i — 1, 2,I be the linear function on I) which assigns to
H : <5; (H) ht. The roots of g with respect to 1) are

± St ±ôji,j 1,2,...,/
and i

and the root vector Ea corresponding to the root a is

ESi-öj -

i+öj

E_>

Eu

0

0

0

0

— EjiEij

0

Eji

Eu-Eji

0

0

0

' ^ j'

i <j

i <j,

where Eu is the Iby Imatrix with 1 in the i'h row and column and 0^
elsewhere [4, (16.3)]. A system of simple roots is

<$! — ô2, ô2 —ô3,...,— and — — ô2,

(this is not the same choice as in [4, (16.3)]), for which the maximal root
is

p— — <5,,

(4, App., Table E], The Killing form of g is < T> (2/-2) tr (XY),
but we replace this with < Z, T> - i tr (IF) for convenience. Then

the Hx in I) are given by

H±ôi±ôj diag(0,..., 0, ±1, 0,..., Ö, +1, 0,..., 01

where the ± 1j occur in the i'h and jth entries and the second / entries are
the negatives of the first / entries. Especially,

H„=diag(0,..„ 0,-1,-1 j 0,..., 0,1,1).
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It is now straightforward to determine for which roots a we have

< Hp, Ha > > 0 and find that p in (i) of 2.9 consists of matrices of the

form
arbitrary 0 0 "

negative (1-2)by (1-2)
transpose skew-

of lower | symmetric Ö Ö

right 0 __ 0 0 0

| 0 0 0 0

I * * 0

arbitrary | | I

I by I || II
skew- Ii I 0

symmetric j j *
I * *

where the starred entries are arbitrary.

5.2. The connected centerless simple group G PSO (A; C) is transitive

on the lines of the quadric Q2l~2

£i £i+1 + ••• + i 0

in p2*-1 by Witt's theorem. The Lié algebra of the isotropy subgroup
of the line l0 joining

f(0,..., 0,1,0) and f(0,..., 0, 0, 1)

is p. Hence

G/P space of lines in Q2l~2.

The element W Ep of p giving the contact structure on G/P, as in 2.7, is

0 ' i 0

w o

0

0 -1
_ 1 o

0

Ö

*
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In general, the construction of 2.10 gives the l)-dimensional
homogeneous contact manifold of lines in the quadric Qn+1 in Pn+2,
where Qn+1is

^O2 + +i + ••• + 2^21 0

in case Bt when n is even, n + 3 2/+1, and Qn+1 is above in
case D, when n is odd, n+ 3 2/; n>2.

The real contact structure on the (2 — 1) dimensional space of lines of
12 in real projective space pn+2 is described by viewing all quantities
in the foregoing discussion as being real. Especially, G0 of 2.11 is the
one- or two- component centerless group R) consisting of real
contact automorphisms.

5.3.The line joining * 1 (x0, xt, x2, x3) and '
0, y3)

in complex projective space P3 has Plücker coordinates Xiyj - f.
These coordinates are the coefficients of the bivector X a with respect
to the basis

a e2 e3 a e2 a e3 e0 a e3 e0 a e2, e0 a el

where e0 '(1, 0, 0, 0),..., e3 ' (0, 0, 0, 1), and satisfy

P01P23 +P02P3I + P03Pl2 0;
[6, §69], If we set

7 Pl2 5 ^2 P31 J £3 P23

^4 P03 £5P02 > ^6 Pol

we have that the lines of P3 correspond to the points of the quadric Q4

Ç1Ç4 + £2^5 + ^3^6 =0
in P5. Two lines of P3 intersect exactly when their corresponding points
on Q4 are conjugate, that is, the line joining these points lies entirely in 124.

To a point x in P3 we associate all lines of P3 incident with x and hence
a plane lying in 124. To a plane u in P3 we associated all lines of P3 lying
in u and hence a plane lying in Q4. These two families of planes doubly
rule Q4. To a surface element or co-direction in P3, that is, a point x and
incident plane u, is then associated all lines of P3 lying in u and incident
with x. In Q4 this corresponds to the intersection of the planes corresponding
to x and u and is a line. Hence, the 5-dimensional spaces of codirections
in P3 and lines in £24 correspond naturally.
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Note that the co-direction in P3 consisting of the point x0
1 (1, 0, 0, 0)

and the incident plane u0 : x3 0 in 3.2 corresponds to the line l0 of
Q4 joining the points * (0, 0, 05 0, 1, 0) and * (0, 0, 0, 0, 0, 1) in 5.2. For,

to the co-direction (x0, u0) is associated all lines of P3 joining x0 and a

point y ' (.y0, yu y2, 0) of u0 ; such a line has Plücker coordinates

£i 0, Ç2 0, £3 0,

U o, {5 y2 > U yi *

and corresponds to a point of Q4 lying on /0.

The projectivity g in PSL (4 ; C)

x a y gx a gy, a projectivity of P5

one obtains the isomorphism A3 ~ D3

permutes the lines of P3 by
which preserves Q4. In this way

PSL(4; C) cz PSO (A; C), A
0 U

1, 0

[4, (25.8.4') ]. The spaces of co-directions in P3 and lines in Q4 are

homogeneous under PSL (4; C) and PSO (A; C) respectively; hence the

correspondence between these spaces is as homogeneous spaces. In fact, since

(x0, u0) and l0 correspond, their isotropy subgroups, as described in 3.2

and 5.2, correspond under the isomorphism.
From the isomorphism of the groups, we obtain the isomorphism of

the Lie algebras st (4; C) ^ o (A; C), where Xin $1 (4; C) is sent to the
linear transformation x a y -» (Xx) a y + x a (Xy) in o (A; C). With
X — (iatj), ij 0, 1, 2, 3, the matrix of this transformation with respect
to the basis et a ej is

*11 + *22 ~~*23 *13 0 *10 *20

~~*32 a ii + *33 *12 — *io 0 *30

*31 *21 *22 +*33 *20 — *30 0

0 *01 *02 *00 +*33 *32 *31

*01 0 *03 *23 *00 +*22 *21

0Q1 *03 0 *13 *12 *00 +*11
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this describes the isomorphism explicitly. Under this isomorphism, the
Lie algebras of the isotropy subgroups of (x0, u0) and /0, as in 3.1 and
5.1, correspond. Moreover, the element

of si (4; C

— 0 0 0 1 —

0 0 0 0

0 0 0 0

1 O 0 0 1o
is sent into the element

O O

0 0 0

0
O 0 1

.01 0

of o(A; C).

Since these are the root vectors for the maximal roots which determine
the contact structures, as in 3.4 and 5.2, we conclude:

The 5-dimensional manifolds of co-directions in P3 and lines in ß4
are isomorphic as algebraic homogeneous contact manifolds.

This isomorphism holds for the real contact manifolds also; cf. 3.5
and 5.2. The real connected centerless groups (4; R) and PSO (A; R)
are isomorphic; each consists of the elements fixed under complex
conjugation of matrix entries.

5.4.The algebraic homogeneous contact manifolds of lines in the
quadrics Wn+l and Q"+1, 4.3 and 5.2, are isomorphic since they are both
obtained from the simple complex Lie algebra of type B, or Dt by the
construction of 2.10. This isomorphism can be exhibited explicitly by
means of a contact transformation which reduces to the line-sphere
transformation, as described in Section 1, when =3.

Throughout, unprimed quantities refer to ß"+1 and primed quantities
to îf"+1. Set n+ 3 21+ 1 or 21 according as n is even or odd; n 2.
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Thus,

G PSO (A;C),

1 0 0

0 0 1,

0 1; 0

or

0 1,

h 0

and

G' PSO (A'; C),

2. 1„ 0

<N 0 0

0 0 0 -1

0 -1 0

These are groups of projectivities preserving ß and ¥"• respectively,
in Pn+2.

In case n is odd, the transformation which we consider is

£l «i + ^2

£2 «3 + 0C4

£l+1 — al "* >/ 1

^1 + 2 a3 ~~ \/ — 1

a2

'4

£>21—2 a»-2 - V 1 a«-l
21-1 III

£21 r*III
rn+1

£1-2 — an-2 + V ~ 1 an-l
£1-1 — a„ + X

P

This is a projectivity of P"+2 which sends the quadric f
o^2 + + a„2 - I2 - nv =0

into the quadric ß"+1

2£I£Î+I + ••• + 25^2. 0 •

In case n is even, the first equation of the transformation is £0
and the remaining ones are like the above.

As before, we exhibit the details of the calculations for the case of
n odd. For n even one need only carry along an additional initial row
and column in the matrices; the conclusions are unchanged.

The matrix T of the transformation is



T
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B 0

1 1 0

0

0 0 1

B 0

1 -1 0
0

0 0 0

where B is the (1-2) by (2/-4) matrix

1

B

0

0

0

-1

1 V-l _i
and B is its complex conjugate; T has inverse

T~i

0 'B O 1

1 1 0 1 0

T 0 1 0 0 -1 0
0 2 0 0 •

0 0 0 -2
By direct calculation we ascertain the following:

(0 — tTAT and hence G' — T1 G and G' are conjugate,
but do not coincide, in PSL (n + 3 ; C). As a consequence, g' T~1qT.

(2) /o T_1l0; the line l0 in Qn+1 joining

'(0,..., 0,1,0) and '(0, ...,0,0,1)
is sent to the line l0' of f"+1 joining



Ill
<(0, ...,0,0 j 0,0,1) and '(0, ...,0, l.j -1,0,0).

Hence their isotropy subgroups, as in 5.2 and 4.3 are conjugate:

pt p-i p j a consequence, p' T'1 p T.

(3) The Cartan subalgebras of g and g' in 5.1 and 4.4 are conjugate:

ty T'1 J) T. In fact, for

H diag (hl9..., hx

in I), we have

hj)

T 1 HT diag
0

J-lh

0 hl^.1 0 0

hl_1 0 0 0

0 0 hx 0

0 0 0 -h

o -\/ — 1Ä/ — 2

_-V~lÄ,-2 0

in I)'.

4) The elements IF and IF' of the Lie algebras which give the contact
structures on G/P and G'/P', as in 5.2 and 4.4, are conjugate:
W T-1 WT. We conclude:

The {In — l)-dimensional manifolds of lines in Qn+1 and lines in Wn+i

are isomorphic as algebraic homogeneous contact manifolds. The isomorphism

is a consequence of the projectivity T carrying Wn+1 into Qn+1.

T sends lines of Wn+1 into lines of Qn+1 and is a contact transformation.

5.5. G0 PSO (A; R) is a real form of G ; it consists of the elements
of G fixed under the conjugation g -> g of G, complex conjugation of
the matrix entries of g. The Cartan subalgebra I) of g, as in 5.1, is stable
and the maximal root p -öl„1 - ôt is real. With P0 G0nP, we
obtain from 2.11 the real contact manifold

GJPq space of lines in Qn+1 in real Pn+2,
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a real form of G\P\ cf. 5.2. The same remarks apply to the real form

Gq PSO(A';R) of G' for the conjugation g' g'. With n P',

we obtain the real contact manifold

G'JP'o space of lines in W+1 in real P"+2

space of pencils of mutually tangent oriented spheres in
real En

=spaceof oriented co-directions in real E",

a real form of G/P; cf. 4.7.

Since G' T~x G T, we can exhibit G'q/P'o, as well as G0/P0, as a real

form of the complex contact manifold G/P. T G0 P 1 is the real form of
G TG' T'1 consisting of the elements fixed under the conjugation
obtained by transporting the conjugation g' —> g' of G' to G, namely

9 T (T~~1gT)

where STT i. In the case of n odd,

S

- 0 0 If—2 0

0 12 0 0

h-2 0 0 0

_
0 0 0 12

-

in the case of n even, S has an additional initial row and column with a

1 in their common first entry and Os elsewhere. * and S2 l„+3,

so the complex conjugation Ç -> preserves the quadric A

point or line of Qn+1 is fixed under this conjugation exactly if it is the image

under T of a real point or line of 'Pn+1. The latter constitute the orbit

on Qn+1 of T Go T~l. The isotropy subgroup in TG'0T~l of the line l0

of Qn+1is TGq T~xn P TP'0T-1.Furthermore, the Cartan subalgebra

I) of g in 5.1 is stable under the conjugation X->G"1X5'ofg;in fact, for

H diag (h1,...,hl|— 7il5..., —

in I), we have

S~XH S diag — Ej,..., —hi-2> ^i-i> j h/-2> — ^j-i>
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in case of n odd; the maximal root p — —Sl^1 —öt is real, p (S~x H S)

p (H). Hence, the contact structure on T G/0T~"1jTP/0T~1 is that
obtained from G/P by 2.11. We conclude:

G0/P0 and T GqT'1/!PqT'1, the latter isomorphic to G'0/P'0, are

two reals forms of the complex contact manifold G/P.

5.6. We observed in 5.3 that the space of co-directions in complex
projective space P3, by means of Pliicker's line geometry, is isomorphic
to the space of lines in the quadric Q4 in complex P5, and that this
isomorphism makes real line geometry correspond to a real form of Q4.

We found in 5.4 and 5.5 that the space of oriented co-directions in complex
Euclidean space E3 of Lie's higher sphere geometry, which is the space
of lines in the quadric P4 in complex P5, is isomorphic to the space of
lines in the quadric Q4 also, and that this isomorphism makes real sphere
geometry correspond to a second real form of Q4. That is, real line geometry
and real sphere geometry are two distinct real forms of complex line
geometry. The line-sphere transformation establishes the isomorphism
of the spaces of lines in W4 and lines in Q4. The former places real sphere
geometry in the foreground, the latter, real line geometry.

5.7. The isomorphism of 5.3 may be used to describe sphere geometry
in terms of co-directions in complex P3. Real sphere geometry then leads
lo the real form PSU (2,2) of PSL (4; C).
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