Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 25 (1979)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: ON LIE'S HIGHER SPHERE GEOMETRY
Autor: Fillmore, Jay P.

Kapitel: 4. HIGHER SPHERE GEOMETRY

DOI: https://doi.org/10.5169/seals-50373

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 08.08.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-50373
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

97
and the n0-entry is
o = dx, — pdx, — - Dy 1d%,_ 1 .

This identifies the contact structure with the classical one as in 2.12.

3.5 The real contact structure on the (2n—1)-dimensional space of
co-directions in real projective space P" is described by viewing all quantities
in the foregoing discussion as being real. Especially, G, of 2.11 is the con-
nected centerless group PSL (n+1;R) consisting of real contact auto-
morphismes. \

4. HIGHER SPHERE GEOMETRY

4.1 In complex Euclidean space E”, the equation
X2 4+ o +x2=2a3%] — .. —2ax,+C =0
describes a sphere with center (ay, ..., a,) énd corhplex fadius r given by
r? =al +..+d>-C.

When r # 0, the two choices of sign for r is said to give two “orientations”
to the sphere. Thus, the n+2 coordinates ay, ..., a,, ¥, C, which are related
by |
aj + ...+at—r*—-C=0,

describe the space of oriented spheres in E" [6, §25].
Introduce homogeneous coordinates by

b

o A U
a, =—, r=—,C =-
v v v

i= 1,2, ...,n Then the oriented spheres of E" correspond to certain
points of the quadric ¥***! in P"*? described by

af + ... +02 -1 —uv =0.
The sphere corresponding to the point (a4, ..., &, 4, 4, v) of "1 is
V(XA XD = 20%; — e — 20, + 0 =0.

Ordinary spheres have finite nonzero radius r, so v # 0. For v =0, we
obtain oriented hyperplanes. For 1 = 0, we obtain point spheres or
hyperplanes with isotropic hyperplane coordinate vector; these carry no
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orientation. If we include these special cases as spheres of E", then ¥"*!
is the space of all oriented spheres in E". ]

Two 'spheres in E" with centers (aj, ..., a,), (a1, ..., a,) and radii r, r’
respectively are tangent, orientations taken into account, if '

(ay—a)? + ... +(a,—ay)? = (r—r’)?;

Use @ + ... + a2 = r? + C for both spheres to obtain the condition
for tangency as ' :

2a.a] + ... + 2a,a, —2rr' = C —C' =0
or, in homogeneous coordinates,
20,00 + ... + 20,0, — 244 —w' —vu' = 0.

Hence, two épheres of E" are tangent when their corresponding points
in ¥"*1 are conjugate, that is, the line joining these points lies entirely
in Y"*1 [6, §25].

4.2. A pencil of mutually tangent spheres in E" corresponds to a line
in ¥"*1, This pencil of spheres determines an “oriented complex co-direction”
in E™ since it contains a point sphere and an incident oriented hyperplane.
Corresponding to the hyperplane

Xp — Xy = Py (X1 —X1) + ... + Dot (Xye{ —Xy—1)

at the point (x,, ..., X,) is the line

%yq X1 — D1
Ap—1 Xn—-1 —pln—l
OCn = x,, + t 1
A 0 —\/pp+1
H XX 2‘(xn_px)
v 1 ] __ 0 N

of ¥"*1 where




g oon n—1 i n—1 L
— ' 2 _ _ 2.
Xx = ) X, pX= Y pX;,, pp= Y DI;
' i=1 i=1 | i=1

this is the pencil of sphereé

n—1 g1
T Gioxerd? 4 (x,—0? = o2 (a1

passing through (x,, ..., x,) and having their centers on the line normal
to the hyperplane at this point. . ,

For later calculations it will be convenient to replace —p, ..., —p,_1, 1
by homogeneous uy, ..., #,_;, #,. The line in P"*! corresponding to the
hyperplane | .

ug(xg—x) + ... +u,(x,—x,) =0

at the point (xy, ..., x,) is then

—— ——i — —_— —— e

oy X1 Uy
an—l xn—l un—l
o, = X, + ¢ u,

U xx 2ux
v ] 1 - 0 ,
where )
n n n
' 2
XX = ) X, ux =y ux;, uu= 3y ui.
i=1 i=1 i=1

Any convenient condition may be imposed on wuu.

4.3. The contact structure on the (2n— 1)-dimensional space of lines §
in P**1, that is, the space of oriented co-directions in complex Euclidean |
space E”, is obtained.when the construction of 2.10. is carried out for
- the simple complex Lie algebra of type B, or D;, / > 2 and / > 3 respect-
ively. However, it will be simpler to identify quantities geometrically if
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we proceed by using the description of 2.7, since now the groups are deter-
mined first. | ‘

Let — 2-1, 0 ]
Y= I
-2 0 0
0 0 0 -1

0 —1 0 _

be the matrix of the quadratic form defining ¥"** in P"*'. SO (4; O),
the special orthogonal group of this form, consists of matrices g in

SL (n+3; C) for which ‘gdg = A. The connected centerless simple group
G = PSO (4; C) = SO (4; C)/{center} is transitive on the lines of ¥"+1
by Witt’s theorem. Let /, be the line
oy — . 0 T — 0 T
o, —1 0 0
o, = 0 + ¢ 1
A 0 -1
U 0 0
v 1 0
of ¥"*1, joining

“0,...,0,0{0,0,1) and %0,...,0,1{ —1,0,0);

this corresponds to the pencil of spheres
n—1

Yoox? 4 (x,—t)? = ¢?
i=1 ;

tangent to the hyperplane x, = 0 at the origin of E", suitably oriented,
as in 4.2. Let P denote the isotropy subgroup of /,. Then
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G/P = space of lines in ¥"+1!
= space of pencils of mutually tangent oriented spheres in E"
= space of oriented co-directions in complex E”".

The L1e algebra g of G consists of (n+3) by (n+3) matrlces X for which
‘XA + AX = 0. The matrices of g are of the form

e . by ¢ 'Vd1 ]

n by n skew-
symmetric

2d1 ) 2dn—1 2dn —2d e ) O

2¢p o 2¢y29 2¢, 1 —2¢ 0 —e _|.

P consists of those elements of G which send the subspace of C"*3 spanned

by “0,...,0,0/0,0,1) and %0,...,0,1] —1,0,0)

into itself; the Lie algebra p of P consists of those elements of g which do

the same. Hence, the matrices of p are of the form

— by | by ¢ 0

(mn—=1D)by(n-1 :
skew-symmetric

_—bl —bn—l 0 bn Cn _d
b, by by, 0 ¢ d
0 0 —2d! —2d e 0

2¢; ...2C,-4 2c, -2 0 —e _|.
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: : 1 1
Note that g and p have dimensions 5 (n+3) (n+2) and 3 (n—1) (n—2)

1
+2n+ 3 = 5 (n+3) (n+2) — 2n + 1, respectively, in agreement with

G/P having dimension 2n— 1.

44. Fornm >2,setn+ 3 =2+ 1 or 2] according as n is even or
odd. g is of type B, or D,, [ >>2 and [ > 3 respectively.
For Cartan subalgebra T of g take matrices of the form

— — 0 h_,0 0
H =diag| O s eee s ,
—hy O —h_, O 0 0 h O
- . - - 0 0 0 —hn

the first row and column occur only in case B, it is suppressed for case D;.
The Killing form of g is ( X, Y) = (n+1) tr (X Y), but we replace this

1
with ( X, Y > = 3 tr (XY ) for convenience.

Let Win p be
— 0 0 0 —
0 0 0
1
0 0——0
2
W =
1
0; 0 ﬁ
' 0O 000
| —1 —1 0 0 |

L’Enseignement mathém., t. XXV, fasc. 1-2.

S
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For H in b we have [H, W] = — (h_y+h) W, so p (H) = — (h_,+h)
is a root of g with respect to ) and W = E, is the corresponding root
vector. ,
For X in g as described in 4.3, direct calculation shows [X, W] = 0
implies X is in p and b, + e = 0; thus the centralizer of W in g consists
of those elements. of p with b, + e = 0. For X in p now, the same calcula-
tion gives [X, W] = — (b,+e) W, so [X, W] = p (X) W with p extended
to p by p(X) = — (b,te). Finally, W is orthogonal to p with respect
to the Killing form. Hence, (a’, ¢’, b") of 2.7 are satisfied, and W is the element
of g giving the contact structure on .G/P.

The origin of the element W is not immediately evident. It was obtained
by determining the maximal root and corresponding root vector for Lie
algebras of type B, and D, when the quadratic form is

E6 + 281 &g F oo + 288
and then passing to the form
o 4+ ... +0> — A% —

by conjugating by the element of PSL (n+3; C) which corresponds to the
“line-sphere transformation”. This will be described further in the next
section. '

4.5. Letm be the (2n—1)-dimensional supplement to p in g consisting
,of matrices of the form ‘

B ;bl bl 0 d; |
0
—bi,,_1 b Od__1
by .. by O 0 0 d,
by ... b_y O 0 0 d,
2d, ...2d,_, 2d, —2d, 0 0
0 0 0 0 0 0 _|,




cf. 2.12. For X inm we have

— 0 .0' b

| —bb | bb 0 bd
2 _ E o T
£ = . —bb | bb O bd

0 —2bd | 2bd 0 2dd

L 0 0O 0 O
where '
n—1 ' n—1 n—1
bb = z b_izA, bd - Z bidi s dd = Z ‘ diz .

i=1 i=1 . i=1 .

The product of any three matrices of mm is zero. Especially, |
‘ 1
CXpX =‘1n+3'+X+7X2.

In order to estabhsh classwally 1dent1ﬁable coordmates on G/P as
in 2.12, we must determine X in m so that (exp X) -/, is the line of P**1
described in 4.2. Wlth X in m as above, (exp X) - [, is the line joining the
points

— 0 7 4 T
0 d,_,
| 0 |=| d,+—bd
(exp X)- 2
0 d, + — bd
0 dd
1 1

and
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O —2b1
0 _zbn—l
(exp X) - 1 = 1 —bb
~1 —1—bb
0 4d, — 2bd
0 0
On this line we can identify the point sphere when A = 0, giving
- 4 7 -, o
d,-y ~ b, Xom 1
1 “
_ N d, + ? bd
d, + — bd _ .
T+ | TP =] W
d + — bd —1—bb oo
dd 4d, — 2bd xx
L 1 _ - 0 1 1,

~and the incident oriented hyperplané when v = 0, giving




_22)"1 Up—1
1—=bb — u,
—1 —bb | =/ uu
, 4,dn,—2bd i ‘ 2ux ,
I S A

These equations will be satisfied if be we impose the condition /uu = 1 +bb
on uu, or |

u; = —2b;, u, =1-">bb,
i=1,2..,n—1, an@d then set

1t 1
i = -
. »4;Z1ux+2

Thus, this choice of X establishes the classically identifiable coordinates
X5 eves Xpy Uy ooy Uy ON GP as in 2.12 and 4.2.

4 6. From 2 12, the form on G/P is obtained as

=< w, (CXP X) 1d(ﬁXP X)>

with  (exp X) 1d(epr) = dX — —[X dX]

Take X as in 4.5 and let the entmes of d X be denoted as those of X W1th
primes affixed. Then , :




N b/ | b 0O  dy —
0 :
by | Bl O dyy
1
| by ...b,_; 0 0 0 d,,'——zc
I (exp X)"'d(expX) = S '
T Ty |
b, b’y O 0 0d,——c¢
2
2d,"...2d",_1 2d',—c {-2d,’ +c 0 0
0 0 0 o 0o 0 _,

where

n—1
c = Z (b;d;" —d;b;"),
i=1

and consequently, from the definition of W in 4.4, ® = c¢—2d,. Using the
expressions in 4.5 for by, ..., b,_4, dy, ..., d, in terms of x, ..., x,, Uy, ..., U,

we obtain
n—1 . 1 n—-1
=1 , - 4=
1 n—1
or,since 1 — — ) u? =u,
i=1
o = — (U dx;+ ... +u,dx,).

This identifies the contaCt structure with the classical one as in 2.12 and 4.2.

'4.7. The real contact structure on the (2n— 1)-dimensional space of
oriented co-direction in real Euclidean space E” is described by viewing |
all quantities in the foregoing discussion as being real. .Especially, G,
of 2.11 is the two-component centerless group PSO (A4; R) consisting of
real contact automorphisms.
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