Zeitschrift: L'Enseignement Mathématique
Herausgeber: Commission Internationale de I'Enseignement Mathématique

Band: 25 (1979)

Heft: 1-2: L'ENSEIGNEMENT MATHEMATIQUE
Artikel: ACYCLIC MAPS

Autor: Hausmann, Jean-Claude / Husemoller, Dale
Kapitel: 81. Acyclic maps and homotopy equivalences
DOI: https://doi.org/10.5169/seals-50372

Nutzungsbedingungen

Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich fur deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veroffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanalen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation

L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En regle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
gu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use

The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 30.11.2025

ETH-Bibliothek Zurich, E-Periodica, https://www.e-periodica.ch


https://doi.org/10.5169/seals-50372
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en

— 55 — -

§1. ACYCLIC MAPS AND HOMOTOPY EQUIVALENCES

We will use the terminology CW-space for a space having the homotopy
type of a CW-complex. The category of CW-spaces is the largest category
of spaces for which the Whitehead characterization of homotopy equi-

valences holds.

(1.k1) DEFINITION. A space X is acyclic provided the integral reduced

homology H, (X) =0.
In particular, an acyclic space X is path connected, its fundamental
group 7, (X) is perfect, i.e. 7y (X) is equal to its commutator subgroup, and

for any constant coefficient module L it follows that H, (X, L) = 0. Recall
that a local coefficient system L on X is a module over 7y (X ) and that

H* (Xa L) = H* (C* (X) ®Z7t1(X) L)
where C, (X) is the chain complex over Z viewed as a Z m; (Y)-module.
In general, I:I (X,L) # Oforan aéyclic space and a local coefficient system L.
(1.2) DEFINITION/PROPOSITION. A map f:X—>Y  between path

connected spaces is acyclic provided any of the following equivalent conditions
hold :

(a) The homotopy fibre F of f:X — Y is an acyclic space.
(b) For any local coefficient system L on Y the induced morphism
fuiHy (X,f*L) > H, (Y,L)
is an isomorphism where f*L is the induced local system on X.
(c) The induced morphism
foiHy (X,f*Zny (Y)) » Hy (Y, Zny (Y))
is an isomorphism.

(d) For the universal covering I~’—> Y of Y the map X X3Y > Y
defined by f induces an isomorphism

H, (X xyY) > H, ().
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Proof. F or (a) implies (b) we use the Serre spectral sequence for the
fibration F - X —+ Y where

E* = H, (Y,H, (F,i*f*L))= H, (X,f*L).

Since i* f*L is trivial on F, statement (a) gives H, (F,i*f*L) = 0 and
the edge morphism H, (X, f*L) - H, (Y,L) = E% ,, which is induced
by £, is an isomorphism.

Clearly (b) implies (c), which is a spec:1a1 case of (b), and for (c) implies.
(d) we use the following morphism of fibrations

n =7,(Y) |
7\ '
TN
X xyY —> Y |
f
X — Y.

This induces a morphism of the Serre spectral sequences which on the
E*-level is the given isomorphism from (c)

E? = H, (X,f*Zrn,(Y)) > H, (Y, Zn,(Y)) = E*.

Hence by the spectral mapping theorem H, (X ><YY) - H, (Y) is an
isomorphism.

For (d) implies (a), note that F — X X YY is the fibre of X X YY, - Y.A

Since H, (XX YIF;) - H, (IN’) 1S an isomorphism on the horizontal edge

of the spectral sequence, we see H, (F) = 0. Moreover, assuming induc-

tively that I} ;(F) = 0 for i < n, we deduce that INJ,, (F) = 0 by looking |
at the spectral sequence terms E; , which is H, (F) for r = 2 and zero for |
r > n + 1. This completes the proof the equivalence of (a), (b), (c), and (d). |

(1.3) ProPOSITION. If f: X = Y isan acyclic map, then f, :m, (X)
-1 (Y) is an epzmorphzsm with kernel a perfect normal subgroup.

Proof. Since the ﬁbre F of fis connected, the induced homomorphlsm
[« 1s an epimorphism, and since =, (F) is perfect ker (f,) = im (n, (F)
- 7, (X)) is perfect.
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(1.4) PROPOSITION. Let f: X — Y be a map between path connected
spaces. Then m;(f) :m;(X) > n;(Y) is an isomorphism for all iz0
if and only if f is acyclic and 7y (f) is an isomorphism.’

Proof. Let F— X ‘be the homotopy fibre of . The second conditions

say that 7, (F) is perfect and abelian respectively. Thus 7, (F) = 0 and
on simply connected spaces F the homotopy =; (F) = 0 if and only if the

homology I~{i (F) = 0. The proposition follows now from an application
of the homotopy exact sequence.

(1.5) COROLLARY. A map f:X— Y between path connected CW-
spaces is a homotopy equivalence if and only if f is acyclic and ny (f) is
an isomorphism.

This is an immediate application of the Whitehead criterion for homo-
topy equivalence applied to (1.4). '

In section 3 we will see that the subgroups ker (m, (f )) classify acyclic
maps f: X — Y from X.

(1.6) Remark. Cohomology with local coefficients can be used to
characterize acyclic maps. As with homology

H* (X, L) = H* (Homg,(x, (C* (X), L))

defines cohomology with local coefficients. Then a map f: X = Y
between path connected spaces is acyclic if and only if f* : H* (Y, L)
— H* (X, f*L) is an isomorphism for each local coefficient system L on
Y. The direct implication is checked exactly as (a) implies (b) using coho-

mology in (1.2). Conversely we show that X X Yf’ > Y defined by finduces
an isomorphism‘ H* (INf) — H* (XX YIN’). This is done as (c) implies (d)
in (1.2) and as in (d) implies (a) in (1.2) we have H* (F) = 0. Using the
universal coefficient theorem, we deduce that I}* (F) = 0 and Fis acyclic.

The cohomology characterization of acyclic maps is useful in obstruc-
tion theory.

(1.7) Remark. Let f:X — Y be an acyclic map and Y a connected
covering of Y. Then the induced map f:X X,Y— Y is also acyclic. -
This follows directly from (1.2, (d)) or from the fact that f and f have the

same fibre. When Y is the universal covering of Y, the spacé‘ X xy,Y = :YN
is the covering of X with fundamental group N = ker (n, (f)).




	§1. Acyclic maps and homotopy equivalences

