
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 24 (1978)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: HOW QUICKLY CAN AN ENTIRE FUNCTION TEND TO ZERO
ALONG A CURVE ?

Autor: Hayman, W. K.

Kapitel: 4. Conclusions

DOI: https://doi.org/10.5169/seals-49702

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 23.01.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-49702
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


— 221 —

Also Schwarz's inequality yields

,Rn dtÇRn
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for all large /?, where Ô is a positive constant, in view of (13). Thus (15)

yields

(16) con (z) O (Rn~ß~0) as n -> 00

Also since w (z) < (7£ + 1) B (Rn) on | z | Rn, we deduce finally that

u(z)<(K + l)B(Rn)mn(z)

in An and now (12) and (16) yield (14) for any point in A. In particular for
z on S, we deduce (11) as required. This proves the Lemma.

4. Conclusions

It is not difficult to obtain a contradiction from the above Lemma. We

may assume without loss of generality that the angle is given by S : | arg z |

71

< — Since / (z) is bounded in S, we deduce that log \f(z)\ is bounded
2 pi

I- 1

above in S by the Poisson integral of the boundary values on the arms

argz + 7i/(2pi). This leads, for K > 1, to

(17) log I/(rew) I < - A(ß)(K-l)r»

0 < r < 00

Bit) dt 71

-?*- |8|<57.

where the constant + (pi) depends only on pi.

Given any constant C > 1, we can, since f has lower order ß find a

sequence rn tending to infinity with n and such that

B(t) > - (—JB 0„), r„ < <2 \r
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Now (17) yields

log \f(rnew)

— — A (fi) (K — I)B(r„) log

Thus

I
71

— 71

log \f(r„ew)Id d<- - A (n)(K-1) (r„) log C

+ B(rn).

This contradicts Jensen's formula if C is sufficiently large, since the left
hand side is bounded below.

We can also obtain some conclusions if K 1. In this case we note that
if S : ax < arg z < a2 is the angle constructed in Lemma 1 then, since F lies
almost entirely in S, we deduce for large r that

Since / is bounded above in S it follows from an earlier Theorem of mine

Thus B (r) has order A ju and / cannot have maximal type. Further
a2 — oci n!A and from this we deduce that as z reld - oo on F outside

a set of r of logarithmic density zero

so that r has a preferred direction. If ^ oo, we must have ol1 a2, so

that r has a unique limiting direction.
We also note that ji > 1, unless/(z) e(az+b). For we have seen that/

cannot have order 1, maximal type. However if /(z) ^ eaz+b and / has

order one mean type, or minimal type then an earlier theorem of mine

[6] shows that ji (r) M (r) cannot be bounded.

Finally let me say a few words concerning the case of infinite order.

In this case we assume K > 1 and define

inf log \f(rew)\ <
^0^<X9 3

[5] that
lim B(r) (a2"al) < oo

1
0 arg z -> -(cc1 +a2)

log B (r2) - log BirJ + A1(K)
g(r) mf —

log r2 — log rx
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where the inf is taken over all pairs rl9 r2, such that r<r1<r2<oo,
and

The quantity fi (r) plays a similar role to the lower order \i in the above

argument and

where a2 - > njß (r). From this and the fact that ß (r) increases with r
it is possible to obtain a contradiction.
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