
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 24 (1978)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: UNIVALENT FUNCTIONS, SCHWARZIAN DERIVATIVES AND
QUASICONFORMAL MAPPINGS

Autor: Lehto, Olli

Kapitel: 1. Introduction

DOI: https://doi.org/10.5169/seals-49701

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 19.08.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-49701
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


UNIVALENT FUNCTIONS, SCHWARZIAN DERIVATIVES
AND QUASICONFORMAL MAPPINGS1

by Olli Lehto

1. Introduction

Univalent functions have been a popular topic in complex analysis

for over sixty years. It has also been known for a long time that there are

interesting connections between univalence and the Schwarzian derivative.
More recently, one has discovered in this interplay the important role of
quasiconformal mappings which not only provide a tool but, somewhat

surprisingly, are intrinsic in the problem of deducing univalence from the

behavior of the Schwarzian. In this survey, we shall describe some recent

developments in this area.

After defining plane quasiconformal mappings, we briefly discuss

quasicircles in Section 3. These curves, introduced by Pfluger [15] in 1960,

play a central role in this survey. Section 4 deals with the problem of
measuring the deviation of a simply connected domain A from a disc D by
means of the Schwarzian derivative of the conformai mapping function

/: A -» D. The starting point in Section 5 is the remarkable result that in a

simply connected domain, a small Schwarzian derivative implies univalence

if and only if the boundary of the domain is a quasicircle. The sufficiency
of this condition is due to Ahlfors [1], the necessity to Gehring [2]. This
result gives rise to considering the universal Teichmüller space, and in this

way various explicit estimations for certain domain constants can be

derived ([9]).

2. Quasiconformal mappings

2.1 Module of a curve family. Roughly speaking, quasiconformal
mappings are homeomorphisms under which conformai invariants remain
quasi-invariant. A precise definition can be given, for instance, in terms of
the module of curve families. Let A be a domain in the plane and F a family

x) Communicated to an International Symposium on Analysis, held in honour of
Professor Albert Pfluger, ETH Zürich, 1978.
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