
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 24 (1978)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: REMARKS ON THE UNIVERS AL TEICHMÜLLER SPACE

Autor: Gehring, F. W.

Kapitel: 3. Spirals

DOI: https://doi.org/10.5169/seals-49698

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften auf E-Periodica. Sie besitzt keine
Urheberrechte an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in
der Regel bei den Herausgebern beziehungsweise den externen Rechteinhabern. Das Veröffentlichen
von Bildern in Print- und Online-Publikationen sowie auf Social Media-Kanälen oder Webseiten ist nur
mit vorheriger Genehmigung der Rechteinhaber erlaubt. Mehr erfahren

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les
éditeurs ou les détenteurs de droits externes. La reproduction d'images dans des publications
imprimées ou en ligne ainsi que sur des canaux de médias sociaux ou des sites web n'est autorisée
qu'avec l'accord préalable des détenteurs des droits. En savoir plus

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. Publishing images in print and online publications, as well as on social media channels or
websites, is only permitted with the prior consent of the rights holders. Find out more

Download PDF: 18.01.2026

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-49698
https://www.e-periodica.ch/digbib/terms?lang=de
https://www.e-periodica.ch/digbib/terms?lang=fr
https://www.e-periodica.ch/digbib/terms?lang=en


— 175 —

We give an argument to show the equivalence of Theorems 1 and 3.

Suppose first that Theorem 1 holds. Then there exists a cp e S and a ô > 0

such that || \jj - cp || > ô for all xj/eT. Choose g conformai in L with

Sg cp, let D - g (L) and suppose that / is conformai in D with |! Sf j(D

< ö. Then h f c g is conformai in L,

(2) Sh (Srg)(g')2 + Sg

by the composition law for the Schwarzian derivative, and hence \jt She S

with
I "A - <p\\ ls„ -Sg||L Sf D < <5.

Thus ifr $ T, h does not have a quasiconformal extension to C, and

df(D) dh (L) is not a quasiconformal circle. Hence Theorem 3 holds.

Suppose next that Theorem 3 holds, let cp Sg where g is any conformai

mapping of L onto D, and choose any ijj e S with || xj/ — cp )| < ô. Then

ij/ Sh where h is conformai in T, / h o g~x is conformai in D and

from (2) we obtain

|| Sf || D || S h ~~ S
g \\l — I ^ ~~ ^ || < ^ •

Hence dh (L) df(D) is not a quasiconformal circle, h does not have a

quasiconformal extension to C and \j/ $ T. Thus the distance from cp to T
is at least Ô and Theorem 1 holds.

A simple modification of the above argument yields the equivalence
of Theorems 2 and 4.

Theorems 1 and 3 are immediate consequences of the following result.

Theorem 5. There exists a simply connected domain D and a positive
constant ö such that f (D) is not a Jordan domain whenever f is conformai
in D with || Sf ||D < 3.

3. Spirals

The proof of Theorem 5 is based on two results for a class of spirals.

Definition. We say that an open arc oc in C is a b-spiral from z1
onto z2 if a has the representation

z (zx - z2) r (t) eif + z2 0 < t < oo

where r (t) is positive and continuous with
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limr(f) 1, limr(0 0,
f — 0 t -> oo

where r (tx) < b r (/2) for all tXi t2 with | t1 — t2\ < 2tt.

When a is a positive constant, the arc

oc {z e(~a+i)t:0 < t < oo}

is an e2-spiral from 1 onto 0. Moreover,

(3) k(z)\z \ c d^~ (z) I z I2 d
as

for all z g a, where c and d are positive constants with d ac2, and where k
and s denote the curvature and arclength of a.

The first result we need shows that a curvature condition, similar to (3),
is sufficient to guarantee that an open arc is a é-spiral.

Lemma 1. Suppose that ot is an analytic open arc with 1 and 0 as

endpoints, and suppose that

(4) Ci < k(z)I z I < c2,dt< (z) I z I2 <
a s

for all z g a, where c1, c2, du d2 are positive constants with 4nd2 < c\.
Then a is a rectifiable b-spiral from 1 onto 0 where

u
Cj- C2

b r
cf — 4 7i d2

The second result we require implies that when b is near 1, the points
onto which two disjoint Z>-spirals converge either coincide or are separated

by a distance greater than
-^-^2

times the diameter of the smaller spiral.

Lemma 2. Suppose that a and ß are disjoint b-spirals from zx onto

z2 andfrom wx onto w2, respectively. If b g (1, 2), then either z2 w2

or

I z2 - w2 I > — min (|zt —z2|, |wt — w2|).
b
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